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Recent experiments have characterized trapped-particle modes on a non-neutral plasma column@A.
A. Kabantsev, C. F. Driscoll, T. J. Hilsabeck, T. M. O’Neil, and J. H. Yu, Phys. Rev. Lett.87, 225002
~2001!#, and in this paper we present a theoretical model of the modes. Theoretical predictions for
the mode frequency, damping rate, and eigenmode structure are compared to experimental
observation. The modes are excited on a non-neutral plasma column in which classes of trapped and
passing particles have been created by the application of a potential barrier. The column resides in
a Malmberg–Penning trap, and the barrier is created by applying a voltage to an azimuthally
symmetric section of the wall near the axial mid-point of the column. Low energy particles near the
edge of the column~where the barrier is strong! are trapped in one end or the other, while high
energy particles near the center of the column transit the entire length. The modes have azimuthal
variation ,51,2,. . . , and oddz-symmetry. The trapped particles on either side of the barrier
executeEÃB drift oscillations producing density perturbations that are 180° out of phase with each
other, while passing particles run back and forth along the field lines attempting to Debye shield the
perturbed charge density. The mode is damped by collisional scattering across the separatrix
between trapped and passing particles. The damping rate is calculated using a boundary layer
analysis of the Fokker–Planck equation. It is also shown that the damping is associated with the
radial transport of plasma particles. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1599356#
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I. INTRODUCTION

Electric and magnetic field inhomogeneities in plas
containment devices cause a fraction of the particles to
main localized in certain regions. This condition gives rise
a class of low frequency electrostatic oscillations known
trapped-particle modes.2 In these modes, trapped particle
remain isolated from the global mode structure and exp
enceEÃB drift oscillations locally, while passing particle
stream along the field lines Debye shielding the trapp
particle charge density perturbations. In this sense, trap
particle modes resemble drift waves wherein the trapped
ticles play the role of ions and passing particles the role
electrons. Trapped-particle modes were originally inve
gated for toroidal geometry, but have been predicted for
observed in other geometries, such as the Columbia Lin
Machine.3

Recent experiments with magnetically confined no
neutral plasma columns have characterized a new trap
particle mode: the trapped-particle diocotron mode.1 In this
paper we provide a theoretical description of the mode,
compare theoretical prediction to experimental measurem
for the frequency, damping rate, and eigenmode struct
The agreement is good~for example, 10% percent for fre
quency and 50% percent for the damping rate! over a sub-
stantial range of experimental parameters.

The modes are excited on a non-neutral~pure electron!
plasma column to which an azimuthally symmetric poten
barrier has been applied creating classes of trapped and
ing particles. This electrostatic barrier, the squeeze volta
is typically applied near the axial mid-point of the colum
3491070-664X/2003/10(9)/3492/15/$20.00
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Particles with low axial velocity are then trapped in eith
end, while high axial velocity particles pass back and fo
over the full length of the column.

The mode dynamics is easy to understand. Trapped
ticles in the two ends of the column undergo low frequen
EÃB drift oscillations that are 180° out of phase with ea
other, while passing particles move back and forth along
magnetic field lines Debye shielding the charge perturba
of the trapped particles.

The mode damping is due to collisional scattering
marginally trapped particles. Following the analysis
Rosenbluth, Ross, and Kostomarov4 for the dissipative
trapped-ion mode, we solve the Fokker–Planck equation
thin boundary layer near the separatrix between trapped
passing particles, and find that the relative damping sc
like An/v, rather thann/v. Here, n is the collision fre-
quency,v is the mode frequency, and the square root is i
portant becausen/v is small.

To understand why collisions have an enhanced ef
near the separatrix, first note that the trapped and pas
particles experience very different dynamics. In the abse
of collisions, the perturbed velocity distributions for th
trapped and passing particles would be discontinuous~in
value and slope! at the separatrix. Small angle scatterin
described by the Fokker–Planck collision operator, is ess
tial in smoothing the discontinuity. Steep gradients in a n
row boundary layer enhance the effective collision frequen
to the point where an order unity correction~the smoothing!
is made to the perturbed velocity distribution.

Significantly, the correction contains a component tha
2 © 2003 American Institute of Physics
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3493Phys. Plasmas, Vol. 10, No. 9, September 2003 Trapped-particle diocotron modes
in phase with the mode electric field, so the mode can
change energy with the scattered particles. The dominan
ergy exchange occurs because the mode transports the
tered particles radially outward. The liberated electrosta
energy increases the mode energy, and would cause gr
of a positive energy mode. However, the observed trapp
particle diocotron mode has negative energy, so the m
damps.

A direct experimental test was made to verify that sc
tering of marginally trapped particles causes the damp
The scattering rate was enhanced artificially by applyin
potential that oscillates in resonance with the axial bou
motion of marginally trapped particles. The damping ra
was observed to increase an order of magnitude coinci
with the application of this oscillation potential.

The remainder of the paper is organized as follows.
Sec. II we describe the confinement geometry and pla
equilibrium. In Sec. III we discuss the basic equations for
mode dynamics. In Sec. IV we solve for the mode freque
and eigenmode structure in the absence of collisions. An a
lytic solution is possible in an idealized limit, but a nume
cal solution is necessary for a realistic density profile a
potential barrier profile. In Sec. V, the effect of collisions
included, and the damping rate is calculated. In Sec. VI
discuss Landau resonances and argue that Landau~and
bounce resonant! damping are typically small for thes
modes.

II. CONFINEMENT GEOMETRY AND EQUILIBRIUM

The pure electron plasma column is confined in
Malmberg–Penning trap configuration as shown schem
cally in Fig. 1. The confinement region is bounded radia
by a series of conducting cylinders of radiusRw . The end
cylinders are held at negative potential to provide axial c
finement of the electron plasma, while radial confinemen
provided by a large axial magnetic fieldB5Bẑ. Here,
(r ,u,z) is a cylindrical coordinate system with thez-axis
coincident with the axis of the cylindrical wall. Because t
column is unneutralized, there is a radial space charge e
tric field and consequentEÃB drift rotation of the column.

FIG. 1. A pure electron plasma column confined in a Malmberg–Penn
trap that has been partially divided by the application of an external squ
voltage,Vsq. End cylinders are maintained at negative potentials to prov
axial confinement, while radial confinement is provided by a large a
magnetic fieldB5Bẑ.
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A static, u-symmetric barrier is created by applying
negative voltage~the ‘‘squeeze’’ potential! to a short cylin-
drical section of the bounding wall. The resulting barri
potential is an increasing function of radius, with more p
ticles trapped near the radial edge of the plasma than nea
trap axis. At any given radius, the squeeze potential pres
an insurmountable barrier to low axial velocity particle
trapping them in the end regions. Particles with high ax
velocity pass over the squeeze potential and sample the
tire length of the column.

In the experiments, the plasma has time to come i
thermal equilibrium along each field line before the mode
launched. Thus, the equilibrium distribution function is giv
by

f 0~r ,z,v !5

N~r !expH 2
1

T
@mv2/22ef0~r ,z!#J

E dzE dv expH 2
1

T
@mv2/22ef0~r ,z!#J ,

~1!

wherev is the z-component of the velocity. The transvers
velocity components have been integrated out, anticipa
that drift dynamics will be used in the description of th
mode. Thez-integrated densityN(r ) and the temperature o
the axis@i.e., T(r 50)] are known from measurement. Th
temperature is assumed to be independent ofr for simplicity
and for want of better knowledge. The possibility of intr
ducing error here will be discussed later~see Sec. V!. The
self-consistent equilibrium potentialf0(r ,z) is obtained
by substituting the charge density 2en0(r ,z)
52e*dv f 0(r ,z,v) into Poisson’s equation and numerical
solving subject to the known boundary conditions for t
potential on the trap wall.

In Fig. 2, equilibrium density and potential contours a
shown for a typical case. Thez-integrated density profile
N(r ), is monotonically decreasing with a peak of 8
3108 cm22 on axis. The plasma temperature in this exam
is 1 eV and the end ring potentials are2100 V. A 220 V
squeeze potential is applied over a central conducting rin
length 7 cm. The radial wall of the trap is located at 3.5 c
The equilibrium solution in Fig. 2 demonstrates the effe
tiveness of the Debye shielding in forcing the potential a
density to bez-independent, except in the squeeze region a
near the ends of the column. This condition holds gener
for the plasmas under consideration in this paper.

Figure 3 shows phase space orbits executed by part
moving along a particular magnetic field line~at r
50.5 cm) in the equilibrium of Fig. 2. All of the particles ar
reflected by the large confinement fields at the ends. Parti
whose maximum axial velocity is less than the separa
velocity (0.68v̄ for this field line! are reflected by the
squeeze barrier and are trapped in the ends. Orbits for
trapped particles are shown as dashed curves. Particles w
high axial energy pass through the squeeze region
sample the entire length of the column during a bounce or
The passing particle orbits are shown as the solid curve
Fig. 3.

g
ze
e
l



he
t

d
t

he
r

o
ze
y
th

trap
a-

at
icle

par-

the
ial

in a
ear
near
ap-
tic

the
is

n be

s
,

i-

sit
c

al
ol

ally
adial

3494 Phys. Plasmas, Vol. 10, No. 9, September 2003 T. J. Hilsabeck and T. M. O’Neil
The separatrix velocity is determined indirectly from t
experimental measurements. The electric potential inside
trap is obtained using the Poisson–Boltzmann solution
scribed above. Debye shielding produces a potential tha
axially uniform inside the plasma on either side of t
squeeze region. In the squeeze region, the potential va
smoothly and reaches a maximum atz50. The energy bar-
rier seen by a particle bouncing at a radiusr is determined by
the difference in the potential between the region of smo
potential ~say, z5615 cm) and the center of the squee
region (z50 cm). Particles with a maximum kinetic energ
that matches this potential energy barrier are moving at
separatrix velocity,

vs~r !5H 2e

m
@f0~r ,15!2f0~r ,0!#J 1/2

. ~2!

FIG. 2. Density~a! and potential~b! contours for a squeezed column equ
librium. A 220 V squeeze potential has been applied to a 7 cmring at
the axial midpoint of the plasma. It is clear that axial variations in den
and potential are shielded out of the two main parts of the column (6
<uzu<24 cm).

FIG. 3. Phase-space orbits atr 50.5 cm with an applied squeeze potenti
Vsq;f0(0,0)/2. Trapped orbits are dashed lines and passing orbits are s
A particle on the separatrix orbit has maximum velocity of 0.68v̄. The
shaded region represents the boundary layer~not to scale! where velocity
space diffusion occurs and causes mode damping.
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Because the barrier potential is strongest nearest the
wall, the separatrix velocity is an increasing function of r
dius.

The density profiles of trapped and passing particles
any given radius can be determined from the total part
density profilen0(r ) and the separatrix velocityvs(r ). The
density of particles trapped by the squeeze barrier at a
ticular radius is

nt~r !5E
2vs(r )

vs(r )

dv f 0~r ,15,v !5n0~r !erfFvs~r !

& v̄
G , ~3!

and the passing density isnp(r )5n0(r )2nt(r ). Figure 4
shows the trapped, passing, and total density profiles for
equilibrium of Fig. 2, and clearly demonstrates the rad
dependence of the fraction of trapped particles.

The Debye shielding of the squeeze potential results
barrier that is a strong function of radius. Most particles n
the edge of the plasma are trapped and most particles
the trapped axis are passing. The radial localization of tr
ping is a general feature of externally applied electrosta
squeeze potentials.

III. DYNAMICAL EQUATIONS

Because the cyclotron frequency is the largest of
relevant dynamical frequencies and the cyclotron radius
the smallest of the length scales, the mode dynamics ca
described by the drift kinetic equation,

S ]

]t
1v

]

]z
2

c

Br

]f

]u

]

]r
1

c

Br

]f

]r

]

]u
1

e

m

]f

]z

]

]v D f 5C~ f !,

~4!

where f 5 f (r ,u,z,v,t) is the distribution of guiding center
and f(r ,u,z,t) is the electric potential. Of course
f(r ,u,z,t) is determined byf (r ,u,z,v,t) through Poisson’s
equation and the known boundary conditions forf on the

y
m

id.

FIG. 4. Trapped, passing and total particle density profiles. The extern
applied squeeze potential results in more trapped particles near the r
edge of the plasma and more passing particles near the trap axis.
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wall. On the right hand side,C( f ) is the Fokker–Planck
collision operator integrated over the velocity compone
transverse toB5Bẑ.5

Although equilibrium distribution~1! was written down
using thermal equilibrium considerations, not surprisingly
is a time independent solution of Eq.~4!. This follows from
the fact thatC( f 0)50, ]f0 /]u5] f 0 /]u50, andv] f 0 /]z
1(e/m)(]f0 /]z)(] f 0 /]z)50.

We take the mode perturbation to be small and linea
Eq. ~4! in d f 5 f 2 f 0 anddf5f2f0 . The result is

S ]

]t
1v

]

]z
1vE

]

]u
1

e

m

]f0

]z

]

]v
2CD d f

52
e

m

] f 0

]v
]df

]z
1

c

Br

] f 0

]r

]df

]u
, ~5!

wherevE5(c/Br)(]f0 /]r ) is the EÃB drift rotation fre-
quency for the equilibrium. Sincef 0 andf0 are independen
of u and t, we consider perturbations of the form

~d f ,df!5~d f , ,df,!exp~ i ,u2 ivt !. ~6!

Equation~5! then reduces to the form

S 2 iv1 i ,vE1v
]

]z
1

e

m

]f0

]z

]

]v
2CD d f ,

52
e

m

]df,

]z

] f 0

]v
1

ic,

Br

] f 0

]r
df, . ~7!

The left hand side of Eq.~7! includes the termC(d f ,),
which is the linearization of the Fokker–Planck collision o
erator with respect to the perturbationd f , . The linearization
includes four terms:

C~d f ,!5
]

]v FD~v !
]d f ,

]v
1F~v !d f ,G1

]

]v FdD~v !
] f 0

]v

1dF~v ! f 0G , ~8!

where D(v) and F(v) are the parallel diffusion and dra
coefficients evaluated for the equilibrium distributionf 0 ,
anddD(v) anddF(v) are the diffusion and drag coefficien
evaluated for the perturbed distributiond f , . For future ref-
erence, note that any perturbation of the formdh,

5g(r ,z) f 0 is such thatC(dh,)50. Also, note that near the
separatrix, where derivatives ofd f , are very large, only the
highest derivative term inC(d f ,) need be retained. In th
separatrix boundary layer, Eq.~8! may be approximated by

C~d f ,!.D~vs!
]2d f ,

]v2 . ~9!

The parallel diffusion coefficient is of orderD;n v̄2, but
more accurately is given by

D~vs!5
8Ape4nTL

m3vs
3 E

0

mvs
2/2TAte2tdt, ~10!

where L5 ln(rc /b) is the Coulomb logarithm for the cas
wheree2/T[b!r c!lD .6
s

t

e

The justification of the linearization is subtle and r
quires some discussion. As mentioned, we will find that
mode damping is dominated by particles in a thin bound
layer near the separatrix. However, a nonlinear effect of
mode potential shifts the velocity of the separatrix up a
down by an amountdvnl;edf/mvs every cycle. Particles in
this band undergo a complicated sequence of trapping
detrapping transitions that is missed by the linearized eq
tion ~7!. Why then is the linearization valid, and what is th
criterion for validity?

The essential point is that small angle scattering, wh
is included in Eq.~7!, causes rapid trapping and detrappi
transitions over a broader velocity band thandvnl . The ef-
fective collision frequency for scattering over the veloc
intervaldvs is neff5D(vs)/(dvs)

2, whereD(vs) is the parallel
diffusion coefficient discussed above. One can underst
this relation as the statement that velocity diffusion exten
over the rangedvs during the time neff

21 @i.e., (dvs)
2

5Dneff
21]. For the scattering transitions across the separa

to be at least as fast as the nonlinearity induced transitio
we set neff5v8[uv2,vEu, the Doppler shifted mode fre
quency as seen by a particle. This yields the collision do
nated widthdvs5AD/v8. v̄An/v8, where the approxima-
tion D.n v̄2 has been used. In Sec. V, we will find that th
is the width of the boundary layer that dominates mo
damping. Thus, the criterion for validity of the linearizatio
is the inequality dvs@dvnl , which can be written as
An/v8@edf/T, where we have setvs.AT/m.

IV. FREQUENCY AND EIGENMODE

In this section, we solve for the mode frequency a
eigenmode structure. Both are described adequately by
lisionless theory. The effect of weak collisions will be in
cluded in the next section, which discusses the mode da
ing.

The solution relies on the frequency orderingvb

@vE ,v, wherevb5p v̄/L is the characteristic axial bounc
frequency for electrons andL5L11D1L2 is the overall
column length~see Fig. 1!. Sincev andvE both scale like
1/B, an expansion in the small parameterv/vb;vE /vb

!1 is equivalently an expansion in 1/B.
In zeroth order, Eq.~7! reduces to

S v
]

]z
1

e

m

]f0

]z

]

]v D d f ,5
e

T
v

]df,

]z
f 0 , ~11!

whereC(d f ,) has been neglected and use has been mad
] f 0 /]v52(mv/T) f 0 on the right hand side. Equation~11!
can be rewritten as

S v
]

]z
1

e

m

]f0

]z

]

]v D S d f ,2
edf,

T
f 0D50, ~12!

which is a statement that the quantity@d f ,2(edf, /T) f 0# is
constant along a bounce orbit. Thus, we may equate
value of this quantity to its bounce-average value, obtain
the result

d f ,5^d f ,&1
e

T
@df,2^df,&# f 0 . ~13!
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Here, the bracket indicates a bounce-average,

^g&~r ,u,e!5

r
dz

v~z,e!
g@r ,u,z,v~z,e!#

r
dz

v~z,e!

, ~14!

where mv2/22ef0(r ,z)5e specifies the orbit. In writing
Eq. ~13!, use was made of the fact thatf 0 is constant along
an orbit.

To obtain an equation for̂d f ,&, we bounce-average Eq
~7! projecting out the zeroth order terms. The remaining~first
order! terms describe cross magnetic field drift motion,

2 iv^d f ,&1 i ,^vEd f ,&5
ic,

Br K df,

] f 0

]r L . ~15!

The second term on the right hand side of Eq.~13! speci-
fies the distribution of electrons along a bounce orbit. T
type of response, called an adiabatic response, gives ris
Debye shielding. Thus, we anticipate here, and verifya pos-
teriori ~see Sec. VI!, that Debye shielding forces the mod
potential to bez-independent, except in the region of th
squeeze potential and near the ends of the column.

As a simple model that captures the essential physics
use a step function approximation for the mode potentia

df,~r ,z!5H df,1~r !, 0,z,L1 ,

df,2~r !, L2,z,0,
~16!

whereL1 andL2 are the lengths of the two trapped-partic
regions~see Fig. 1!. Likewise, we neglect the small but finit
axial extent of the squeeze region and end when evalua
the bounce averages. The model assumes that the trap
particle regions are long compared to the squeeze region
ends. The advantage of the model is that a partial differen
eigenmode equation fordf,(r ,z) is reduced to two coupled
ordinary differential equations fordf,1 anddf,2 . We will
see that a simple physically motivated guess as to the r
df,1 /df,2 decouples these equations leaving a single O
eigenmode equation.

The step function model simplifies the evaluation
bounce-averages. For trapped particles on sidej ( j 51 or 2!,
the bounce-average mode potential is given by^df,&
5df, j , and for passing particles it is given by

^df,&5
L1df,11L2df,2

L11L2
. ~17!

Since the squeeze region and ends are neglected, the bo
average products in Eq.~15! simplify: ^vEd f ,&5vE^d f ,&
and ^df,] f 0 /]r &5^df,&] f 0 /]r .

Equations~13! and ~15! then imply that the perturbed
distribution for trapped particles on the sidej is given by

d f , j
(t)5

c,

Br

df, j

v8

] f 0

]r
, ~18!

wherev8(r )[,vE(r )2v. Likewise, the perturbed distribu
tion for passing particles on sidej is given by

d f , j
(p)5

c,

Br

^df,&
v8

] f 0

]r
1

e

T
@df, j2^df,&# f 0 , ~19!
s
to

e

ng
ed-
nd
al

tio
E

f

ce-

where^df,& is given by Eq.~17!.
The next step is to determine the density perturbati

associated with trapped and with passing particles. Beca
the separatrix velocity is a function of radius@i.e., vs

5vs(r )], one must be careful not to miscount particles. Fi
consider the trapped particles. Equation~18! can be under-
stood as implying that each trapped particle undergoes a
dial stepdr , j52c,df, j /Brv8, so that

d f , j
(t)~r ,v !5 f (t)~r 2dr , j ,v !2 f (t)~r ,v !5

c,df, j

Brv8

] f (t)

]r
.

~20!

Thus, the perturbation in the trapped-particle charge den
is given by

dn, j
(t)~r !5E

2vs(r 2dr , j )

2vs(r 2dr , j )

dv f (t)~r 2dr , j ,v !

2E
2vs(r )

2vs(r )

dv f (t)~r ,v !, ~21!

which for smalldr , j takes the form

dn, j
(t)~r !5E

2vs(r )

2vs(r )

dv d f , j
(t)~r ,v !12

]vs

]r
dr , j f

(t)~r ,vs!.

~22!

Omission of the second term would miscount the numbe
trapped particles. Combining the two terms in Eq.~22! yields
the result

dn, j
(t)5

c,

Br

df, j

v8

]nt

]r
, ~23!

wherent(r ) is defined in Eq.~3!. Of course, this result can
be obtained more directly using a fluid theory for the trapp
particles. Similar arguments for the passing particles yi
the perturbed density,

dn, j
(p)5

c,

Br

^df,&
v8

]np

]r
1

e

T
@df, j2^df,&#np , ~24!

wherenp(r )52*vs(r )
` dv f 0(r ,v).

Substituting density perturbations~23! and ~24! into
Poisson’s equation yields two coupled differential equatio

1

r

]

]r S r
]

]r
df, j D2

,2

r 2 df, j

5
4pec,

Br

df, j

v8

]nt

]r
1

4pec,

Br

^df,&
v8

]np

]r

1
4pe2np

T
@df, j2^df,&# , ~25!

for df, j ( j 51 and 2!. Two ratios ofdf,1(r )/df,2(r ) for
which the equations decouple are easy to guess. For
choice df,1(r )5df,2(r )5^df&, the two equations each
reduce to the usual eigenmode equation for a diocotron m

1

r

]

]r S r
]

]r
df, j D2

,2

r 2 df, j5
4pec,

Br

df, j

v8

]n0

]r
, ~26!
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wheren0(r )5nt(r )1np(r ). In this case, two in-phase dio
cotron modes exist on the two sides of the barrier.

For the choiceL1df,152L2df,2 , Eq. ~17! implies
that ^df,&50 so the two equations each reduce to the fo

1

r

]

]r S r
]

]r
df, j D2

,2

r 2 df, j5
4pec,

Br

df, j

v8

]nt

]r

1
4pe2np

T
df, j . ~27!

This is the eigenmode equation for the trapped-particle d
cotron mode~or more precisely, modes!. From the right hand
side, one can see that trapped particles undergoEÃB drift
motion locally and passing particles stream along field lin
attempting to Debye shield the perturbed charge densit
the trapped particles. The conditionL1df,152L2df,2

guarantees that the passing particle charge needed for sh
ing on one side of the barrier is exactly liberated on the ot
side. The equations must be solved subject to the boun
conditionsdf, j (0)5df, j (Rw)50.

An analytic solution of Eq.~27! can be obtained in a
particularly simple case. For very small Debye lengt
shielding of the squeeze potential effectively separates
trapped and passing particles radially. In this regime,
plasma may be described by a simplified model in wh
trapped and passing particles are divided by a separatrix
dius, Rs . The trapped and passing particle densities can
written as nt(r )5n0(r )Q(r 2Rs) and np(r )5n0(r )Q(Rs

2r ), whereQ(x) is the Heaviside step function. For a to
hat density profile,n0(r )5n0Q(Rp2r ), an analytic solution
of Eq. ~27! is possible.

The potential perturbation is composed of separate s
tions in three regions. In region I (r ,Rs), the mode poten-
tial satisfies the Debye shielding equation

1

r

]

]r S r
]

]r
df,

I D2
,2

r 2 df,
I 2

1

lD
2 df,

I 50, ~28!

wherelD
2 5T/4pe2n0 . Since the potential cannot diverge

the origin, we obtaindf,
I (r )5I ,(r /lD), whereI , is a modi-

fied Bessel function of the first kind. In regions II (Rs,r
,Rp) and III (r .Rp), the mode potential satisfies th
Laplace equation

1

r

]

]r S r
]

]r
df,D2

,2

r 2 df,50, ~29!

so we find df,
II(r )5A,r ,1B,r 2, and df,

III (r )5C,(r ,

2Rw
2,/r ,), where use has been made of the boundary co

tion df,
III (Rw)50. Equation~27! also must be satisfied at th

interfacesr 5Rs andr 5Rp , where]nt /]r gives delta func-
tion contributions. This requires that the potential be conti
ous at the interfaces,df,

I (Rs)5df,
II(Rs) and df,

II(Rp)
5df,

III (Rp), and that the derivatives satisfy the jump con
tions

r
]

]r
df,u

R
s
2

Rs
1

5
2,

v*
df,~Rs! ~30!

and
-

s
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r
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,
he
e
h
a-
e
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-

-

r
]

]r
df,u

R
p
2

Rp
1

52
2,

v*
df,~Rp!, ~31!

wherev* 5,2v/vE . Eliminating the unknown coefficients
A, B, C yields the dispersion relation

S Rp

Rs
D ,S I ,

v*
1

RsI ,21

2,lD
D S Rw

2,

Rp
2,2Rw

2, 1
1

v* D
2S Rs

Rp
D ,S I ,

v*
1

RsI ,11

2,lD
D S Rp

2,

Rp
2,2Rw

2, 1
1

v* D 50, ~32!

whereI ,[I ,(Rs /lD).
There are two roots for Eq.~32! with one above and one

below the rotation frequency. The fast mode has a freque
very near the rotation frequency of the column and has
yet been observed in the experiments. For apprecia
squeeze voltage, the lower root lies well below the colu
rotation frequency and corresponds to the experimentally
served mode. The existence of two modes is due to the p
tive and negative slope of the trapped density profile. T
situation is analogous to the inner and outer diocotron mo
that exist for hollow profiles.7 In the trapped-particle case
the inner ~faster! mode is not unstable, since the rotatio
frequency is monotonically decreasing.

As lD→0, the dispersion relation reduces to

v* 5
Rw

2,2Rp
2,

Rw
2,2Rs

2,

Rp
2,2Rs

2,

Rp
2, . ~33!

This is the low frequency mode. The high frequency mo
has vanished. In this limit, the passing particles behave lik
conducting cylinder of radiusRs . This suggests that trapped
particle diocotron modes may exist in a trap with a cent
conducting cylinder containing two plasma columns that
completely separated axially by a strong squeeze. In
case, the damping mechanism discussed in Sec. V woul
absent. Equation~33! provides some quick insight into th
qualitative behavior of the low frequency trapped-partic
diocotron mode. For low squeeze potentials,Rs approaches
the plasma radius and the azimuthal phase velocity of
wave approaches the rotation frequency of the column.
the opposite extreme, the separatrix radius approaches
and the frequency becomes that of the usual diocotron m

v5vEF,211S Rp

Rw
D 2,G . ~34!

This result is expected since the column has been comple
divided and the two halves are effectively decoupled in o
reduced description that ignores space charge interaction
the two columns. As we will see, this frequency depende
on squeeze voltage is observed experimentally.

For a careful comparison to experiment, we use
shooting method to obtain a numerical solution of Eq.~27!
for realistic density profiles. Input to the theory are the ma
netic field strength, voltages on the end rings and bar
electrode, z-integrated densityN(r ), and temperatureT
[T(r 50). From these quantities, the equilibrium trapp
particle densitynt(r ), and separatrix velocityvs(r ) are de-
termined, as discussed in Sec. II, and Eq.~27! is then solved
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to find v. Figure 5 shows a comparison of the calculated a
measured mode frequency as a function of squeeze vo
for the temperatureT(r 50)50.5 eV and magnetic fieldB
510 kG. The azimuthal mode number is,51. The agree-
ment is very good~10%!, with both curves following the
trend expected from the analytic solution. From Eq.~27!, one
can see trivially that the mode frequency is predicted to sc
with magnetic field strength asv}1/B. This scaling is ob-
served experimentally to an accuracy of 2% over the ra
300 G to 10 kG.8 Although the temperature enters Eq.~27!
explicitly and implicitly @e.g., throughnt(r ), np(r ) and
vs(r )] the solutions forv exhibit only a weak dependenc
on temperature, changing less than 5% as the temperatu
varied by an order of magnitude. Measurements also s
only a weak dependence;v varies by 5% asT varies over
0.5–5.0 eV.

The density perturbation of the trapped-particle mo
vanishes at a specific radius. Inside this radius, the majo
of particles involved in the oscillation are passing and mo
adiabatically along field lines. Outside this radius, the p
ticles are mostly trapped and experience drift motion. E
perimental and calculated density eigenfunctions at low
high squeeze voltages are shown in Fig. 6. The zero cros
of the density perturbation decreases as the squeeze vo
is increased. This is expected since the stronger barrier t
more particles.

There is qualitative agreement but small systematic
crepancy in the measured and observed eigenfunctions
low squeeze voltage, the theoretical model predicts a sm
passing particle perturbation than is observed in the exp
ment. At high squeeze voltage, the model predicts a la
perturbation in the passing particles than is observed.
origin of this discrepancy remains unclear. The discrepa
in dn for r .1.5 cm is due to a truncation of the densi
profile. The experimentally measured density profiles exh
a small tail out at large radii. It is unknown whether this t
is real or some artifact of the measurement process. To a
singularities in Eq.~27! caused by a wave-fluid resonanc
we have smoothly truncated the experimentally measu

FIG. 5. Mode frequency versus applied squeeze voltage for the low
quency,51 trapped-particle mode. The value varies smoothly between
rotation frequency at the radial edge of the plasma and the usual dioc
mode frequency~i.e., theEÃB drift frequency at the wall radius!.
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density profile~at r 51.5 cm) for use in the calculation. Th
experimental eigenfunction also contains a nonzero ima
nary part. However, Fig. 6 compares the real parts of
eigenfunctions. In the collisionless theory,dn is purely real.

The mode potentials for plasmas at various temperatu
~0.1, 0.5, 1.0, 5.0 eV! are shown in Fig. 7. The Debye shield
ing phenomenon resulting from the adiabatic motion of
passing particles is readily observed. As the temperatur
decreased, the potential created by the trapped particle

e-
e
on

FIG. 6. Experimental and theoretical density eigenfunctions for the
frequency trapped-particle mode at25 and236 Volt squeeze. The theoret
ical calculation used a density profile that was truncated at 1.5 cm. At o
radii the trapped particles produce a positive perturbation. At inner radii
shielding response of the passing particles gives a negative perturbation
radius of the zero crossing becomes smaller as the barrier strength
creased.

FIG. 7. Mode potentialsdf1(r ) at various temperatures. The Debye shie
ing phenomenon resulting from the adiabatic motion of the passing part
is apparent. At low temperature, the mode potential is excluded from
interior of the column where the majority of particles are passing.
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sity perturbation remains essentially unchanged. Howe
the passing particles shield this potential from the interior
the column at very low temperatures.

As mentioned earlier, Eq.~32! predicts the existence o
another trapped-particle mode that has an azimuthal p
velocity above the column rotation frequency. With this
mind, we return to the full kinetic model and look for nu
merical solutions of Eq.~27! for v.,vE(0). In fact, we
have found several eigenmodes in this high frequency ra
Figure 8 shows plots of eigenmode potentials for three s
trapped-particle modes. In this case, the plasma was cha
terized by the density profiles in Fig. 4, a magnetic field
10 kG, and a temperature of 1 eV. The potential perturbati
are indexed by the number of radial nodes,nr . As the radial
nodes increase the azimuthal phase velocity of the wa
asymptotes to the rotation frequency at the axis@vE(r
50)#. For nr50, the phase velocity is 10% above the pe
plasma rotation frequency and the electric field at the t
wall is 0.44% that of the lower branch mode. A small rad
electric field at the wall is a feature common to all of t
high frequency modes. This makes them extremely diffic
to observe experimentally. Typically, diocotron modes
launched and detected by applying time varying voltage
the wall sectors. The coupling of these self-shielded mo
to the wall sectors is very weak. However, if the modes
excited by some other means, the density eigenfunctions
be observed by dumping the plasma.

In Fig. 9, the trapped and passing density perturbati
are shown for the low frequency andnr51 high frequency
modes. For the low frequency mode, the main perturba
of trapped particles occurs at outer radii, and the pass
perturbation is at inner radii. In this situation, the potentia
effectively shielded from the column interior. In the hig
frequency oscillation, the main trapped and passing part
perturbations occur at inner radii. However, the trapp
particle perturbation is larger and a substantial mode po
tial exists at inner radii~see Fig. 8!.

FIG. 8. Theory predicts additional eigenmodes with frequencies above
peak rotation frequency of the column@vE(0)#. The mode potentials for
three such eigenmodes are shown. These high frequency modes are
self-shielded~i.e., significant potentials do not exist in the vacuum regi
outside the plasma column!.
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V. COLLISIONS

In this section, we return to the discussion of the lo
frequency trapped-particle diocotron mode and investig
the effects of collisions between particles. Because
trapped particles and the passing particles experience di
ent dynamics, the mode perturbation in the velocity distrib
tion is discontinuous in collisionless theory. Setting^df,&
50 in Eqs.~18! and ~19! yields

d f , j~r ,v !5H edf, j

T
f 0~r ,v !, uvu.vs~r !,

c,

Br

df, j

v8

] f 0~r ,v !

]r
, uvu,vs~r !,

~35!

where we have usedf (t)(r ,v)5 f 0(r ,v) for uvu,vs(r ) and
f (p)(r ,v)5 f 0(r ,v) for uvu.vs(r ). This expression for
d f ,(r ,v) is discontinuous in value and slope atv5vs(r ).
When collisions are added to the theory, the Fokker–Pla
collision operator contains velocity derivatives that beco
arbitrarily large at such a discontinuity, so the effect of c
lisions ond f , cannot be ignored, even ifn is small. Small
angle scattering provides an essential correction, smoot
the distribution in a boundary layer near the separatrix.
Fig. 10, the perturbed distribution function at a specific
dius is plotted versus velocity. The solid line representsd f , j

from collisionless theory and clearly depicts the discontin
ity at the separatrix velocity. The dashed line is the real p
of the collisional correction tod f , j which removes the dis-
continuity. We will derive this correction shortly. Signifi
cantly, the correction contains an imaginary compon
~dotted–dashed line! that is in phase with the mode electr
field, so the mode can exchange energy with the scatte

he

hly

FIG. 9. Trapped~a! and passing~b! density perturbations for the low fre
quency and first high frequency modes. For the lower branch, trapped
passing density perturbations are well-separated radially. For the u
branch, both trapped and passing perturbations occur at inner radii.
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particles and damp as a consequence. We will show tha
velocity scattering and damping are intrinsically associa
with a kind of neo-classical radial transport.

Including the effect of collisions, the trapped-partic
perturbation satisfies the equation

H iv82Dv~vs!
]2

]v2J d f ,
(t)5

ic,

Br
df,

] f 0

]r
, ~36!

where only the second derivative term in the Fokker–Pla
collision operator has been retained. In the separatrix bou
ary layer region, where derivatives are large, the second
locity derivative term suffices. Here,Dv(vs) is the coeffi-
cient of parallel velocity diffusion evaluated at the separa
velocity vs5vs(r ) and is given by Eq.~10!.

For ,.0, the solution to Eq.~36! is given by

d f ,
(t)5

c,

Br

df,

v8

] f 0

]r
1a expF11 i

&
A v8

Dv~vs!
~v2vs!G ,

~37!

wherea is an arbitrary constant and we have chosen the s
so that the exponential decays as (v2vs) becomes large and
negative. The new term represents a collisional correctio
a boundary layer of widthdvs

(t);ADv(vs)/v8. To under-
stand this width, note that the sign of the perturbation s
by the trapped particles changes on the time scale 1/v8, and
velocity diffusion can extend to the widthdvs

(t) during this
time @i.e., (dvs

(t))2;Dv(vs)/v8].
Similarly, the passing-particle perturbation satisfies

equation

H v
]

]z
1

e

m

]f0

]z

]

]v
2Dv~vs!

]2

]v2J S d f ,
(p)2

edf,

T
f 0D50,

~38!

where we have usedC( f 0)50. The solution of Eq.~38! re-
quires some information concerning thez-dependence of the

FIG. 10. Perturbed distribution function atr 51 cm. The solid line repre-
sents collisionless theory and exhibits a discontinuity at the separatrix
dius. The dashed lines contain the corrections to the real and imaginary
of d f due to collisional diffusion. In this case, collisions have smoothed
the discontinuity over a widthdv'0.1vs .
he
d

k
d-
e-

x

n

in

n

e

mode quantities, but we can obtain an order of magnitu
estimate to the collisional correction tod f ,

(p) by noting that
the operator,

v
]

]z
1

e

m

]f0

]z

]

]v
' ivb , ~39!

is a derivative along a bounce orbit, which can be taken
order vb since passing particles see the mode quanti
change by order unity during a bounce orbit. Substituting
~39! into Eq. ~38! and solving the resulting equation yields

d f ,
(p)5

edf,

T
f 01b expF2~11 i !

&
A vb

Dv~vs!
~v2vs!G .

~40!

In this case, the correction is of widthdvs
(p);ADv(vs)/vb,

since the passing particles see a sign change on the bo
time scale 1/vb .

There is a disparity between the width of the bounda
layer for trapped and passing particles:dvs

(p)!dvs
(t) since

vb@v8. The consequence of this disparity is that only t
trapped-particle correction contributes significantly to t
damping. Choosinga andb so that the value and slope of th
distribution are continuous atv5vs yields

a5df,Fe f0
T

2
c,

Brv8

] f 0

]r G
v5vs

S Avb

Avb1Av8

2
&

11 i

ADv

Avb1Av8

mvs

T D , ~41!

and

b52df,Fe f0
T

2
c,

Brv8

] f 0

]r G
v5vs

S Av8

Avb1Av8

1
&

11 i

ADv

Avb1Av8

mvs

T D . ~42!

Dropping terms of orderAv8/vb gives a5df,@e f0 /T
2(c,/Brv8)(] f 0 /]r )#v5vs

and b.0. Substituting into
Poisson’s equation then yields an eigenvalue equation for
mode potential,

¹'
2 df,54peH enp

T
1

c,

Br

]nt

]r

1

v8

1
2&

11 i
ADv~vs!

v8 Fe f0
T

2
c,

Br

] f 0

]r

1

v8G
v5vs

J df, ,

~43!

which is subject to the boundary conditionsdf,(0)
5df,(Rw)50. Multiplying both sides of Eq.~43! by df,* ,
integrating overrdr , setting v5v r1 ig, and taking the
imaginary part of both sides yields an expression for
growth or damping rate,
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g5

B

, E
0

Rw
rdr udf,u2A2Dv~vs!

,vE2v r
Fe f0

T
2

c,

Br

] f 0

]r

1

,vE2v r
G

v5vs

R 2 . ~44!
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For the plasmas considered here, the numerator in Eq.~44! is
positive and the denominator is negative so that the mod
damped. To lowest order in the small parametersg/v r and
An/(,vE2v r), the eigenmodeudf,u may be approximated
by the eigenmode forn50. Indeed, theg values predicted in
this way by Eq.~44! agree closely with those obtained b
direct numerical solution of Eq.~43! using a shooting
method.

To understand the energy budget for the damping,
rewrite Eq.~44! as

052gW

1E
0

Rw
rdr E

0

2p

du2edf~r ,u,t !
d

dt
@Ldnc~r ,u,t !#

1E
0

Rw
rdr E

0

2p

duF2e
]f0

]r G
3@dv r~r ,u,t !dnc~r ,u,t !2L#, ~45!

where

W5
2Lecv,

B E
0

Rw
2pdr

udf,u2

~,vE2v r !
2

]nt

]r
~46!

is the mode energy, which turns out to be negative. The
term in Eq.~45! is the rate of change of mode energy, whi
is positive during damping since bothW andg are negative.
In the second term, the quantitydnc(r ,u,t) is the collisional
correction to the trapped electron perturbation, and the c
vective derivatived(Ldnc)/dt5(]/]t1vE]/]u)(dncL) is
the flux of scattered electrons to the side where the m
potential is1df(r ,u,t). As an electron moves along th
magnetic field lines from the side where the potential
2df to the side where it is1df, the mode does work
2edf on the electron. The second term is the rate of s
work, which turns out to be positive. In the third term, th
quantity dv r(r ,u,t)52(c/Br)(]df/]u) is the radial drift
velocity imparted by the mode potential, so the prod
(dv rdnc) is the radial flux of scattered particles. Thus, t
third term is the rate at which the mode does work in mov
the scattered particles through the potential gradient]f0 /]r .
There is a net outward radial flux of scattered particles,
the third term is negative, balancing the other two terms
summary, the mode potential increases the kinetic energ
the scattered particles by acceleration along the magn
field and decreases the electrostatic energy of the particle
radial transport outward, the latter effect being domina
When the liberated energy is added to the negative en
mode, the mode damps.

To understand the sign of the second term, first re
that in the absence of collisions,d f p(vs).0 and d f t(vs)
is
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,0 on the side wheredf.0. On this side, the smoothin
action of collisions must produce a velocity-space flux fro
passing to trapped. The situation is reversed on the other
wheredf,0. Thus, the net effect is a spatial flux of trapp
particles from the side wheredf,0 to the side wheredf
.0. Physically, this is reasonable, since we expect collisi
to produce a flux of trapped particles from the high poten
energy side (2edf.0) to the low potential energy side
(2edf,0). Equivalently, we expect collisions to produc
heating, and the second term is the heating rate.

The u-average radial flux is given by

1

2p E
0

2p

dudv rdnc5Dr~r !F2
]n0

]r
1

e

T

]f08

]r
n0G , ~47!

whereDr(r )5e(Dr )2v8 is a neo-classical like diffusion co
efficient. To understand this coefficient, note first thate
52A2Dv(vs)/v8 exp@2vs

2/2v̄2#/A2p v̄2 is the fraction of
particles in the boundary layer at radiusr , where vs

5vs(r ). In the absence of the mode, theEÃB drift orbits are
circular for all of the particles. In the presence of the mo
the orbits for the trapped particles are distorted from cir
larity by an amountDr 5c,udf,u/Brv8, and the distortions
on the two ends are 180° out of phase. When a trap
particle is scattered and changes trapped-particle class~and
drift orbit!, the particle effectively makes a radial stepDr .
For the particles in the boundary layer, the class change
the ratev8.

Equation~47! is the usual form for the transport flux i
the presence of a density gradient and an external force
the diffusion and mobility coefficients related by an Einste
relation9 @i.e., m5(e/T)D]. The radial electric field
2]f08/]r 52]f0 /]r 1(rv, /,)(B/c) is the effective field
in the rotating frame of the wave. This is the frame where
mode perturbation is static and the Einstein relation is va
One can easily understand that diffusion in a negative d
sity gradient (]n0 /]r ,0) produces an outward radial flux
However, the origin of the mobility term is more subtle.
EÃB drift motion, electrons can move radially only due
an azimuthal electric field. Why then is there a preference
transport in the direction of the radial electric force?

In fact, this radial mobility preference is intimately con
nected with the net axial flux of scattered particles from
high potential energy side (2edf.0) to the low potential
energy side (2edf,0). The preference for outward radia
transport whene]f08/]r .0 is illustrated by the schemati
diagram in Fig. 11. For the case,51, the solid curves rep-
resent potential energy contours@i.e., 2ef08(r )2edf(r ,u)
5const] on one side of the barrier, and the dashed curves
contours on the other side. The difference between the
arises from the fact thatdf has opposite signs in the tw
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ends. If we work in the rotating frame of the wave, the p
tern is stationary~except for the slow damping!. A particle
that is initially trapped in one end at point A willEÃB drift
along the contours until it comes to the point B where
contour is farthest from the center; that is, whe
2edf(r ,u) takes its maximum value. Statistically, this
the point where the particle is most likely to be detrapp
and move rapidly to the other end, where this particle or
equivalent particle is scattered and trapped. The particle
thenEÃB drift along the dashed contour, continuing its m
tion outward to point C. Repeating the process then takes
particle to points D and E.

If the sign of e]f08/]r changes to negative, the dash
curves change into solid curves andvice versa, but this rela-
beling is not significant. The important change is that
particle nowEÃB drifts azimuthally in the opposite sens
and so spirals radially inward (E→D→C→B→A). The
jumps from one side to the other now happen when the c
tour is closest to the center.

The sign ofe]f08/]r changes to negative if the angul
velocity of the rotating frame exceeds the plasma rotat
velocity. This implies that rapidly rotating asymmetric pote
tials can be used to compress the plasma radially. This t
nique has been known for some time and is generally kno
as the ‘‘rotating wall’’ effect.10 We suggest that trapped
particle transport is the microscopic mechanism of the ‘‘
tating wall’’ in some circumstances.

Another frame in whiche]f08/]r is negative is one tha
co-rotates with a high frequency trapped-particle mode.
analysis similar to that given above for the low frequen
mode reveals that the high frequency modes are also dam
by the same collisional scattering process. The high
quency modes are self-shielded with the potential pertu
tion being largest at inner radii where]nt /]r is positive. As
a result, the wave energy given by integral~46! is positive
for the high frequency modes. Again, energy conserva
requires that the third term of Eq.~45! cancel the first two

FIG. 11. Potential energy contours in the rotating frame of an,51 wave
~solid z.0, dashedz,0). A particle initially at point A is transported to
point E through orbits along potential contours and detrapping/retrap
collisions at points B, C and D. For azimuthal phase velocity less than
column rotation frequency, marginally trapped particles are more likely
be scattered through the squeeze region when farthest from the trap c
and thus are transported radially outward.
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terms. The second term represents the work done by
wave as particles move axially and remains 2edf. Since the
first two terms now have opposite signs, the third term co
be either positive or negative. However, for the high fr
quency modes (v r2,vE)2 is usually quite small and the
first term is large and positive. This requires the third term
be negative. Therefore, the damping of the high freque
modes is associated with a net inward radial flux. Flux c
be inward because]f08/]r is negative for high frequency
modes.

Finally, we compare the measured and predicted
damping rates for the lower frequency mode using reali
density profiles in the theory. Figures 12, 13 and 14 sho
comparison of the predicted and measured rates ve
squeeze voltage, magnetic field strength, and tempera
respectively. The agreement is to within 50% over the
pected range of validity for the theory. To understand
scaling trends we turn to Eq.~44!. Since the denominato
increases with the number of trapped particles, which
creases with the squeeze voltage, the damping rate is

g
e

o
ter

FIG. 12. Mode damping rate vs applied squeeze voltage from theory@Eq.
~44!# and experiments.

FIG. 13. Mode damping rate vs magnetic field. The theory correctly pred
theB21/2 at high magnetic fields. At low field, the fast bounce assumption
violated and the theory breaks down.
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pected to be a decreasing function of the squeeze volt
and this trend is apparent in Fig. 12. Sincev r and vE are
proportional to 1/B, Eq. ~44! implies thatg scales as 1/AB.
This scaling is observed for large field strength (B.2
210 kG), where the theory assumptionvb@vE ,v r is well
satisfied, butg}1/B scaling is observed at a lower fiel
strength. This latter scaling is not understood theoretical

Figure 14 shows that the measured and calculated da
ing rates are decreasing functions of temperature over
range of measurements (T50.5– 6 eV), with the experi-
ments showing a somewhat stronger temperature de
dence. The discrepancy may be due to a radial dependen
the plasma temperature. There are some experimental

FIG. 14. Mode damping rate vs temperature.
e
s
r

.

e,

p-
he
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in

di-

cations that heating from radial transport caused by amb
field errors raises the temperature more at larger , where the
damping mechanism acts, than atr 50, where the tempera
ture is measured. Moreover, the temperature inhomogen
is more pronounced at higher temperatures where the cr
field heat conduction is lower. Including such a correction
the plasma temperature changes the slope of the meas
values toward agreement with the theory.

Recent experiments have demonstrated a corres
dence between the damping of trapped-particle diocot
modes and asymmetry-induced transport.11 In these experi-
ments, trapped particles are created in the usual manner
an applied ‘‘squeeze’’ voltage. Static field errors~such as
magnetic tilt! are introduced in the trap and produce pe
turbed drift orbits that are quantitatively similar to drift orbi
associated with trapped-particle modes. The rate of ra
expansion of the plasma column is found to be proportio
to the damping rate of the trapped-particle diocotron mo
over a wide range of plasma parameters. This corresp
dence strongly suggests velocity space diffusion of marg
ally trapped particles as the microscopic mechanism resp
sible for asymmetry-induced transport.

VI. LANDAU RESONANCES

Wave–particle resonances are possible for this mode,
the associated Landau damping is small compared to
collisional damping providedv̄b@u,vE(r )2v r u. Here, v̄b

is the axial bounce frequency for a thermal particle. In A
pendix A, we neglect collisional damping and obtain the f
lowing expression for the Landau damping rate:
gLD52

pE
0

Rw
rdr E

0

`

dI(nÞ0F,
] f 0

]pu
2nvb

f 0

T G udH,,nu2d@nvb1,vE2v r #

E
0

Rw
rdr E

0

`

dI

,
] f 0

]pu
udH,,0u2

~,vE2v r !
2

, ~48!
dau
whereu,vE2v r u/v̄b andgLD /u,vE2v r u are assumed to b
small. Equation ~48! employs the canonical variable
(u,pu ,I ,c), wherepu52eBr2/2c is the canonical angula
momentum conjugate tou, and (I ,c) are action-angle vari-
ables defined for the equilibrium Hamiltonian,

H05
pz

2

2m
2ef0~pu ,z!. ~49!

The action is defined in the usual manner,

I ~pu ,H0!5
1

2p R dz8pz@z8,H0 ,pu#, ~50!

and the HamiltonianH05H0(I ,pu) is obtained by inversion
The rotation and bounce frequencies are then given by
vE~ I ,pu!5
]H0

]pu
, vb~ I ,pu!5

]H0

]I
. ~51!

The angle variable is given by

c5Am

2 Ez
dz8

]H0

]I

AH0~ I ,pu!1ef0~pu ,z8!
, ~52!

and the bounce harmonic of the mode potential by

dH,,n5
1

2p E
0

2p

dce2 inc~2e!df,@z~c,pu ,I !,pu#.

~53!

With these definitions and expression~48!, one can un-
derstand the issue that determines whether or not Lan
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damping is negligible. By hypothesis, the bounce freque
for a thermal particle,v̄b5vb( Ī ,pu), is large compared to
the Doppler shifted mode frequencyu,vE2vu.

Consequently, the argument of the delta function in E
~48! can vanish only for two special classes of particles. T
first class consists of particles that are very close to the s
ratrix; the bounce frequency for these particles can be m
smaller that v̄b . However, direct calculation shows th
these particles lie well within the collision dominated boun
ary layer, providedv̄b@u,vE2v r u, so rapid collisional trap-
ping and de-trapping destroys the Landau resonance.
second class consists of very slow particles~i.e., I ! Ī ) that
are deeply trapped on one side of the barrier or the ot
These particles can provide significant Landau damping o
if dH,,n(I ,pu) is substantial for the low values ofI required
for frequency resonance.

Recall that Debye shielding forcesdf,(z,r ) to be nearly
z-independent in the trapped particle regions well away fr
the squeeze barrier. Ifdf,(z,pu) were exactlyz-independent
over the region ofz accessible to the deeply trapped pa
ticles, then Eq.~53! would imply thatdH,,n50, and there
would be no Landau damping. Thus, the strength of the L
dau damping depends on the degree ofz-dependence for
df,(z,r ) in the accessible region.

In Appendix B, we obtain approximate numerical sol
tions for thez-dependence of the mode potential. As an e
ample of the results, Fig. 15 shows the potential contours
the specific case of the density profiles in Fig. 4: a220 V
squeeze voltage, and a temperature of 1 eV. Using this s
tion for df1(r ,z), we evaluate expression~48! and obtain
the Landau damping rate. Figure 16 shows a compariso
the Landau and collisional damping rates at several value
magnetic field strength. ForB.2 kG, the Landau damping
rate is predicted to be negligible and collisions dominate
damping. In this high magnetic field regime the mode f
quency is small compared to the bounce frequency. Th

FIG. 15. Contour plot of mode potential showing axial dependence in
squeeze region and near the column end. Since the axial bounce freque
large as compared to the mode frequency, Deybe shielding forces the
potential to bez-independent in the main part of the column. ForB54 kG a
resonant particle atr 51.2 cm the turning points are 6.8 and 21.2 cm and
resonant energy exchange is small.
y
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fore, only very deeply trapped particles bounce resonant w
the wave and the wave–particle energy exchange is sm
As the magnetic field strength is reduced, the mode
quency increases while the axial bounce frequency of
particles remains fixed. For low enough values ofB, weakly
trapped and even passing particles come into bounce r
nance with the wave and the wave–particle energy excha
is larger. NearB51 kG, the Landau damping rate is pre
dicted to exceed the collisional rate. However, in this lo
magnetic field regimev̄b.uvE2v r u, so a basic assumptio
of our theory is violated.

VII. CONCLUSION

We have developed a quasi-3D model for the newly d
covered trapped-particle diocotron mode. The mode cons
of two diocotron oscillations that are excited 180° out
phase on either side of an applied squeeze barrier. The m
dynamics consists of trapped particles executingEÃB drift
motion, while passing particles stream along field lines in
Debye shielding action. The model developed here ac
rately predicts the frequency and eigenmode structure of
experimentally observed mode over a range of plasma
rameters. Furthermore, the model predicts the existenc
additional trapped-particle modes that have azimuthal ph
velocities above the maximum column rotation frequency

We have also identified the damping mechanism of
trapped-particle diocotron modes as velocity diffusion in
boundary layer near the trapped–passing separatrix.
analysis based on Fokker–Planck collisions yields a damp
rate for the mode that agrees with observations to wit
50% and predicts the essential scaling with plasma par
eters. The damping of the negative energy modes is ass
ated with a net outward radial flux of particles, and t
damping of the positive energy modes is associated wit
net inward radial flux of particles. Recent experiments s
gest that the mechanism responsible for transport in
trapped-particle modes may be responsible as well for tra

e
y is
de

FIG. 16. Mode damping rate due to Landau resonance and collisions ve
magnetic field. At high fields, particles that bounce in resonance with
wave oscillation are very deeply trapped and do not experience signifi
axial electric fields of the mode. As a result, collisions dominate the da
ing process.
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port observed when static field asymmetries are applied
the plasma.11 Finally, the full 3D mode potential was calcu
lated and used to show that Landau damping of the trapp
particle modes is negligible in the high magnetic field limi
but may become the dominant damping process for
fields.
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APPENDIX A: DERIVATION OF LANDAU DAMPING
EXPRESSION

Here, we derive an expression for rate of change in
trapped-particle wave amplitude due to interactions w
bounce-resonant electrons. Since the trap is axisymm
and the wall voltages are static, the total energy and can
cal angular momentum are conserved quantities. There
the unperturbed Hamiltonian is integrable and it is poss
to obtain a canonical transformation to action-angle variab
(u,pu ,c,I ). This transformation is carried out formally i
Ref. 12. In the new coordinates Eq.~5! becomes

S ]

]t
1

]H0

]I

]

]c
1

]H0

]pu

]

]u D d f 5S ] f 0

]I

]

]c
1

] f 0

]pu

]

]u D dH,

~A1!

where C50 in the present collisionless analysis. Herepu

52eBr2/2c is the radial coordinate,I 5rpz(z,pu ,H0)dz is
the bounce action anddH52edf is the perturbed Hamil-
tonian.u andc are the variables canonically conjugate topu

and I , respectively. We assume that the equilibrium satis
the Boltzmann condition so that] f 0 /]H052 f 0 /T. Solving
Eq. ~A1! for perturbations that vary as exp@i(nc1,vE2vt)#
we obtain

d f ,,n5F ,
] f 0

]pu
2nvb

f 0

T

nvb1,vE2v
G dH,,n , ~A2!

where vb5]H0 /]I is the bounce frequency andvE

5]H0 /]pu is the bounce averaged rotation frequency.
Substituting into the Poisson equation gives

F1

r

]

]r S r
]

]r D2
,2

r 2 1
]2

]z2Gdf,

524peE
2`

1`

dv (
n52`

1`

eincF ,
] f 0

]pu
2nvb

f 0

T

nvb1,vE2v
G dH,,n .

~A3!

Multiplying the term on the left hand side of Eq.~A3! by
df,* and integrating over the volume of trap yields a re
quantity. Therefore, it must also be true that
to

d-
,
w

-
,

-
h

e
h
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i-

re,
e
s

s

l

05ImH E
0

Rw
2prdr E

2`

1`

dzE
2`

1`

dv (
n,n852`

1`

ei (n2n8)c

3F ,
] f 0

]pu
2nvb

f 0

T

nvb1,vE2v
G dH,,n8

* dH,,nJ . ~A4!

Since phase space volume is conserved in Hamiltonian
tems,mdvdz5dIdc, we can rewrite Eq.~A4! as

05ImH E
0

Rw
rdr E

0

`

dIE
0

2p

dc (
n,n852`

1`

ei (n2n8)c

3F ,
] f 0

]pu
2nvb

f 0

T

nvb1,vE2v
G dH,,n8

* dH,,nJ . ~A5!

The c-integral gives the Kroenecker delta functiondnn8 and
we have

05ImH E
0

Rw
rdr E

0

`

dI (
n52`

1` F ,
] f 0

]pu
2nvb

f 0

T

nvb1,vE2v
G udH,,nu2J .

~A6!

Setting v5v r1 igLD and expanding in the small quantit
gLD /v r we obtain

05gLDE
0

Rw
rdr E

0

`

dI

3 (
n52`

1` F ,
] f 0

]pu
2nvb

f 0

T

~nvb1,vE2v r !
21gLD

2
G udH,,nu2. ~A7!

For gLD,0, the I -integral must be deformed into a conto
that passes below the pole in accordance with Landau’s
tial value treatment. This procedure can be affected by
placinggLD with ugLDu in the neighborhood of the pole. In
tegral ~A7! can be divided into resonant and nonreson
contributions. Forvb@vE2v r , the nonresonant contribu
tion will be dominated by then50 term,

05gLDE
0

Rw
rdr E

0

`

dI

,
] f 0

]pu

~,vE2v r !
2 udH,,0u2

1 ugLDu E
0

Rw
rdr E

0

`

dI

3 (
nÞ0

F ,
] f 0

]pu
2nvb

f 0

T

~nvb1Z,vE2v r !
21gLD

2
G udH,,nu2, ~A8!

where the second integral is evaluated in the neighborh
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of the resonant points. We are considering a situation
which v rÞvE(r ) anywhere inside the plasma, so that t
first term is a proper integral. In the limit of smallgLD , the
second term in Eq.~A8! can be simplified using the follow
ing form of the Dirac delta function:
m
iv

rb

t

o

en
T
e
g

n

he
du
m
nt
in
lim

e→01

e

~x2y!21e2 5p d~x2y!, ~A9!

and we find that
gLD52

pE
0

Rw
rdr E

0

`

dI(nÞ0F,
] f 0

]pu
2nvb

f 0

T G udH,,nu2d@nvb1,vE2v r #

E
0

Rw
rdr E

0

`

dI

,
] f 0

]pu
udH,,0u2

~,vE2v r !
2

, ~A10!

which is Eq.~48!.
nce
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APPENDIX B: AXIAL DEPENDENCE OF MODE
POTENTIAL

A direct solution of the complete 3D eigenvalue proble
is a challenging numerical problem. Therefore, an iterat
approach will be used to find an approximation ofdf,(r ,z)
in the high bounce frequency limit (vb@,vE2v). Includ-
ing axial dependence, the Poisson equation for the pertu
tions is

F1

r

]

]r S r
]

]r D2
,2

r 2 1
]2

]z2Gdf,~r ,z!54pedn,~r ,z!.

~B1!

To get the density perturbationdn,(r ,z), we note that there
is a drift and an adiabatic contribution. From Eq.~13!, the
adiabatic contribution is given by

dn,
(a)5E

2`

1`

dv
e f0~r ,z,v !

T
df,~r ,z!

2E
2vs(r )

vs(r )

dv
e f0~r ,z,v !

T
^df,~r ,z!&, ~B2!

where we have used̂df,&50 for passing particles. The firs
integral on the right hand side of Eq.~B2! is straightforward.
However, the second integral cannot be evaluated with
first obtainingdf,(r ,z) which is not yet known. In order to
simplify the calculation, we recall that the squeeze and
regions are small compared to the overall column length.
a good approximation we can use the infinitesimal sque
region solutions found in Sec. IV for the bounce avera
potential, that is,̂ df,(r ,z)&'df,(r ), wheredf,(r ) is a
solution to Eq.~27!. Thus, the adiabatic density perturbatio
is

dn,
(a)5

en0~r ,z!

T
df,~r ,z!2

ent~r ,z!

T
df,~r !. ~B3!

The drift perturbation can be found by considering t
change in the number of trapped particles on a field line
to the presence of the mode. Again, we make the approxi
tion ^df,(r ,z)&'df,(r ) and obtain the radial displaceme
of the trapped particlesDr 52c,df,(r )/Brv8(r ). The as-
sociated density perturbation due to drift motion is
e

a-

ut

d
o
ze
e

e
a-

dn,
(d)5nt~r 2Dr ,z!2nt~r ,z!5

c,

Br

]nt~r ,z!

]r

df,~r !

v8~r !
,

~B4!

wherev8(r )5,vE(r )2v andv is given in the solution of
Eq. ~27!. Of course, the passing particles have no bou
average drift perturbation.

Substituting the total density perturbation into Poisso
equation yields the equation

H 1

r

]

]r S r
]

]r D2
,2

r 2 1
]2

]z2J df,~r ,z!

2
4pe2n0~r ,z!

T
df,~r ,z!

5F 4pec,

Brv8~r !

]nt~r ,z!

]r
2

4pe2nt~r ,z!

T Gdf,~r !. ~B5!

For consistency, we verify thatdf,(r ,z)5df,(r ) inside the
main column by setting them equal in Eq.~B5! and noting
that Eq.~27! is recovered. The radial boundary conditions
Eq. ~B5! are df,(0,z)5df,(Rw ,z)50. Further,df,(r ,0)
50 because the mode is odd aboutz50. At large z, the
mode potential decays exponentially and we impose the c
dition df,(r ,L`)50, whereL` is suitably larger thanL.
Equation~B5! is discretized and solved directly by matr
inversion.
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