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Test Particle Diffusion and the Failure of Integration along Unperturbed Orbits
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This paper discusses a new effect in the kinetic theory of single species plasmas in the guiding-
center regimer. < Ap. If two guiding centers collide once, their velocities parallel to the magnetic
field are eventually reversed through interactions with surrounding particles, and the same two guiding
centers then collide several times. These multiple collisions are ignored in the method of integration
along unperturbed orbits (IUO) that is usually applied in plasma kinetic theory problems. This effect
leads to a factor of 3 enhancement in the predicted rate of collisional test particle diffusion as
compared to theory based on IUO. The new prediction is in agreement with recent experiments.
[S0031-9007(97)04177-X]

PACS numbers: 52.25.Fi, 52.20.Dq, 52.25.Wz

The collisional diffusion of test particles across a mag-of integration along unperturbed orbits (IUO), and this
netic field has recently been measured in a single speciesethod misses the novel effect referred to above.
ion plasma confined in a Penning-Malmberg trap in the Under the approximation of IUO, two particles collide
regimer. < Ap (wherer, is the cyclotron radius andl,  only once as they stream past one another along the mag-
is the Debye length) [1]. In this paper we present a calnetic field; in an infinite plasma they never have another
culation of the collisional test particle diffusion coefficient encounter. However, this is not an accurate picture of the
D, and compare it to the measurement. The calculatioactual dynamics. Velocity-scattering collisions with sur-
involves a novel effect in plasma kinetic theory: an en-rounding particles cause the velocities of the two collid-
hanced diffusion coefficient arising from multiple binary ing particles to diffuse over time. Eventually the velocity
collisions between the same pair of particles. The multiplaiffusion causes the two particles to reverse their relative
collisions are caused by velocity diffusion of the particlevelocity parallel to the magnetic field, and they collide
trajectories. again; in fact, they may collide several times. This effect

Before we can explain this new effect, we mustis neglected in IUO, and we will show that it leads to an
first explain why previous theoretical calculations of theincrease in the test particle diffusion coefficient by a fac-
test particle diffusion coefficient fail to reproduce the tor of 3, bringing it into agreement with the experimental
experimental data. The well-known classical diffusionmeasurement.

coefficient [2], Surprisingly, this factor of 3 enhancement need not
5 4 vanish even when the velocity diffusion becomes arbi-

Pelass — = yiircz = — Jmnob? In(rc/b)rcz, (1) trarily weak. This is because a decrease in the velocity

4 3 diffusion rate merely increases the time one must wait be-

describes cross-field steps of average sizedue to fore the relative parallel velocity is reversed. Provided
velocity-scattering collisions at ratg;. Here,v;; is the that some other effect does not decorrelate the particles
ion-ion collision frequencyv = /T/m is the thermal first, they will always suffer multiple collisions. Note that
speed,b = ¢%/T is the distance of closest approaech, one normally expects that when perturbations to orbits are
is the density, and” is the temperature. This diffusion sufficiently weak, IUO will provide the right answer; here
arises from interactions with impact parametetin the  we have an example of a system for which this intuition
interval b < p < r.. Equation (1) predicts a diffusion fails. It fails because arbitrarily weak perturbations build
rate approximately an order of magnitude below theup over time and eventually cause a large effect (multiple
measured diffusion [1]. collisions between the same pair of particles) which is ne-
Lifshitz and Pitaevskii recognized that when << Ap  glected in IUO.
there are collisions with impact parameters in the range The failure of IUO occurs because the collisions be-
re < p < Ap that are neglected in the derivation of tween particles are one dimensional: the particle guiding
Eqg. (1) [3]. These relatively long-range collisions resultcenters are constrained to follow the magnetic field, and
in negligible velocity scattering, can be treated withtherefore can encounter one another several times when
guiding center theory, and provide the dominant transportheir parallel velocities diffuse. However, if the particles
mechanism when. << Ap. However, this guiding-center could move freely in two or three dimensions, they would
theory of test particle diffusion also predicts a diffusionhave negligible probability of colliding more than once,
coefficient that is less than the experimental measuremeetven if some velocity diffusion were added to their orbits.
(roughly by a factor of 3) [1]. We will show that this  Taking the magnetic field to be in thedirection, the
guiding-center theory fails because it employs the methotlasic stepsx of the transport process occurs when the
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test particleE X B drifts across the magnetic field due to ‘
a Coulomb interaction with another particle: -3

107 4
ox = f_m dt %Ey(t), 2

whereE, (1) = —d[e/|Ar(r)|]]/dy and Ar(r) is the rela- 2
tive displacement between the colliding particles. Unders
IUO, one neglects the effect of collisions on the rela- SHiatts
tive displacement and takeAr(r) = Ax X + Ay § + Q
vt Z, Where v is the (constant) relativé velocity N
between the colliding particles, antAx,Ay) is the
(constant) transverse displacement between the particles.
Performing the time integral in Eg. (2), one obtains

(cmz/ sec)

—

-5 : .

the step 8x'VC = (2ec/Blval)Ay/p?, where p = 0.1 1

JAxZ + Ay2. The test particle diffusion coefficient can T (eV)

then be obtained by integratingx'"°)? over a flux of

incident particles: FIG. 1. Dots are the measured test particle diffusion co-
® o efficient D in cn?/sec, from which the classical result

U0 :f dvrclf pdp for small-impact parameter collisionsD'**, has been
vmin re subtracted. Data are plotted versus plasma temperature
2 Diffusion is normalized by the dimensionless factgr=

% dO nve f(ve) (6x'99)%,  (3)  [B/1 TI*[n/10° cm*1In[Ap/r.1In[ /(D) Apre )] in or-
0 der to display data taken at several different magnetic field

where f(vy) is a Maxwellian distribution of relative strengths and densities. Dashed line is the theoretical result for
velocities D using IUO; solid line is the improved theory accounting for
The alléwed range of impact parametgrén Eq. (3) is velocity diffusion. There are no adjustable parameters.

determined by the fact that whem < r., the guiding- .
center approximation used to evaluaie is no longer from the experimental measurement, one can see that the

valid, while for p > Ap Debye shielding cuts off the theory still falls well below the scatter of the data.
interaction [3]. In the velocity integralym, is the _However, if one prqperly accounts for velocity diffu-
minimum average relative velocity during the collision. SIon, one obtains a different (larger) answer &r and
This cannot be set equal to zero, otherwdseV® would D. The relativez position of the guiding centers is more
be infinite, because particles could then interact folcorrectly described blt/ .

an infinite time [3]. Rather, velocity diffusion causes e f ,] M i i
particles to move apart and setg;, ~ (D, p)'/?, where Az(t) = veat + ML A [SE\(:") + S6Ex(17)],
D, is the relative velocity diffusion coefficient, due (5)

to velocity-scattering collisions with other particles [4]. \yhere s E, and SE, are thez components of electric
Note that this implies that IUO does not entirely neglectfie|ds felt by the two colliding particles. These electric
velocity diffusion, since velocity diffusion is invoked here fie|ds describe the effect of many uncorrelated small-
in order to limit the interaction time between particles.impact parameter collisions, so we tréaf; and SE, as
However, as we discussed in the introduction, IUO doegncorrelated fluctuating fields with zero mean and white-
ignore the multiple collisions caused by velocity diffusion. ngjse statistics. The test particle transport step can then be

We will determine the effect of multiple collisions d®  getermined by Fourier transforming Eq. (2) and averaging
presently, but first we must finish the calculation of testyyer the fluctuating electric fields:

particle diffusion using 1UO.

. - . . 4 Pk ik, . ;

Evaluation of the integrals in Eqg. (3) can be easily Sy = — <€ P 1—2‘ iheAx+iky Ay
carried out to logarithmic accuracy, observing thaf, < B @2m)* k
v andr, < Ap: ) % f dt (ekA20y (6)

1IU0 _ - 12 2 D _ 1/3 —®
D™® = 2Jmnob’r; In<r—c>ln[v/(Dw Apre)'. This type of average is well understood from the theory
(4)  of stochastic processes [6], and yields
3 .

This result is compared to the experimental measurements Sx = _Amec [ dk ik ik Axtik Ay
in Fig. 1 (the dashed line) [5]. Here we have talien = B Qm)? k?
v;iv?, and we have subtracted out of the experimental % vmi— 2D/
data the relatively small extra diffusion due to the classical X f_x dr ety (7)

process given by Eqg. (1), so that we can directly compare
the theory to measured diffusion due only to long-range _ _4mec [ dkidk, ik, ek AxHik A
collisions. Even with the classical diffusion removed B Qm)?
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where! is discussed below and ‘ S PR
2 o0 v
D, = (&) [ @ileE0sE0) + GE0E0)] 1 --D01
ms-Jo -----D =001
is the relative velocity diffusion coefficient. TheéD, 01l %N |... *DV=.0001
term in the exponent appearing in Eq. (7) is the usual way ~
in which velocity diffusion enters in resonance broadening o 0.01 L
theory [7]. R
Surprisingly, the evaluation of Eq. (7) differs depend- - i
ing on whetherD, equals zero oD, approaches zero. 0.001
Consider the time ankl, integrals that appear in Eq. (7): 0.0001 |
I = Lfm 2dkZ fm dt ek kD111 /3 ' ;
27 ) —w kj_ + kzz —o0 10—5 e . . A ,‘
= 1/lvwalk?  for D, =0. (8) 01 1 10 100 1000 10*
The second line follows because the time integral yields 1

27 & (k. vret) When D’i(; 0. Using Eg. (8) in Eq', (7) FIG. 2. Behavior with scaled time= k, v, of the integral
then leads back téx' -, as expected. However, if we j(z, D,) as the scaled velocity diffusion coefficierd, =
take D, small but nonzero and perform the coordinatep, /3k, vy, decreases toward zero. Dots correspond to 1UO
transformations = (k2D,)'3t, u = (k,/D,)"v,q, we (D, = 0). Logarithmic axes are employed to display the broad

obtain peak atf =7, ~ D, .
o3 [T du ! fx 7 o=l /3
27 ) o |vrell ki + (DUMB/UEeI)Z - ;
’ One can see from Fig. 2 that the second peak occurs
= 3/lvwlk for D, small 9)

at a scaled timg, = 1/D,, or in unscaled units at a
The second line follows because we can replice +  time t, = viu/D,. In order to obtain the full factor of 3
(Dyu’/vig)*]™" by k1> when D, is sufficiently small, enhancement, one must therefore integrate the interaction
in which case interchanging theand1 integrals yields over a time of order,. This is the time required for
I = 3/|vwlk?. Note that the factor of 3 that now appears v, to be changed through velocity diffusion. Particles
in I does not appear whe, = 0. We therefore obtain  may reverse their relative velocity and return to suffer
_ o 6ec Ay a second collision with the test particle in a timg.
A'UTO ox = 36x " = Blvw| p? (10) " The enhancement arises from particles which collide once,

Thus, the limit ofSx as D, approaches zero is unequal then through vel_ocity diffusion return to collide again. _
to the caseD, = 0, which corresponds to IUO. The If one now naively attempts to evaluate the test particle
v ’ .

evaluation of the basic transport stép joins a small diffusion coefficientD by employing the new expression

H H — 100
class of singular perturbation theory problems that ar%or fx (ISn 15(9' (E")' one obht.a|r.15£D| - .9D ’ belcausde
both analytically tractable and physically relevant. x=3 xl : Iowe\gr, this Is ago mcolirect. hn oraer
Some physical insight into this surprising result!® Properly evaluatel) one needs to know the rate

can be obtained by considering the time behavior oftt Wh'c.h stepsdx oceur. _S|.nce each stefx IS now
explik. vt — k2D, |1°/3)/(k2 + ki) integrated over determined by multiple collisions, the rate at which these
- Urel vt _ b4 !

k.. Rescalingk. to k. = k./k,, the integral can be multiple collisions occur determines the diffusi_on.

written as Fortu_nately, the rate _of the_mulUpIe collisions can
" be easily evaluated. Sincéx is 3 times the result

J(,D,) = ] dk, exdik.i — D k2|7’ 1/ (k> + 1), obtained from a single collision, one may conclude that

o ) ) on average there are 3 single collisions making up each

where D, = D,/(3k, v>,) and7 = k, vqt. This inte- multiple collision, so the rate of these multiple collisions

gral can be expressed in terms of error functions, anis decreased by a factor of 3 compared to the rate of

the result is displayed in Fig. 2 for several valuesigf.  the single collisions. When combined with the fact that

Sincel = [~ diJ(7,D,)/2mk} |val), we are chiefly &x = 38x'UO, this implies that

interested in the area under the curves. Wihen= 0, 7 = 3pIvo (11)

J(7,0) = 7 exp(—|7|); this corresponds to IUO and is ’

shown by the dots in the figure. However, by, suf- This result can also be derived from a more rigorous

ficiently small but finite, there is a second peakiat  approach that uses the general expressionZforas a

0. As D, approaches zero, the peak7at: 0 becomes time integral over the correlation function of tHe X

broader and moves to largerbut the area under it does B velocity fluctuations:D = (¢/B)? ff)o dt(E,(t)Ey(0)).

not vanish. The extra area provides the factor of 3 enThis approach will be presented in a separate more

hancement t@x. detailed paper [8].
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The new value ofD given by Eq. (11) is shown by 1UO to be correct. Note that collisions with surrounding
the solid curve in Fig. 1. The theory now matches theparticles do not cause this decorrelation: over a time of
experiment to within the scatter of the data. O(t,) these collisions cage the particles amtrease

In conclusion, we have shown that integration alongtheir spatial correlation. However, decorrelation can be
unperturbed orbits fails to capture a significant newcaused by significant rotational shear in the background
effect in plasma kinetic theory: velocity diffusion of plasma, causing particles to move apart in the transverse
particle trajectories causes multiple collisions between théx, y) directions in a time of ordefpdw/dr|~!, where
same pair of particles. The velocity diffusion is due w(r) is the E X B rotation frequency. Comparing this
to collisions with surrounding particles. One normally time to ¢, implies that|dw/dr| > D,/pvi must be
thinks that collisions with surrounding particles causesatisfied in order for IUO to be correct for any given
spatial decorrelation of a particle pair. Here we observeollision. [In the present experiments this inequality is not
that the collisions have the opposite effect, “caging” thesatisfied for the collisions of intere§p < Ap, vl < ¥)
two particles, making them interact more strongly thanbecause the plasma is nearly in a state of confined thermal
they would otherwise. This is an effect that is usuallyequilibrium, with shears minimized by plasma viscosity.]
associated with the liquid or solid state, not with weakly One previously published result which will be affected
correlated plasmas. by this enhancement is the evaluation of the collisional

We have seen that this effect leads to an increase bywdscosity » of a magnetized single species plasma [9].
factor of 3 in the test particle diffusion coefficiel? (as  Preliminary analysis indicates that the same factor of 3
well as in the basic transport stefx) caused by long- enhancement that we encountered here will also occur in
range guiding-center collisions in a magnetized singles.y. These issues will be considered in more detail in a
species plasma. Our analysis can be extended to covérture publication [8].
diffusion caused by collisions between multiple species The author gratefully acknowledges useful discussions
in a neutral plasma with no change in the factor of 3with Professor C.F. Driscoll and Dr. F. Anderegg. This
enhancement, provided that each species is in the guidingesearch was supported by National Science Foundation
center regimer, << Ap [8]. The factor of 3 resolves a Grant No. PHY94-21318 and Office of Naval Research
discrepancy between an experimental measurement of ti@rant No. N0O0014-96-1-0239.
diffusion [1] and a previous theory [1,3] based on IUO.

The factor of 3 does not vanish, even when the velocity

diffusion coefficientD, approaches zero, provided that

some other effect does not first decorrelate the colliding

particles before multiple collisions can occur. Thus, we [1] F. Anderegg, X.-P. Huang, C.F. Driscoll, E. M. Hollmann,
have a system for which the limit d3, approaches zero T.M. O'Neil, and D.H.E. Dubin, Phys. Rev. Leti8,

is unequal to the case, = 0. 2128 (1997).

Since 1UO has been applied to many problems through-[2! g;;&gg%mwe and M.N. Rosenbluth, Phys. Ret03
out physics, it is important to consider whether similar ., ="\ ™ iohii; and Lp. Pitaevskii,Physical Kinetics
e_nhanqements_may occur Whgn the effect of multiple cc_)l- (Pergamon Press, New York, 1981), p. 293.
lisions is taken into account. First, as we have a_Iready_dls—Vf] Other effects, such as velocity shear in the plasma, can
cussed, the collisional dynamics must be one dimensional * aiso determinev,;,. However, in the experiments of
so that velocity diffusion leads to a reversal of the trajec-  Ref. [1] velocity diffusion is believed to be the dominant
tories and multiple collisions. In the problem considered mechanism.
here, the one-dimensional nature of the motion is assured5] The IN#/D,«/Apr.)'/?] term in Eq. (4) is slightly differ-
by the application of a strong magnetic field. The strong  ent than the form in Ref. [1], because in Ref. {4}, was
confining fields encountered in some other problems such ~ estimated incorrectly a&D, Ap)'/*. However, in the ex-
as 1D quantum wires might also lead to a similar effect. ﬁggﬂ;?&f’ where:./Ap ~ 0.1, the difference inD™™® is

Second, we note that any process that decorrelate ' .
the partjcles bgforg they_ can reverse the_ir trajectoriesTG] iﬁ;e/éiézezﬁz;n%? A\.]Zhnegle é(vr Oamn;neR‘cf’N?aSSJz aPnIaE’s\lrgzh_
and collide again WI|| nuII|_fy the effect considered here, Holland Physics Publishing, Amsterdam, 1984), Vol. II,
and IUO will again provide the correct answer. As Chap. 5.5.
we observed in connection with Fig.2, the time for [7] T H. Dupree, Phys. Fluids B, 1773 (1966).
the multiple collisions is of order, ~ v2/D,. The [8] D.H.E. Dubin (to be published).
decorrelation time must be shorter thanin order for [9] T.M. O'Neil, Phys. Rev. Lett55, 943 (1985).
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