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Effect of squeeze on electrostatic Trivelpiece-Gould wave damping

Arash Ashourvan and Daniel H. E. Dubin
Department of Physics, University of California at San Diego, La Jolla, California 92093, USA

(Received 13 March 2014; accepted 4 May 2014; published online 27 May 2014)

We present a theory for increased damping of Trivelpiece-Gouid plasma modes on a nonneutral
plasma column, due to application of a Debye shielded cylindrically symmetric squeeze potential
¢@1. We present two models of the effect this has on the plasma modes: a 1D model with only axial
dependence, and a 2D model that also keeps radial dependence in the squeezed equilibrium and the
mode. We study the models using both analytical and numerical methods. For our analytical
studies, we assume that ¢,/T < 1, and we treat the Debye shielded squeeze potential as a
perturbation in the equilibrium Hamiltonian. Our numerical simulations solve the 1D
Vlasov-Poisson system and obtain the frequency and damping rate for a self-consistent plasma
mode, making no assumptions as to the size of the squeeze. In both the 1D and 2D models,
damping of the mode is caused by Landau resonances at energies E,, for which the particle bounce
frequency wp(E,) and the wave frequency o satisfy = nw,(E,). Particles experience a
non-sinusoidal wave potential along their bounce orbits due to the squeeze potential. As a result,
the squeeze induces bounce harmonics with n > 1 in the perturbed distribution. The harmonics
allow resonances at energies E, < T that cause substantial damping, even when wave phase
velocities are much larger than the thermal velocity. In the regime w/k > /T /m (k is the wave
number) and T > ¢,, the resonance damping rate has a |, \2 dependence. This dependence agrees
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with the simulations and experimental results. © 2074 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4878319]

. INTRODUCTION

Trivelpiece-Gould (TG) modes are electrostatic normal
modes of a cylindrical plasma column. For a cold plasma
contained in a perfectly conducting cylinder of radius r,,
with uniform plasma density up to the plasma surface at
radius r, < r,, the dispersion relation for the TG modes is!

km

2
~o, 1+3(kmUT)
"Vt 2\ e /)|

The above equation employs the following notation:

mode frequency o, plasma frequency w, = +/4nq*ng/my,,
density no, particle charge ¢, particle mass m,, thermal veloc-

ey

ity vr = /T /m,, perpendicular wave number &, and axial
wave number k, = mm/L (L is the length of the plasma).
Throughout the paper, we assume that L > r,,. For such a
thin and long plasma and for cylindrically symmetric modes
to the lowest order in r,/L, the radial wave number is

approximated by
1 2
k=~ —|———,
+ T \/ log(ry/1p)

for the lowest order radial mode, and for modes with one or
more radial nodes, k7, ~ j, where jj,, is the nth zero of the
Bessel function J; (x). (However, if r, =7, k17, = jo,l.l)
This paper considers the effect on cylindrically symmet-
ric Trivelpiece-Gould modes of applying a cylindrically
symmetric, axially localized “squeeze” potential ¢, (r,z) to
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the plasma column. In experiments, a controlled squeeze
potential is created by applying a voltage to a conducting
ring encircling the plasma column. Uncontrolled axial
squeezes, both magnetic and electrostatic, are ubiquitous in
many different experiments, and our work is an attempt to
quantify their effect on plasma modes.

We focus on plasma conditions such that the mode
phase velocities are much greater than the thermal velocity
of the plasma. In such conditions, Landau damping in the
absence of squeeze is expected to be negligibly small. The
presence of the squeeze potential modifies the orbits of the
particles as well as the spatial form of the mode potential,
which results in additional resonances at particle bounce
frequencies satisfying w,(E,) = w/n, where w(E) is the
frequency of axial bounce motion of particles with energy E.
Physically, particles moving in z experience a non-sinusoidal
mode potential caused by the squeeze, producing high-
frequency harmonics that can resonate with the wave fre-
quency to cause Landau damping, even when the mode
phase velocity is large compared to the thermal velocity. We
will see that these added resonances cause an enhancement
to the mode damping rate that has a |, |2 dependence. We
also derive a real frequency shift proportional to ¢;. These
theory results are verified by computer simulations.

Previous work has examined the effect of an axisymmet-
ric squeeze on H-dependent E x B drift modes, in theory”>
and experiment.* Enhanced damping due to squeeze was
also observed on these modes, but due mainly to collisional
effects, caused by a mode-driven discontinuity in the veloc-
ity distribution function at the separatrix between passing
particles (those with kinetic energy large enough to pass

© 2014 AIP Publishing LLC
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over the squeeze potential) and particles trapped on either
side of the squeeze. While collisional effects can play an im-
portant role in TG mode damping, particularly in low tem-
perature multispecies plasmas, we believe that collisions are
unimportant in determining the enhanced damping due to
squeeze compared to the collisionless effects considered
here, in the regime where the collision rate is small com-
pared to the bounce frequency. TG mode frequencies are
much higher than those for the E x B drift modes considered
previously, and this tends to suppress the separatrix disconti-
nuity that enhances collisional damping.

In Sec. II, we present a 1D model theory for squeezed
Trivelpiece-Gould modes, which includes a self-consistent
treatment of the mode potential in the presence of a 1D
squeeze potential. In the analytical solution of this model,
we assume that ¢,/T < 1 and treat its effect with perturba-
tion theory. This naturally neglects trapped particle effects
on the modes. We evaluate the mode damping rate and fre-
quency shift from our theory and compare these results to
computer simulations, which make no assumptions about the
size of ¢/T, finding good agreement when ¢/T is small.

In Sec. IV, we extend our method to a cylindrically sym-
metric r and z dependent plasma of length L trapped in a
Malmberg-Penning trap of the same length and wall radius
rw, assuming flat plasma ends that specularly reflect par-
ticles. A squeeze potential ¢, is applied to a conducting
cylindrical section of width A at the axial center of trap.
Similar to the 1D model, since the squeeze potential is
Debye shielded from the inner plasma, we assume that the
Debye shielded squeeze potential energy inside the plasma is
small compared to plasma temperature, i.e., ¢,(r,z) < T
and thus neglect trapped particle effects. Using perturbation
theory, corrections due to squeeze potential to the r and z
dependent eigenmodes and their related eigenfrequencies
and damping rates are obtained.

Il. 1D MODEL

In this section, we neglect radial variation for simplicity
and we assume that the plasma ends are flat, and that par-
ticles undergo specular reflection at the ends, z= *=L/2. We
also assume that the squeeze potential is symmetric in z with
respect to the center of plasma. This is not necessarily the
case in the experiments, however, this added symmetry sim-
plifies the problem. In this 1D model, we will find that
Eq. (1) still applies, but now k, is an arbitrary parameter.
We focus on azimuthally symmetric modes in a strong mag-
netic field and we assume the following ordering for the time
scales:

Veol KL 0p S0 =) K 0. 2)

Here, v, is the collision frequency and w. = ¢B/myc is
the cyclotron frequency. Reading from left to right, the first
inequality allows us to use collisionless theory to describe
the waves; the second inequality is necessary so that waves
are not heavily Landau damped; and the fourth assumes a
strong magnetic field. In such a strong magnetic field, the
distribution of particle guiding centers is described by drift-
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kinetic equations. Particle motion consists of E x B drift
motion across the magnetic field and streaming along the
magnetic field in the z direction. Since we assume the plasma
consists of one type of particles with charge ¢, in our calcula-
tion, we make use of potential energy instead of electrostatic
potential, in order to simplify our notation.

In this 1D strong-magnetic-field model, collisionless
plasma dynamics is described by the time evolution of the
Vlasov particle density f (z, v, #), a solution of the 1D Vlasov
equation

of n o 100df

oo T myoz o ®)

where ¢(z, 1) is the potential energy of a particle. This poten-
tial energy is the sum of a given time-independent applied
external squeeze potential ¢, (z), and the plasma response

?y(2,1),

P(z,1) = @y(2) + @p(z,1), (4)

where the plasma response satisfies Poisson’s equation

82
afi” —Kig,= —4nq2(Jdvf - no>. 5)

Here, ny is the density of a uniform neutralizing background
charge (provided by rotation at a given frequency through
the uniform magnetic field in the actual plasma system.) We
also assume here that “radial dependence” of the plasma
potential in our 1D slab model is given by the k% ¢ term. In
the actual plasma experiments, this term is replaced by the
radial part of the Laplacian operator—see Sec. IV for the
model including radial dependence.

For our analysis of linear modes, we linearize Eqgs. (3)
and (4) in the wave potential, writing

¢,(2,1) = @ (2) + 09(z, 1), (6)
and
f(z,0,t) = no(Fo(z,v) + 6f(z,v,1)). (7)

Here, ¢, is the equilibrium plasma potential, noFo(z, v) is
the equilibrium distribution function, and d¢ and Jf are the
perturbed potential and distribution function, respectively,
due to the TG mode. The equilibrium quantities satisfy the
time-independent Vlasov-Poisson system

Yo Tmy 0z o0 ®
0 Ppe
822” — K¢, = —4ng*n <JdvF0 - 1), 9)
where
?1(2) = 93(2) + 9pe(2) +C (10)

is the total equilibrium potential energy, and C is any con-
stant (we may choose to measure potential energy with
respect to any convenient zero value). For our purposes, we
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find it convenient to take C = —¢,,(L/2) — ¢, (L/2), so
that (for a symmetric squeeze potential) ¢,(*L/2) = 0. In
Sec. IT A, we discuss the solution of this coupled equilibrium
system for a given symmetric squeeze potential ¢, (z).

To determine the dispersion relation for TG waves in
the presence of a squeeze potential, we substitute Egs. (6)
and (7) into Egs. (3) and (5) and linearize in the wave ampli-
tude obtaining the linearized Vlasov-Poisson system

90 Of 1 g, 0 1 DdpIFy
o "o Tmg oz oo mg oz v UD
8¢
92 —kiéq} = —47rq2nojd1)5f. (12)

We consider solutions of these coupled linearized equa-
tions in Sec. II B.

A. Squeezed thermal equilibrium

The plasma in this model is a slab of width L running
from —L/2 <z < L/2. In the absence of a squeeze, it has
uniform density ny. We assume that the applied squeeze
potential (psq(z) is symmetric with respect to the center of
plasma. It has a maximum ¢** = ¢, (0) and minima at the
plasma ends. Then the solution of Eq. (8) for the equilibrium
distribution function is Fy = Fy(Ho(z,v)), where Hy (z,0) is
the Hamiltonian of the plasma equilibrium given by

Ho = m* /24 ¢, (2). (13)

For any given function form of F, (Hy), Egs. (8)—(10), and
(13) can be solved for the plasma potential energy ¢,,(z), for
given boundary conditions on Eq. (9). We assume periodic
boundary conditions with period L. The functional form we
choose for Fy (Hy) is the Boltzmann distribution

_Ho
e T
F0<HQ(Z, U)) = L)2 o ; (14)
\ /27rT/qu e Td(z/L)
—L)2
normalized so that
oo (L/2
J J Fodvdz = L. (15)
—oo0 J—L/2

We are particularly interested in a case where the
squeeze potential is Debye shielded to the extent that the
equilibrium potential energy ¢; inside the plasma is much
smaller than the average kinetic energy; i.e., ¢, /T < 1. In
this situation, we can expand Eq. (9) to the first order in ¢/T
and get the following relation:

(_ki + 8?)@176 = )'Bz(q)l - <§Dl>)7 (16)

where Ap = +/T/4ng*ny is the Debye length, and
()= fl‘ﬁz dz/L. For a squeeze potential, which is symmet-

ric with respect to the center of the plasma, we have the
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following representations (using the periodic boundary
conditions):

?1(2) = (@1) +§:wicos[2z—” <z+§>} (17)

n=1

- 2 L
a0 = o) + D teos 7 (3) ] a9
n=1

From Egs. (16), (17), and (10), we can solve for ¢, the
Debye shielded squeeze potential

<§01> = <905q> - (ppe(L/Q’) - (psq(L/z)v
ol (k] + k3,)4p 0%, (19)
(R

o]

@,
Ppe(L)2) = =) ———H 5 —
pe ; (K2 +13,)0 + 1

(20)
where k, = nn/L.

As a model for numerical work, the applied squeeze
potential ¢, (z) is taken as a Gaussian function with maxi-
mum @™ at the center of plasma z =0 and width A

max

2
(/)Sq(z) = (psq eimiz' (21)

From Eq. (19), we can see that the magnitude of the potential
inside the plasma is linearly proportional to the magnitude of
the squeeze potential in the regime where ¢, < T. For
future reference, we define the maximum of the Debye
shielded squeeze potential at z=0 as ¢, = ¢,(0).

B. Obtaining the matrix linear dispersion relation

In this section, we solve the linearized Vlasov equation
(11), for the perturbed distribution function of(z, v), and use
the linearized Poisson’s equation (12) to obtain a dispersion
relation for the electrostatic potential energy Jd¢ in the
plasma waves. We define the scaled potential ¢, and scaled
energy variable u as

?1(2) = 1 (2)/T, (22)

u=my? /2T + &9, (2). (23)

Here, ¢ is an auxiliary smallness parameter, pertinent for a
system where the squeeze is small, ¢, /T < 1. At the end of

the calculation, ¢ will be set to 1. We rewrite the equilibrium
distribution function in terms of u as

—u

Fo(u) = . /i . (24)
\ /271T/mqj e~ *10d(z/L)
L2

To solve for of, we note that particles perform a periodic
bounce motion along their orbits in the equilibrium potential
¢, (z). Thus, in order to simplify our calculations, we use the
canonical action-angle variables of the orbits,  and /, which
are defined by
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*odz
V= th @7
1 " (25)
I =—op.dz.
2n %p‘ :

Here, the velocity of a particle with scaled energy u is
given by

o(2) = v/ 2(u — 56, 2)). (26)
The bounce frequency w, is the fundamental frequency of
the periodic orbits and can be calculated from

dz
v(z)’

where 7 is the time period of one cycle of motion for particle
of action /. For particles with energy u > ep, (where
@, = ®,(0)), which we term “passing particles,” this cycle
of motion is from —L/2 to L/2 and back. For particles with
energy u < ep,, which are trapped on one side of the
squeeze, there is a turning point as particles reflect from the
squeeze potential. The bounce frequency of the cycle of
motion @, can also be expressed as

w, =2n/t, T= f{; 27

wp(l) = Tou/dl. (28)

Using Eq. (25), Y can be written as a function of z and
scaled energy u

21 : dz
v j{;LJ vry/2(u — £9,(2))
(2(u —2¢,(2))
271 J dz
%L 1 - 8‘7’1(2)/“’
1—ep(z)/u
=Y(z,&/u). (29)

As a result of inverting Eq. (29), we have
z=z(, ¢/u), (30)

where z is a periodic function of . The mode potential
0¢(z) can then be written in terms of action-angle variables.
First, we note that for a long thin plasma where o < w), to
the zeroth order in w/w, the boundary condition on the
mode potential at the plasma ends is approximately
d.0¢p(*L/2) ~0.° Therefore, the standing mode potential
can be written as

o0

:Z 1u)r5¢ —l—el(méd) )COS[ n(z+L/2)], (31)

m=1

where k,, = mn/L, 5¢,, = 5§/, + id¢}, is the mth complex
Fourier component in the position space and w = w, + iy
is the complex mode frequency. Alternatively, we can
write the above equation in terms of strictly real
functions as

Phys. Plasmas 21, 052109 (2014)

op(z,t) = 22002 e " (5¢! sin(w,t) + d¢! cos(w,t))

m=1

x coslky(z +L/2)]. (32)

Next, since z is periodic in y/, we can write the z-dependence
as a Fourier series in

cos[ <( Woefu) + )} ZC” (e/u)e™,  (33)

n=—00

where the connection coefficients C}, are

21

Cf’n(s/u)zzl—nj e""‘/'cos[km<z(lp,s/u)+g)]dlp. (34)

0

These coefficients connect Fourier representations in z and
. Using these coefficients, we can write

Z E 5¢mcn S/M i(ny—aort)

n=—00 m—=

+0¢,,C,"(e/u)e”

o, e/u;t)
i(np— u)t) (35)

Since u (or action /) is a constant of the unperturbed motion
and Yy = wpt 4+ Y(0), relation (35) expresses the mode poten-
tial as experienced by a particle with scaled energy u, as a
function of time along its unperturbed orbit.

The form of the mode potentials as a function of z and
the mode eigenfrequencies can be obtained by simultane-
ously solving the linear 1D Vlasov equation (11) and the
Poisson equation (12), where the mode perturbation to the
distribution function is of the form

of(z,v;1) = 6f (z,v)e ™ + c.c. (36)

Substituting for d¢ from Eq. (31), multiplying both sides of
Eq. (12) by Z2e~'cos|ky(z + L/2)], integrating in time over
a period (Zn/w), and in z over the whole length of the
plasma, from —L/2 to L/2 we have the following series of
equations:

L/2

2 o0
0 + K)oy =sngnor [ | o)

—L/2J-

X COS [km (z + )]dzdu (37)

where m = 1,2, .... The linear Vlasov equation (11) can also
be written in terms of canonical action-angle variables

05t + wp0y6F — Dy S@ONFo(I) = 0. (38)

This can be solved by expressing of in terms of action-angle
variables

o]

Z of, (I)ei(”‘”_wf) +c.c. (39)

n=-—00

of(y,I;1) =

Substituting from Egs. (35) and (39) in Eq. (38) and solving
for of,(I), we obtain
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nwyy 3¢ Coy(e/u)Fo(I)/T
fpll) = —"= : (40)

w — nwy

On the right hand side of Eq. (40), we used

0 du 0 - FQ
arfow =1 (m)a“()——“b?v

where Fy is given in Eq. (24). Since { and I are canonical
coordinates, dzdp, = dydl and we can exchange the integra-
tion over (z, v) variables (on the right hand side of Eq. (37))
to (, 1) variables. Performing the integral in Eq. (37) over ¥/
from O to 27 using Eqs. (34) and (40), we obtain

5g, _ Un4m 3 [a J y "ol Z&z; (/1)
"TKZLT 2= | o= o, nEm
[0
C,"(e/u) =0, (41)

where K, = \/k% +k2 is the total wave number, and U
denotes integration with respect to /, performed in the complex
plane below the pole (using the Landau contour®). Due to the
symmetry of the squeeze, we have C”(¢/u) = C,"(e/u).
Furthermore, in Eq. (41), we will neglect trapped particles,
assuming @, < 1, and we will only integrate over the energies
of the passing particles, i.e., u > &@,. Thus, Eq. (41) becomes

2

0) o )e*“
0 m = J
¢ K2 2nvg (e~ Z: J co/n fw;,(u £)?
£,

X Z(wm

where we used @, = Tdu/dl and Eq. (24). Also we define
the scaled bounce frequency @ (u, ¢) as @, (u, ) = w,/kyvr,
and the (complex) scaled mode frequency @ = w/kjvr.
Equation (42) is a linear, complex, matrix eigenvalue equa-
tion which can be written in the simple matrix form as

M(®,¢).e =0, (43)

(e/u)C,,(¢/u) = 0, (42)

where the dispersion matrix M and eigenvector e are given by

M"™ (@, &) =

— \/57—1:<eq(p1> p
2o
a)b(l/h S)e_ n n
(a)/”l)z - &)b(u7 3)2 CW’ (E/M)Cm(g/u), (44)
:(5¢175¢27...). (45)

Equation (43) is solved by finding complex frequencies @
such that an eigenvalue of M equals zero. The corresponding
eigenvector in the nullspace of M provides the Fourier com-
ponents of d¢(z). Different Fourier components of the mode
(elements of the right hand side of Eq. (45)) are coupled
through the off-diagonal elements of M, which are generated
by the squeeze potential.
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C. Perturbation method for the small ¢/Tregime

In order to obtain the eigenvalues, eigenvectors, and the
damping rate of the modes, we will use a perturbation
approach and expand the dispersion relation in orders of ¢ as
the smallness parameter. We Taylor expand the dispersion
matrix M for small ¢ in Eq. (44)

6),0)+88M(67),0)8+%8£2M(6_0,0)82+.... (46)

We have the following series expansions in terms of &:

M=M,+Ms+Me>+ ..., (47)
e:e0+els+e282+...7 (48)
D = o + @16+ &> + ..., (49)

where

My=M(®,0), M; =9;:M(®»,0), M, :%GEM(@,O). (50)
Details of the calculation of My, M;, and M, are given in
Appendix B. The complex column vectors ey, e;, e, and
complex frequencies @p, 1, ®, determine the spatial form
and complex frequency of the eigenfunctions in the presence
of a small squeeze potential.

Using relations (47) through (49), we rewrite the disper-
sion relation (43), collect the terms of orders &, ¢! and & and
set the dispersion relation at each order to zero separately.

1. Zeroth order in ¢

The zeroth order dispersion relation (for an unsqueezed
plasma) is given by

Mo(@]).€]' =0, 51)

where g is the zeroth order, complex eigenfrequency of
mode m. From Eq. (BY), the matrix M, is, in component
form

mm( — 1 —

Thus, we obtain the following zeroth order dispersion rela-
tion for mode m:

1+ W(@g /m) =0, (53)

IpK2,
where the function W(b) is defined as

W(b) =

1 —2/2
J u_ (54)

Nex:

Equation (51) is the TG mode dispersion relation of an
unsqueezed plasma. Since M, is a diagonal matrix, each
Fourier cosine function in Eq. (31) is an eigenmode. Thus,
the zeroth order eigenvector for the mode is

3 x—>b
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(e(r?)l = 5l,m§¢:z~ (55)

The zeroth order eigenfrequency w{ is obtained by solv-
ing Eq. (53). For weakly damped modes with frequency
g = g, + 17, the scaled frequency and the damping rate
are given by

14+ 55— % ReW(wOr/m) =0, (56)
}D m
(@m 2
_ ng.e
= — ! (57)
Yo ve="2dy

PJO; (@ /m — v)*

Since we are dealing with linear modes, the mode amplitude
o¢,, in Eq. (56) is an arbitrary parameter, which we take to
be real. In Eq. (57) Yo' is obtained by perturbation, with the
assumption that @f. > 7§'. When @{./m > 1, the Landau-
damping damplng rate 7o for the unsqueezed plasma is
exponentially small.

Both real and imaginary parts of the zeroth-order
(unsqueezed) scaled phase velocity @q/m are functions only
of a single parameter, K,,Ap. In the limit that the plasma is
cold, so that K,,/p < 1, the solution of Eq. (56) is

@—‘z”z;+3+6(1( Ip)* +24(K,p)*
I’}’lz (Km),D)z m”/D m”/D

+180(Kp/p)® + ... (58)

The first two terms in this asymptotic series are equivalent to
Eq. (1).

2. Firstorderin¢

We obtain the first order correction to the mode fre-
quency @7 = @7, + iy, and the first order correction to the
eigenvector e’ from the first order dispersion relation given
by

Mo (@f).€]' + @70 Mo(@]).€) + M, (@).€) =0, (59)

where from Eq. (B16) the components of the matrix M, are
given by the expression

mn 4 m2 2

K275,

=W/l ).
(60)

where the coefficients o, are first-order in ¢ corrections to
the Fourier connection coefficients C}; , given by

% <¢|1m—n|/2 qY)Im—n/2>, m # +n
o = m—n - m+n (61)
Pm m= *n.

16’

From Eq. (59), we solve for the first order correction to
e”', which is given by the components
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— 0, jFEm (62)

and (e]'),, =0. Using relation (32), we can write the

squeezed eigenmode m up to the first order in ¢ as

0@ (z,1) =20Pe "cos(w,t)cos ky (z+L/2)]

+2sZIm[5¢_f’}cos[kj(z +L/2)]e "sin(w,1)
J#m

+ ZSiRe [0 |cos[kj(z+L/2)]e ""cos(w,t), (63)
J#m

where 5<pj (ef ) (see Egs. (45) and (62)). Contributions to
the mode potentlal from wave numbers, k; # k,, are linearly
proportional to the squeeze amplitude ¢;. These terms (j £ m)
are also linearly proportional to the amplitude of the
unsqueezed mode potential d¢) (as seen from Eq. (62)).
There are sin(w,t) dependent as well as cos(w,#) dependent
contributions from the j# m terms to the mode potential.
Using Eq. (62), the spatial dependence of j # m terms with
sin(w, ) and cos(w,t) time dependence are

0Pl (z) = —2ed¢) Zlml M (@ )]cos[ (z+L/2)], (64)
J#m 0 wO)
5P (2) —2s5¢m;Re M’;”((w::]ms[ (z+L/2)]. (65)

Figure 1 depicts 0¢,/(p,6¢,,) and 6¢./(p6¢),), for
mode m=1, with kL =157 and plasma frequencies
wp/klvT =90 and w,/kivr = 200. We divide out the scaled
squeeze potential maximum value ¢, so that the resulting
functions are independent of the size of the squeeze. The
sin(w,?) dependent part of the mode potential becomes
smaller for larger values of the phase velocity.

The shift in the frequency of the mode due to the
squeeze is found by taking the product of Eq. (59) from left

with (e] ) . The first term will result in zero, since
(e} o My(wf') = 0. Solving for @', we obtain
Mmm Hmn
oy = MG (66)

oMy (@)

Substituting from Eq. (60) for the numerator and from
Eq. (52) for the denominator, we write the above equation as

[}

m

— [1=W(oy/m)]o,
L _2agr YR .
oM —
: W(ag/m) ’
where (ﬁ = ¢} /T is the scaled Fourier component of the

squeeze potential [see Eq. (17)]. Using the following relation:
HW(b) = —[1 —W(b)]/b—bW(b), (68)

and in Eq. (53), we can write Eq. (67) as
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FIG. 1. The change to the spatial
dependence of mode potential for

052109-7 A. Ashourvan and D. H. E. Dubin
86ty (D)/B,081
0.15F i ' ' ' ' ] 02F
wp w,
0.10F E:QO(E:BZS]
0.11
0.05¢
0.00 0.0
-0.05F
0.1}
-0.10F
-0.1587_, . . . R -2/, .
-0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2

z/L

00k (2)/E,00]

004 (2)/2,061

0.0 0.2 0.4 mode m=1, with cos(w,r) and
7/l sin(w, ) time dependence, in a plasma
with k; L = 157 and scaled plasma fre-
quencies w,/kjor =90 and w,/kjvr

o, . ] = 200, corresponding to mode phase
:‘3-42] velocities w,, /kjvr = 6.25 and 13.42,
] respectively.

0.10F “r = L)()[ @ :6.25] ] 0.015¢
fvr 0.010f
0.05} ]
0.005F
0.00 0.000

R VEAVARVERV,

—0.010F
-0.10f 1 -0.015f
7(I).4 —(I).Z 010 012 014 —(I).4 —(I).2
z/L
—1
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K2 (ﬁ) oy
L+ Zpk2 \m m

Furthermore, with the assumption that g, > J§', we can
write the real and imaginary part of @' = @7, 4 i)' as

. 1+ K2 m* o)
e ey w2
2 Oor
() -
am\’
. 1 - /3K 3<—°) —1 .
m m mq),n

7= =20 (1 1K)

o
1 - 22K

&)

(71)

From Eq. (71), we see that when @ >> m, the first order cor-
rection to the damping rate is exponentially small

oMm?2
(w(' )

PGy e~ 0, @y > m. (72)
The real frequency shift given by Eq. (70) can be rewritten
as

@Y, = 4,0,,8(Kn/p), (73)

where the function g(x) is found by substitution of Eq. (58)
into Eq. (70)

1 7

21 747
g) =—— - =t - — x5 -

i e i X< (T4

Equation (73) can be expressed in terms of the externally
applied squeeze potential ¢, (z) using Eq. (19)

0.0 0.2 0.4

z/L
o = o P (Knp)- (75)
Ir or 1+ K%mﬂ% mqwl% m

To lowest order in K,,Ap, Eq. (75) describes a temperature-
independent frequency shift due to the external squeeze
potential

m
m g2 (Psq

m o __
Wy, = wOrKZm

——, Kuip — 0. (76)
4mqw§
Equation (76) shows that in order for the perturbation theory
to be valid, the external squeeze potential need not be small
compared to 7. Rather, the requirement that perturbation
theory be valid is ¢, < m,o? /K3, . The right-hand side is
typically on the order of the plasma space-charge potential
energy. This inequality is consistent with ¢, < T, since
Eq. (19) implies that ¢} ~ K%mxlé(pg’(’] at low temperatures
where K>, Ap < 1.

Figure 2 is the plot of mode frequency vs. the magnitude
of the Debye shielded squeeze potential ¢, = ¢,(0).
Frequencies calculated from the perturbation theory are the
sum of the zeroth order frequency calculated from Eq. (56),
plus the first order correction to mode frequency using the
relation (70), which is depicted as a solid line. We use the
same form for the squeeze as before (Eq. (21)). Computer
simulation results obtained from the 1D Vlasov-Poisson sim-
ulations (described in Sec. III) are depicted with circles. The
mode frequency is lowered for positive squeeze potential
and raised for negative squeeze potential. This is due to the
fact that the density perturbation in the mode, which for
m =1 is sloshing left and right with its maximum velocity at
the center of plasma, has to travel up and down the squeeze,
which acts as a kinetic barrier (for positive squeeze). This
increases the oscillation time period and hence, lowers the
mode frequency. On the other hand, for a negative squeeze,
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FIG. 2. The real part of the mode frequency w,/w, vs. the size of the Debye
shielded squeeze potential ¢,/T for mode m=1, where ¢, = ¢,(0), for
o, /kivy =200 (which implies @y, /kjvy = 13.42). Analytically calculated
results, shown here with a solid line, are up to the first order in ¢, /T using
Eq. (70); computer simulation results are shown with circles.

the oscillation time period decreases since the density pertur-
bation speeds up as it passes the center of plasma, and as a
result, mode frequency increases.

3. Fluid theory for the frequency correction

It is also possible to understand the TG mode frequency
shift (but not the damping) caused by applied squeeze using
fluid theory rather than kinetic theory. In fluid theory, the
equilibrium plasma density varies in z due to the squeeze,
and this density variation affects the mode frequency. The
density variation is given by the Boltzmann factor

neq(2) = noexp[—ep; (2)]/(exp[—ep, (2)]).  (77)

A fluid theory expression for the wave equation for TG
modes in a nonuniform plasma in a strong magnetic field can
be found in the literature™’

0 20 ..
EOC(Z, (i))g + kLé(f) = 0, (78)

where

a(z,w) = a)lz)z(z)/w2 -1 (79)

is a dielectric constant for the plasma and w,.(z) is the local
plasma frequency, given by w,.(z) = \/4nq’neq(z)/my. A
first order correction to the mode due to squeeze can then be
obtained by using Eq. (77) in Eq. (78) and Taylor expanding
ing

o d 9o
o0 () 8 4 efaa(0) + 1] 2 (91) — 01(2) 2
+K26¢ =0, (80)
where
o(w) = o) /o — 1 (81)

is the z-independent unsqueezed value for «.

To zeroth-order in ¢ (i.e., for an unsqueezed plasma), the
solution of Eq. (80) has modes of the form (cf. Egs. (31),
(45), and (55))
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0¢q (z) = coslky(z +L/2)] (82)

with frequencies satisfying
—kZoo(w) + k2 = 0. (83)

Equation (83) can be solved for w to yield the cold-fluid
TG dispersion relation for unsqueezed frequency for mode
m, g

0} = wpkn/\/ k2 + K3 . (84)

The first order correction to @ can be found by applying per-
turbation theory to Eq. (80). Let w = wf + ew]', where of'
is the first-order correction to the frequency. Also, let
0¢(z) = 0 (z) + e0¢''(z), where 0¢7'(z) is the first order
correction to the eigenmode due to squeeze. Substituting
these relations in Eq. (80) and Taylor expanding to first-
order in ¢ yields, at first order

m m 825¢n1 m 825¢n1
Voo () 8220 % () 8221

o547
0z

ua a — — m
+[2o(eg) + 13- ((01) = 01(2) =5+ KL 3¢ = 0,(85)
where the prime on o in the first term denotes differentia-
tion. If we multiply this equation by d¢g (z) and integrate in
z over the length of the plasma, we obtain

L m m m
_Ekrznwl o () — koy[oto () + 1]
L2

x j dzsin?lln(z + L/ (1) — @1()) =0, (86)
L2

where we have integrated by parts and substituted for d¢yg (2)
from Eq. (82). Note that on integration by parts the terms
involving d¢7" vanish. Equation (86) can be simplified using
the relation of(w() = —2[o0(wf) + 1]/wf, which follows
from Eq. (81). Substituting this into Eq. (86) yields the fol-
lowing expression for the first-order frequency shift due to
squeeze:

L)2

of =y [ desintlin +L/2)(0) - 01(2). 67
—-L)2

This result can be further simplified by substituting the
Fourier expansion for ¢,(z) given in Eq. (17), and by using
ky = mm/L. Then the integral in Eq. (87) yields

1
o = o %, (88)
where ¢! is the mth Fourier cosine coefficient of the squeeze
potential. This expression for the first order frequency shift
due to squeeze agrees with the more general result given by
Eq. (73) when that equation is evaluated in the cold-fluid
regime, K, /p < 1. This provides an independent check of
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the general result. However, in one sense, Eq. (88) is more
general than Eq. (73): Eq. (88) was derived from Eq. (87),
which is valid for a squeeze of any functional form, not just
a symmetric squeeze as was assumed in Eq. (73). In fact,
Eq. (87) shows that only the z-symmetric (cosine) compo-
nent of the squeeze potential contributes to the first-order fre-
quency shift, since any odd (sine) component to the squeeze
potential vanishes upon integration over z.

4. WKB fluid theory form > 1

When the mode number m becomes sufficiently large,
the Fourier component of the shielded squeeze potential @),
becomes exponentially small, assuming that the squeeze is a
smooth function of z. In this regime, Eq. (73) (or Eq. (88))
implies that the first order frequency shift due to squeeze is
exponentially small and may therefore be negligible com-
pared to the second-order shift. To find the shift in this
regime, it is useful to apply WKB theory. For large m, d¢(z)
varies rapidly compared to the squeeze, and can be deter-
mined using an eikonal approach where we write J¢(z)
= exp[S(z)]. From Eq. (78), the eikonal S(z) satisfies

aS" 4+ ()] + e + k2 =0. (89)

If we assume derivatives of S are of order m > 1 but the
derivative of « is of order unity, the dominant balance in the
equation is (S')> = —k2 with solution

S=80= ik, sz/\/zx(z, ). (90)

To next order in 1/m, we rewrite Eq. (89) as

§' = i/ o+ 5" + St 2. o1

Noting that the last two terms in the square root are small
compared to the first, we replace S by Sy in these two terms
in order to obtain the next-order correction to S, S;

§ = iy/I3 fa+ Sy + Syt

= ii\/ki/oclikLot’/Zoﬁ/ztikﬂx’/oﬁ/z

1

-l
SR P 92
i [ vl (92)
where we used Eq. (90) in the second step and Taylor-expanded
the square root in the last step. Integrating in z, this yields

1
S :Solenot. 93)

Substituting this eikonal into d¢(z) = exp[S(z)] implies

5p(2) = [a(z, )] * exp [iilqjdz/\/oc(z, w)]. (94)

These two independent solutions for the mode potential must
be combined to match the boundary conditions that the slope
of the potential vanishes at both plasma ends, which implies

Phys. Plasmas 21, 052109 (2014)

5(2) = [z, w)]"*cos |k, J dz//o(z,m)|,  (95)

L2
where
L)2
k) J dz/\/o(z,w) = mm. (96)
L2

This is the WKB dispersion relation for a given mode num-
ber m. To solve the dispersion relation, we substitute
Eqgs. (77) and (79) for « and Taylor expand in ¢, obtaining

L/2 1 0)2 <_ > B
_r, b1) — ¢
kLLJ/ZdZ (@) l 2027 ap(w)
i I w_§(<¢1>_¢1)2
T80n(0)’ (3 o o)
+(p))’ - <¢%>])] = mm. 97)

Upon performing the integration, this becomes

ki L 3,

o\
V(o) g (m) [(@1) = (91)7]| =mm. (98)

Squaring both sides and rearranging yields

(02 ?
pto(o) = & 1*‘922(’}))) (o] = (@1)7]|- ©99)

At O(¢%) on the right hand side, we can replace oo(w) and ®
by their zeroth order unsqueezed values, given by Egs. (83)
and (84), obtaining

3 k?
knto() = K1 ”Z(”ﬁ) 2(@7) = (@) (100)

Substituting on the left hand side ® = o] + 2wy and
expanding, we obtain

? 3 Y\
—2kr2n(w,:)3w'§'=ZKrzn 142 [(@7) —
0

which implies

1 Swnl k’%l prd prd
0y = == 1+22 (@) — (90)7]: (101)
8 k1
Thus, for the regime m > 1 where the squeeze potential
varies in z slowly compared to the mode wavelength, the fre-

quency shift is always negative, and is second-order in the
squeeze potential.
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5. Mode damping at second order in ¢

In Eq. (72), we observed that TG mode damping due to
squeeze is exponentially small at first order in ¢ when the
mode phase velocity is large. We must therefore work to sec-
ond order in this regime. The second order dispersion rela-
tion is given by

Mo(@).€2 + @™ Mo(@!) €

2
w
+6)218(/)M0(@6”).e(’)”+( 21) 6§)Mo(

+M; (@

oy).€f

).el'+ 0 0sM,; (©f).ef + My (of).ey =0. (102)
We take the product of (ef)" and Eq. (102). As a result, the
product of the first and second terms in Eq. (102) is zero and

using Eq. (56) for e and Eq. (62) for ]’ we have

_(I)g‘laa)Mmm (a)gl)

2
— (601 ) 82Mmm

)+ MY (@) M (o) /My (@07)
j#m
+ 07 DM} (@) + My" (). (103)

Now we take the imaginary part of above equation assuming
that @{. > m, which implies @ = @, @}, M{™ (o), and
M (@, ) are real. As a result,

1

*7’!87 ReMnlrﬂ( —~m )

=Im[M5" (wf.)] +1Im {ZM"”
j#m

oM (0f) /My ()]
(104)

From Eq. (B21), the first term on the right hand side of Eq.
(104), in the limit g > m, is given by

w0:> /2% [ \2
T () )
(105)

Im M3 () =

where o) is defined in Eq. (61). Thus, solving for )5, we

obtain
) )2 /20 ( 1)2
PJOC 7ve‘b2/2dv i
o0 (@, /m — v)
m[z My (g )M (@) /MY (@)

j#m

16mnz <

-m __ n>m
Y2 =~

+ (106)

On Re M§™ (o)

The first term on the right hand side is the contribution to the
damping rate due to the mth unsqueezed mode (cosine in
position space). Particles slow down as they pass the squeeze
and, thus, no longer see this mode as a simple cosine along
their bounce orbits, as a function of their angle variables
(which is proportional to time). As a result, the mth
unsqueezed mode has nonzero Fourier terms in angle vari-
able space. Particles with bounce frequency w, = w/n will
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resonantly interact with the nth Fourier term and, thus,
enhance the damping rate of the mode. The lower bound of
the sum in the numerator is n > m, since all the terms for
which 1 <n<m are exponentially small (assuming
o /m > 1).

Moreover, in the presence of a squeeze, the spatial form
of the eigenmode is affected, see Fig. 1. Therefore, the shape
of the mode potential is no longer a simple cosine in position
space and consists of higher harmonics in z, which are all
oscillating at the same frequency w. The contribution to the
damping rate given by the second term on the right hand side
of Eq. (106) is due to the damping of these higher harmonics.

In Fig. 3, we compare the damping rate calculated from
our computer simulations to the analytically calculated
damping rates. Analytically calculated results, which are
depicted as solid black curves, are evaluated from the sum of
Egs. (57), (71), and (106), up to second order in &. The com-
puter simulation results are depicted with squares.

For the lowest value of @/, = 4.56, unsqueezed damp-
ing is large and becomes the dominant damping for values of
¢,/T <0.25. However, for ¢,/T=0.25, squeeze damping
with quadratic dependence on ¢,/T becomes larger than the
unsqueezed damping rate. For @, = 6.25,10.13,13.42, and
20.03, unsqueezed damping is exponentially small. Thus,
mode damping is only due to the presence of the squeeze
and the damping rate has a quadratic dependence on ¢ /T.

As the amplitude of the squeeze potential ¢,/T
approaches 1, the computer simulation results deviate from
the analytically calculated damping rates which has a quad-
ratic dependence behavior on @g™. This is due to the fact
that for larger ¢,/T, terms of order higher than (¢, /T)
become significant and thus, these higher terms will be
needed to more accurately evaluate the corrections to the
eigenfrequencies and eigenmodes. Also, for larger ¢,/T, the
population of particles trapped in the Debye shielded
squeeze potential, which was not accounted for, becomes

—y/wp

0.01 0.02 0.05 0.10 0.20 0.50 1.00

@s/T

FIG. 3. Mode damping rate vs. size of the squeeze potential ¢, /T, for phase
velocities: w/kjvr = 4.56,6.25,10.13,13.42, and 20.03 for the mode m=1.
Analytically calculated damping rates are shown in solid black lines.
Computer simulation results are shown with diamonds.
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larger and resonant trapped particle-wave interactions can
become significant and further enhance the mode damping
rate.

Figure 4 depicts the damping rate of the squeezed m =1
mode versus the Debye length. Solid curves are the analyti-
cally calculated results using the sum of Egs. (57), (71), and
(106), for squeeze potentials of value @™ /m,L*w, = 8.75
x107 and @™ /myL?e? = 3.5 x 107>, which is 4 times
larger than the former. The dashed line is the damping rate
of the unsqueezed mode given by Eq. (57) and diamonds are
the damping rates evaluated using computer simulations. For
Debye lengths such that (Z)(l, < 5, where 03(1, = w,/kivr, the
two solid curves converge to the unsqueezed (dashed) curve.
For Debye lengths for which @}=5 the unsqueezed damping
rate (dashed curve) goes to zero exponentially, whereas the
squeezed damping rates (solid curves) are finite. There is an
approximately 16 fold difference between the values of the
damping rates (solid curves), for Debye lengths at which
@®}=5. This shows the quadratic dependence on the applied
squeeze potential expected for large @,’s.

At very low values of Ap/L, the damping rate again
begins to fall off exponentially as T decreases further. This is
because the Debye shielded squeeze potential ¢; is a smooth
function of position and thus, Fourier coefficients of the
Debye shielded squeeze potential, i.e., @, become exponen-
tially small with growing ».® In the small 1, /L limit, where
@{, > 1, n > 1 bounce harmonics are necessary in order to
satisfy the resonance condition, nw, = ], . The effect of
these higher harmonics becomes exponentially small, since
these terms depend on @,’s with n > 1.

lll. 1D VLASOV-POISSON COMPUTER SIMULATIONS

For our computer simulations, we discretized the 2D
phase space (z,v,) on a 2 dimensional grid (using the method
of linesg). That is, the distribution is discretized as f (z;, v, 1)
=f;x (t) where

Zj :JAsz/zr
v = (k+1/2)Av,

j: Oa 15 "';MZ7

(107)
k=-M,—1,....M,

0.001

1074

107

—Ylw,

107

0.001 0.002 0.003 0.004 j 0.005 0.006
An/L

FIG. 4. Damping rate (—y/w,) of mode m =1 versus Debye length (/p/L),
depicted for constant squeeze potentials @ /m,,LQwIZ, =3.5x 107> (upper
solid curve) and @i JmyL2a? = 8.75 x 107° (lower solid curve) in a
plasma for which k;L = 15n. The dashed curve depicts the unsqueezed
Landau damping ((pw = 0). The dashed-dotted lines depict Debye lengths
for which @} = 5 and @}, = 10, where @} = w, /kvr.
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and where Az =L/M,, Av = Viyax/M,. The maximum ve-
locity in the simulations is usually taken as Vi,ax ~ 8vr.

The condition of specular reflection at the plasma ends
implies that f(*=L/2,v,t) =f(%L/2,—v,t) which translates
to the grid as the boundary conditions

Jox(t) = fo,x-1(1),

08
i (t) = fu——1(2) - (10%)

We finite-difference the spatial and velocity derivatives in
Eq. (3) using the centered difference method, obtaining

gfﬂk(l) + o it (t)zgfflﬁk(t)

1 (00() =91 (t) 0 )
_m_q (W + Eq)xq(z)
ij.k+l(t) —fik=1(2) —0. (109)

2Av

Poisson’s equation, Eq. (5), is also finite-differenced and
solved at each timestep using the FFT method.'”

Time is advanced using the fourth order Runge-Kutta
integration and each time step requires four plasma force
evaluations.

For simulation of a squeezed plasma, the initial velocity
distribution of plasma was Maxwellian. The squeezed equi-
librium distribution function was obtained by gradually(adia-
batically) turning on the squeeze potential over a time of
order of 100 wave periods, in order to avoid launching
unwanted modes.

For the initial condition of the squeezed mode damping
simulation run, we add a perturbation to the squeezed equi-
librium distribution Fy (z,v)

f(z,v;t =0) = Fy(z,v)(1 + dcos[ki(z+ L/2)]). (110)
The difference between this initial perturbation from the
exact m= 1 mode is of the order ¢,/T. The largest contribu-
tion to the squeezed mode potential comes from the Fourier
term cos[k;(z 4+ L/2)]. (There are other contributions
because our simulation is nonlinear.) We extract the m, = 1
Fourier component, d¢,(7), by integrating cos[k,(z + L/2)]
®,(z,1) over z, where ¢,(z,1) is the space charge potential.
The damping rate y and mode frequency @ are obtained by
fitting the curve J¢,(r = 0)e "coswt to d¢,(1). A typical
result for 0¢, (¢) from our computer simulations is displayed
in Fig. 5. The thick curve is the amplitude of the fitted func-
tion, which is exponentially decaying as a function of time.

IV. CYLINDRICALLY SYMMETRIC, R AND Z
DEPENDENT SYSTEM

In order to make quantitative comparison between our
theory and experimental results, we extend our 1D theory to
a 2D system of axial(z) and radial(r) dependence. Figure 6
illustrates the confinement geometry for the 7z system. The
plasma is confined in a Malmberg-Penning trap consisting of
a long conducting cylinder, axially divided into a number of
sections. Radial confinement is provided by a strong uniform
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FIG. 5. The m, =1 Fourier component d¢, (7) of the space-charge potential
¢,(z,1) and the exponentially damping amplitude g(7) = 0.0188 exp[—4.7
%107 (w,?)] (thick curve), obtained by fitting to 6@'(¢), as functions of
time.
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magnetic field B directed along the axis of cylinder. In this
section, we assume an azimuthally symmetric perfectly con-
ducting cylinder with radius r,, and extending axially from
—L/2 to L/2, with L large compared to r,. The squeeze
potential is applied to a cylindrical section, which is centered
at the axial midpoint of the cylinder and has a width A. We
neglect effects involving the Debye sheath at the plasma
ends, and simplify by assuming flat ends on the plasma at
z= *L/2. Particles, which are traveling the length of the
plasma along the magnetic field lines, are assumed to reflect
specularly from the ends, as in Sec. II. The boundary condi-
tions for the squeeze potential at the column ends are
assumed for later convenience to be homogeneous Neumann
conditions. Other homogeneous boundary conditions could
have been used with negligible effect on our results, since
the squeeze potential is applied at the axial center of a long
column (see Fig. 6), so the squeeze potential is vanishingly
small at the ends due to shielding by the plasma and the con-
ducting walls. Neumann conditions simplify our expressions
for the mode damping rate and frequency shift because the
axial Fourier expansions for the mode potential and the
squeeze potential then have a similar form.

The squeeze potential on the cylinder wall is taken to be

—L/2<z<—-A/2 or
—A/2 <z<A)2.

A2 <z<L)2,
(111)

o(ryw,z) =0
QD(I‘W,Z) = Py

For a vacuum cylinder, we can calculate the potential
inside the cylinder, with potential on the conducting walls of

f
A7
B, I

7
£ L A .q) L é
2 = il = 2

w
FIG. 6. Schematic depiction of the trap geometry and squeeze potential ¢,
applied to a cylindrical sector of width A. Other parts of the trap wall are
grounded. Particles are assumed to reflect at the axial ends z = *L/2.
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the trap given by Eq. (111). The vacuum potential ¢ satis-
fies the Laplace equation

Vi, =0. (112)
Standard Fourier analysis implies a solution of the form
or(r,z) = Agulo(kaur)cos[kan(z + L/2)], (113)
n=0
where the Fourier coefficients A,,, are
20,, (V2
Anziqj coslka,(z + L/2)|dz
= Dalkara) ) aja [k2n(z + L/2)]
= _ 20w 2 sinfko,A/2]cos[kz,L /2] , (114)
kanLIo(kantv)
while for n =0 term, we obtain
A
Ap=——. 115
0= Lio(0) (115)

A. Plasma equilibrium: Unsqueezed and squeezed
solutions

We assume the equilibrium plasma is a thermal equilib-
rium described by the Boltzmann distribution

N exp[—(Ho + ,po)/T]

Fo(r,v) =
Jdrdv exp[—(Ho + w.po)/T]

. (116)

where N is the total number of particles, o, is the plasma
rotation frequency,

(117)

and the potential ¢(r) is given by the sum of the vacuum
potential ¢ (r) and the potential due to plasma and its image
on the conducting wall ¢,,,(r)

(P(r) = (pT(r) + (Ppe(r)' (118)
The canonical angular momentum is given by
B
po = myver + 212, (119)

2c

Substituting from Eqgs. (118) and (119) in Eq. (116) after
performing some algebra, we get

3/2 .
Fo(r,v)n(r,z)(;—’;> exp[%(erwrﬁ)z}7 (120)

where the density is given by
exp[—(or + @p + 0.)/T]

Jdr exp[— (@7 + @pe + 0.)/T]

n(r,z) = ) (121)
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and where @.(r) is the radial confinement potential due to
centrifugal force and magnetic field:
@.(r) = myw, (0, — w,)1* /2. (122)
In order to calculate the space-charge potential ¢,,,, we must
solve the Poisson equation
V20,(r,2) = —4ng’n(r,2), (123)
with the boundary condition given by ¢,,(r,z) = 0. We
define the following dimensionless functions:

2(rz) = =@ (r,2) /T,
o(r) = —%( )/T, (124)
B(r,z) = —@r(r,2)/T,
and so rewrite Eq. (121) as
n(r,z) =N exply+atpl (125)
[ drexplz 2+ g
We will use the following averages:
rw (L/2
<"'>Z:J J dz(...)/L, (126)
0 J-r/2
(), = J " 2mrdr(...))2m?, (127)
0
(e = () (128)
We may then rewrite the Poisson equation (123) as
4 2N N
Viy(r,5) = SN _explyt ot f (129)

TV (exply+a+p]),.

where V = mﬁ,L. We expand the solution of Eq. (119) to first
order in powers of the (scaled) squeeze potential f(r,z),
introducing the ordering parameter ¢, as in Sec. II and writ-
ing the scaled plasma potential as a sum of the unsqueezed
and squeezed terms

X = Xot & (130)
We then expand Eq. (129) to first order in ¢
V220(r) + eV (r,z2)

_4ng’N explyo + eyy + o+ ef] (131)

TV <eXp[XO + &l + o+ 8ﬂ]>rz

dng’N _elot (0 + B)e™™™),.
STV (ent, (1 R e N
(132)
Collecting powers of ¢ implies

4ng’N el

V(1) = (133)

TV (en?),’
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(ert=),

) 9 Xo+o
VZXI("’Z) = T—VW (Xl + ﬁ — M)

(134)

Solving Eq. (133), we obtain the unsqueezed space-charge
potential inside the plasma, y,(r). Equation (134) provides
11 (r, z), the Debye-shielding response to the squeeze poten-
tial f(r,z), similar to Eq. (9).

1. Unsqueezed equilibrium

The unsqueezed potential and density of a thermal equi-
librium plasma was discussed in Ref. 11. The equilibrium
Poisson equation (123) can be expressed as

1o 0
——p—|{=exp({) —y—1, (135)
(p 5" ap> p({) —v
where we defined the parameter y and function { as

Wy
V= ;(wc ;) — 1, (136)

P
{(p) = 10(p) = 10(0) + a(p), (137)

@) = 4ne’ng(0)/m, p =r/ip, Ap = vr/w,, and the density
ng (r) is

N etot®
Equation (135) is solved with boundary conditions
{(0) =0, 9y, =0. (139)

The first boundary condition follows from Eq. (137). We can
choose y,(0) so that the boundary condition y,(r,,) =0 is
also satisfied. For a plasma with small Debye length com-
pared to plasma radius, the plasma density and the potential
inside the plasma are constant up to the vicinity of plasma ra-
dius where the density drops to zero in a distance of the order
of /p. We define the plasma radius r, as the radius where the
density falls to 1/e of its value at the origin.'" Figure 7 shows
an example for an unsqueezed equilibrium, which is obtained

1.0F
0.8F
0.6
71(r)

041

0.2

0.0F, " n n n
0 20 40 60 80
r/Ap

FIG. 7. Plot of the equilibrium density for a plasma with 7=50meV,
L=10cm(L/lp = 282.6), w, = 1.263 x 10°rad/s, 1, ~ 0.42cm(r,/2p
~ 11.87), r, = 2.86cm(r,,/Ap = 80.83). Maximum density of the plasma
at r =0 is normalized to 1.
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from numerically solving Eq. (135) with boundary condi-
tions (139).

2. Squeezed equilibrium: A perturbative solution

We rewrite Eq. (134) as
10 o 0
¢
(pap 8,0 85>Xl(p )

. ~ (0(p) (1 + B))ye
= 7o(p) <x1+ﬁ . ) (140)

where 7ig(p) = no(p)/no(0) is the scaled unsqueezed density
profile, and ¢ = z/Ap. We will solve for y,(p, &) using the
Galerkin method, as in Sec. I. From Egs. (113) and (124), we
write f§ as

(141)

= iRn(p)cos |:K2n (f + %)] ;

(pquz( 1)" sm[kznA/z]

Ru(p) =
(0) T Iy(kmp,,) nm

(142)

where p,, =ry/Ap, A =L/Ap, Kk, = Apk,, and we neglect
the =0 term in [ as the constant term does not affect the
solution. We expand y; using a complete series representa-
tion in p and ¢ as follows:

(¢ :iiz‘\mﬂo( )cos[n(fﬁz\)} (143)

=1 n=1
where x,, is the mth zero of J,. Substituting from Eqgs. (141)

and (143) in Eq. (140), multiplying by cos[rk2(¢ + A/2)] and
integrating from —A /2 to A/2 yields

o0 2
X

ZAm,Zl —<—m> — i

m=1 Pw

Now we multiply both sides by pJo(x,p/p,,) and integrate
from O to p,, to get

Xn 2+K
(pw> g

- no(p)l Jo (x—'" p) = no(p)Ri(p).

pzw 31 (xn)An
+ZA’" Z‘J P Mo <pw >JO <Pw >pdp
- —j o(p)Ri(0)Jo (p— p) pdp.

This relation can be written in the form of a matrix equation
for each axial Fourier number /

(145)

N.A, =B, (146)

where

(A1), = Anpi, (147)

Phys. Plasmas 21, 052109 (2014)

(148)

The solution for A,, ;s is given by

Ar=(N) "B, (150)
Figure 8 is the contour plot of the difference between the
squeezed equilibrium density and the unsqueezed equilib-
rium density as a function of the radial and axial positions
for a plasma of T=50meV, L= 10cm(L//\p = 282.6),
w, = 1.263 x 10°Rad/s, 1, ~0.42cm (r,//p ~ 11.87),
ry = 2.86cm(r,//p = 80.83), for a squeeze with
A=2.86cm and ¢, = 0.1eV. The horizontal range of the
plot shows the whole length of the plasma, whereas the verti-
cal (radial) range of the plot covers the vicinity of the plasma
surface, since the change in the density due to squeeze poten-
tial is maximum close to the surface of plasma and goes
exponentially to zero radially, from the surface towards the
axis of plasma (r=0). To obtain this solution, 200 radial
(Bessel) terms and 13 axial Fourier terms were used.

B. Squeezed linear modes

We now obtain the linear TG modes of the squeezed
equilibrium. The method is similar to that used for 1D case,
the difference being that there is now radial dependence. The
linearized Vlasov equation in the presence of the squeeze is
given by

0;0f + v0,0f — 0-(py + ep,) /my0,0f — 0.0¢/m,0,Fy = 0.

(151)
Here, ¢, is the unsqueezed equilibrium potential, which is
the sum of the centrifugal potential and the unsqueezed

An(r,z)/ng

0011

z/Ap

FIG. 8. Contour plot of the difference between the squeezed equilibrium
density and the unsqueezed equilibrium density (the latter is the same as
Fig. 7) as a function of the radial and axial positions for a plasma, for a
squeeze with A=2.86cm and ¢,, = 0.1eV.
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space-charge potential of the plasma, and ¢, is the Debye
shielded squeeze potential

Po(r) = =Tlto(r) = %0(0) + a(r)];
@1(r,2) = =Tlx(r,2) + B(r,2));

(152)
(153)

where «, 5, o and y; were obtained in the last section. The
squeezed thermal equilibrium distribution Fy(r,z,0) is given
by Eq. (120). Using Eqs. (124), (129), (152), and (153), we
can write Fy(r, z,v) as

Fo(r,z,v)=no(0) (ﬂ)l/z

2nT
ﬁo(r)e_"(/’l/T N I: mqu]
Tioe- Ty, Jno(ry, P ar | (Y

where nog(0) is the unsqueezed density at r=0 and
ig(r) = e~ /T s the unsqueezed density profile normal-
ized by its maximum value, ny(0). As in Sec. II, we solve
Eq. (151) as an expansion in ¢, i.e., assuming the height of
the Debye shielded squeeze potential is small compared to
temperature: [¢,(r,0) — ¢,(r,L/2)]/T < 1. We define the
scaled potential function ¢, and the scaled energy variable
u as

?1(r,2) = [@1(r,2) — @i (r,L/2)]/T, (155)

u=mg* /2T + ep,(r,2). (156)
The reason we defined the function ¢, is that the bounce fre-
quency and action of an unperturbed orbit of a particle at a
radius r are functionals of the difference of the Debye
shielded squeeze potential from its absolute minimum at that
radius, which is defined by ¢,. At a given radius r inside the
plasma, trapped particles and passing particles have scaled
energy u# such that 0 <u < &e@,(r,z) and u > e@,(r,z),
respectively. Figure 9 shows the Debye shielded, scaled
squeeze potential @,(r,z), as a function of z, for radii
r =1, =0.9r, and r = 0.75r,, for the same parameters as
Figs. 7 and 8. This shows the squeeze potential height drop-
ping exponentially from the plasma surface towards the inner
plasma.

¢] (r,Z)

0.05F
0.04
0.03}
0.02f
0.01F

0.00t

-100 =50 0 50 100
z/Ap
FIG. 9. Plot of the scaled Debye shielded squeeze potential @,(r,z) as a

function of the axial position, at radii »=r,, 0.9, and 0.75r,,, for a plasma
with the same parameters as Fig. 7.
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The distribution Fj can be rewritten in terms of u as

ﬂ 1/2 ﬁo(r)e*w’l("vl‘ﬂ)/T ot
2aT)  (ao(r)e=cnIT) [ (o (r)),
(157)

Fo(ﬂ%“)—”o@)(

In order to solve Eq. (141), we again introduce action-angle
variables for axial particle motion in the equilibrium
potential

o1 _ mgor —~
I(”M’E)_ani;pzdz_ o 4;\/2[“ e, (r,z)]dz, (158)

W(r,z,u;) = wah dz (159)

z0 1)(}’, 2/7 uj 8)’

2 d
r(r,u;s):—n— :

o Jur2lu—¢p,(r,2)]

As in Sec. II, the angle variable ¥/(r,z,u;¢) can be
shown to have the functional form y = ¥/(r, z, &/u)

(160)

21 z dz
V= dz' 5 ’
?l; w1 —ep(r,7)/u
1 —ep(r,7)/u

=Y(r,z,&/u), (161)
and this equation can be inverted to yield the position versus
the angle variable

2= 2(r,,8/u), (162)

where z is a periodic function of . We can now write the
Vlasov equation in terms of (r, ), 1) as

B,5F + w0yt — 86 Fo = 0. (163)

We expand the mode potential in a complete series in r and
z, using the same Neumann conditions at the plasma ends, as
in Sec. II B, assuming o < w, [see Eq. (31)]

Sp(r,2,0) =3 S (3 + 5},

=1 m=1

T (ﬁ r) coslkn(z +L/2)].

w

(164)

A particle at radius r and action /(r, u; &) follows an unper-
turbed orbit which is periodic in angle variable /. Therefore,
we can write

coslky (z(r,yr,ufe) + L/2)] = i C" (r,e/u)e™, (165)

n=—00

where the Fourier connection coefficients C}, are again given
by Eq. (26), but are now functions of r through the action-
angle transformation

Ch(re/u) = Jo z—cos[km(z(r,w,u/e) +L/2)]e™ ™ (166)
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Using Eq. (165), we can write Eq. (164) as
S/M ZZ 5¢ e lwt+5¢lm lwt)

><J0< ) Z Cr(r,e/u)e iy

n=—00

(167)

As in Sec. II, of and d¢ can be written in terms of Fourier
series as

of(ry,e/u) = i Ofu(r,e/u)expli(ny — wt)] 4+ c.c., (168)
dp(ryy,e/u) = i 8¢, (r,e/u)expli(ny — wi)] + c.c.,

n=-—00

(169)

but d¢,(r,e/u) now has an auxiliary radial expansion in
terms of Bessel functions

225% (s e/u)Jo (—r> (170)

=1 m=

0, (r,e/u) =

Substituting Eq. (168) in Eq. (163), we obtain

—wofy + nwpof, + nwpoe,Fo/T =0, (171)

where we used O;Fy = (du/dl)0,Fy = — % Fy. Solving for
of, yields
wbé(pnFO/T
S (r, & /u) = —2CPn 017 172
il o) = 220 (72)

4ng?
i 2 To [ 2L\, [ 2L
L JO : 0<’w’> O<rwr
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The mode potential and mode distribution function satisfy
the linearized Poisson equation

(1 0,10, + 82> op = —4nq2J
,

Substituting Eq. (164) in Eq. (173), multiplying both sides
by 2 cos[ks(z + L/2)]/L and integrating over z from —L/2 to

L/2 yields
JO <£ ’,) e—iu)t
Ty

Z 5¢lm [(ﬁ>2 + krzh

2 (> L/2
= 4ng® —J J of coslks
L iy

{o.¢]

ofdv.

—00

(173)

(z+L/2)|dzdv.  (174)

As in Sec. II, we can use the canonical variables (1)
instead of (z,v), since dzdp, = dydl = (T/w,)dudy.
Applying Eqgs. (168), (172), and (170) to Eq. (174), we

obtain
Jo (—[ I‘)
rW

Z Sbim l(%) i
S Y b (x )nz || entrem

=1 m= =—00
Fy

o/n— w,

x C(r,efu) du. (175)

Now we multiply both sides by rJo (-
to r,,. The result is

r) and integrate from 0

00

Z JOO CZ(F? g/u)C;n”(r’ 8/14) Ldudr

n=—00

o/n— oy

0P =

Z Z 5P

=1 m=

Equation (176) is in the form of a tensor eigenvalue equation

where

llmm _ §_
Mlmm — 5”5’;1”1 _

(176)
N\ Lo

o B 5 Ji(xi)

M, =0, (177)
2 (rw _ o0 00
47Zq L o Ciir)]o (::r ,,_ZOJ Ch(r,e/u)C"(r,e/u) 7@/:3 wbdudr

S a7s)

l(—) RS

Since we assumed the squeeze to be symmetric with respect to
the cylinder, we have C)! = C,". Moreover, we assume the
trapped particle population is negligible compared to passing
particles, therefore, we set the lower limit of the integral on u

in Eq. (176) to be the height of the Debye shielded squeeze
potential at radius r, i.e., ¢p(r,0). Introducing the scaled
bounce frequency @, (r, u) = wy/kjvr and using Eq. (157) for
the thermal equilibrium distribution F,, we rewrite Eq. (178) as
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B o N L <y ey

——— | rdrlo( —r |Jo| —r |ao(r)e *"\" /2) du————=Ch | r,— |Co | r,—

21/ Jo (Vw T ; wir0)  (@/n)° — @F u u
(r

> Tix)
where e is an eigenvector of the nullspace of M defined as
()" = 0, (181)

and (M) = M!"m [see Eq. (178)].

We again expand the matrix M, the eigenfrequency @
and eigenvector e in ¢ as in Egs. (47)—(49). The resulting mat-
rices My, M and M, are derived in Appendix C. For exam-
ple, the zeroth-order (unsqueezed) matrix has components
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llmm _ 5§
Mltmm — 5110’71”7 _

, (179)

where @ = w, + 7y is the complex eigenfrequency w scaled
to kl 1%
C. Perturbation method

Just as for Sec. I, the linear dispersion relation (177) can
be written in matrix form

M(®).e =0, (180)

J rdring(r)Jo(ar/rw)Jo(xir /1)

5+ 2W(@/m) 2 (182)

Ilmm
MO = 5’””

1. Zeroth order in ¢

The zeroth order dispersion relation for an unsqueezed
plasma column is satisfied by mode u = (n,,m), where n, and
m are the radial and the axial mode numbers, respectively.
The dispersion relation is given by

Mo(®}) - el = 0. (183)

From Eq. (183) and Eq. (182), we obtain the unsqueezed

eigenvector (ey) and eigenfrequency @j. We can write

Eq. (183) explicitly as

- J rdrl (iil) Jo (:f—]i) fio(r)
Im 'm _ 0 w W
(€)™ ==>(ef)""W(}/m) :
=1

"iv 2
3J 1 (x7)

N\ 2
2 l(jf) e

This equation is only dependent on a single axial Fourier
index m, while there is coupling between radial Bessel
indices related to / and [. In other words, eigenmode
w=(n,,m) is proportional to a single cosine function
coslky(z +L/2)] and a series in Bessel functions Jo(;'7)
with!' = 1,2, ...

(184)

Oy (r,z) = [0¢"|R,(r)cos[ky(z + L/2)], (185)
where
N 00 (e(,t;)l’m Xy
Ry (r) *; |5¢M|J0(rw’>~ (186)

Iplt + k2] ()

Here, |0¢"| is the arbitrary linear mode amplitude and
R, (r) are normalized so that R,(0) = 1. Eigenfrequencies
for and the radial dependence of the unsqueezed eigenmodes
((eg)”"’s) are obtained by solving Eq. (184) as follows. We
can rewrite the dispersion relation (184) as

~(W(@p/m))™'1.(e5)" = Qun-(eg)",

Ty / _
J rdrly (ﬁ r) Jo <ﬁ r> io(r)
0 I'w Ty
2 [<ﬂ> ’ + i .
I

w2

?WJ 1(x7)
where I is the unit matrix. Thus, eigenvectors of the matrix
O,.m also satisfy the dispersion relation in Eq. (184). From
the eigenvalue /, of matrix Q,,, we obtain the related
eigenfrequency @y via inversion

(Qmm)fl’ -

Y

(187)

oy = mW- (=2 1),

. (188)

where W™ is the inverse of the function W.

An alternative description of unsqueezed modes can be
obtained from Eq. (184), (also from Egs. (151) and (173) set-
ting ¢, = 0): the radial part of the eigenmode g, i.e., R,(r)
satisfies

o
V2 12+ IptW (%) ﬁo(r)] R,(r) =0, (189)

where V2 =10,r0,. We can show that modes = (n,, m)
and ' = (n',,m), which have the same axial mode number
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m and different radial mode numbers 7, and n:., are orthogo-
nal with respect to the inner product [j* iig(r)rdr(...). For
the functions R, and R,’n we can write

_ [

[—V?. + K 4 It W (%) no(r)} R,(r) =0, (190)

,’u’
@o

p )no(r)] R, (r) =0. (191)

VI +k, + x,fw(

Multiplying Eq. (190) by rR,/(r) and Eq. (191) by rR,(r),
subtracting Eq. (191) from Eq. (190) and integrating from 0
to r,, we get

= J, drd, (IR (r)OR e (r) — 1R (r)O,R,(r)) = 0. (192)

In the above equation, the right hand side is zero since
R(r)’s are zero at the wall. Thus, we arrive at the following
orthonormality condition:

Ty

J ﬁo(r)Ru(r)R,m)rdr:5,,,,J io(r)[Ru(r)Prdr.  (193)

0 0

ot
In a similar way, we can show W(%") is real. Assuming @
and R, (r) to be complex, we have

N
[—Vf + K2+ AW (%) no(r)} R,(r) =0, (194)

B VAE N Ay (W(a)—g>)*ﬁ (r)
r m D m o\’

Multiplying Eq. (194) by rR}(r) and Eq. (195) by 1R (r),
subtracting Eq. (195) from Eq. (194) and integrating from O
to r,, we get

G ) [

= Jl dro, (rRu(r)O,R, (r) = rR(r)9Ry(r)) = 0. (196)
0

(195)

R,(r) = 0.

In this equation, the right hand side is zero since R, (r,,) = 0.
Also for the integral on the left hand side, we have

J Tio (r)Ru (PR’ ()

0
_ J fio(r) (Re[R,,()]* + Im[R, (r)*)rdr > 0, (197)
0
which implies
okt oM\ ¢
o))
m m

Using Eq. (198) in Eq. (195), we see that R,(r) and R;(r)
satisfy the same equation. Thus, from the uniqueness of the
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solution of Poisson equation R, (r) is also real, and therefore
el is real.

Figure 10 shows the first three radial eigenvectors with
axial mode number m=1, Ry ;(r), Ry ;(r), and R; ;(r). We
evaluated the eigenfrequencies related to these modes using
both the Galerkin method and the shooting method. For the
Galerkin method, the matrix eigenvalue equation (187) is
solved by keeping a finite number of Bessel terms (Nga), to
construct the matrix Q1. For the shooting method, the differ-
ential equation (189) with initial conditions 9,R,(0) = 0 and
R,(0)=1 is solved for an eigenfrequency and its related
eigenmode which satisfy the wall boundary condition
R,(r,) =0. Frequencies obtained from the Galerkin method
wga and shooting method wgp, are compared in Table 1. In
the second column of the table, which gives the mode fre-
quency obtained from Galerkin method with Ng, =20, we
see that mode p = (n,, m) with n,=1 and m =1 is undamped
(Im[wga /@p] = —3.84 x 10~*). Furthermore, the real part
of its eigenfrequency is equal to the Trivelpiece-Gould mode
frequency for a cold fluid plasma of the same parameters,
obtained from Eq. (1) (see Table I). The real part of the
eigenfrequencies becomes smaller with increasing radial
mode number 7,. Furthermore, modes with higher radial
mode number, i.e., n,=2,3, are heavily damped. The third
and fourth column of Table I compare the frequencies
obtained from the shooting method to frequencies obtained
from Galerkin method with, respectively, Ng, =20 and
Nga =50 terms. By increasing the number of terms for the
Galerkin method, frequencies obtained from the Galerkin
method converge to the shooting method frequencies. The
fifth column of the table gives the mode frequencies obtained
from cold fluid theory with a top hat profile, evaluated using
Eq. (1).

In order to describe the squeezed modes, we find it use-
ful to note that the zeroth order dispersion tensor M, has the
following form:

My 0 0

0 M2? o ..
M, = 0 ; 199
’ 0o 0 MB3 . (199

0.8

0.6 n=1(w/w,=0.128)

0.4

Ry, (1)
0.2

n,=3(w/w, =0.028)

0.0

-0.2 n,=2(w/w, =0.039)

-0.4

0 20 40 60 80
t/Ap

FIG. 10. Plot of the radial dependence of the modes u = (n,,m), with axial
mode number m=1 and three radial mode numbers n.=1, 2, 3, in an
unsqueezed plasma with the same parameters as Fig. 7.
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TABLE 1. Frequencies of unsqueezed eigenmodes p = (n,,m): (1, 1), (2, 1), and (3, 1), where n, is the radial and m is the axial mode numbers, for a plasma
with the same parameters as Fig. 7. Frequencies wg, and wsp, were obtained using the Galerkin method and the shooting method, respectively. Ng, is the

number of Bessel terms used to construct the dispersion matrix Mj'.

Mode number WGal/ ®p (wsho — WGal)/|®Gal| (Wsho — WGa1)/|®Gal| w16/,
(n,,m) NGa =20 NGa =20 NGa =50 From Eq. (1)
(1,1 0.1285 41437 %1073 (2.6+24)x107° 0.1285
@1 0.0388 —i1.08 x 103 (5.03+il.1)x 107 9.5+2.1)x 1077 0.0316
3.1 0.0281 —i5.21 x 103 23%107° 1.7 %1077 0.0177

where (M) = MU and M is given by Eq. (182).
The mth unsqueezed eigenvector (ef)” satisfies

M (). (ep)” =0 (200)
and has components ((e})")" = (ef)" (see Egs. (83) and (84)
and (183) and (184)). The explicit indices (mm) are related to
the axial Fourier components, which are not coupled at zeroth
order (hence the diagonal form of Eq. (199)).

The matrix M{"™ (for axial mode m) has radial eigenvec-
tors (ef)” and eigenfrequencies corresponding to unsqueezed
TG modes, as shown in Fig. 10 (see Eq. (186)). The zeroth
order damping rate, which is the Landau damping of the
unsqueezed system, follows from the same argument as for
our 1D model of Sec. II. Assuming @} > 7y and using the
fact that W(@{/m) is real, a Taylor expansion of
Im W (@f /m) = 0 yields

@ )2

n(og,.e_ 22

G i , 201
70 ve " 2dy (01

| (@ m — o)

the same formula as for the 1D model of Sec. II, Eq. (59).
Since 7 is proportional to e~(@0°/27 i the regime where
@} > m, the zeroth order damping rate is exponentially small.

We will also be using the left eigenvector ) of My(@j).
The left eigenvectors differ from the right eigenvectors ef

because M) is not symmetric. The left eigenvectors satisty
éy.My(af) = 0. (202)

Using Eq. (182), we can write the above equation explicitly
as

€)™ ==Y (&))" W(wh/m)
=1
J ' rdrlo (ﬂ r) Jo (ﬂ r) fig(r)
0 Iy Iy
5 .
X
y [(ﬁ) + i

Comparing Eq. (184) to Eq. (203), we obtain the following
relation between €{; and ej:

_ N\ 2
@)= [(—) R

X

(203)
r&, 2
7J1 (xr)

r&; 2 u Im
SeJ1(xp)(eg) ™

> (204)

Ty

2. First orderinze

Analysis of the first-order correction to the eigenmodes
follows similar steps as for the 1D model of Sec. II, except
that the matrix M{"™ is not symmetric so both left and right
eigenvectors must be used.

To the first order in ¢, dispersion relation is given by

Mo(&)g)elll + c‘o’fa;,Mo(cbf)‘)eg + M, (&)g)eg =0. (205

Taking the product of Eq. (205) from the left side with the
left eigenvector é; and using Eq. (202), the first term will be
eliminated. We can then solve for @} and obtain

M () el
&0 Mo(w]) €
(€p)" M (). (ep)"
= ——0 T —. (206)
(€0)".0a Mg (@p).(€p)

— M
] =

The real part of @/ gives a correction of order ¢ to the mode
frequency and the imaginary part gives an order & correction
to the damping rate. The numerator of Eq. (206) can be
evaluated using Egs. (C1), (C5), and (184). We note that
Egs. (C1) and (C5) show that M| (@) is a real function of
W (@f/m) and @f; that is, M{"™ is real if W(@y/m) and @}
are real. Furthermore, the denominator of Eq. (206) is also a
real function of W(@}/m) and ®{. This follows from
Eq. (182) and identity (68). Therefore, the right hand side of
Eq. (206) is a real function of W(@{/m) and @}, which we
call f(W, @h). Eq. (206) can therefore be written as
of =f(W,ay). (207)
We can then obtain the first-order correction to the damping
rate by taking the imaginary part of this equation, substitut-
ing wy = @y, + 74 and Taylor expanding in 7}
?l]l = ?ga@f(wﬂ @8)7 (208)
noting that W(@{,/m) is real. This shows that 7/ is directly
proportional to the zeroth order damping rate 7{. As a result,
when @} > m, 7! is also exponentially small.

Figure 11 shows the change in mode frequency versus
the applied squeeze potential. As in the 1D case, the squeeze
causes a decrease in the mode frequency, as the modes axial
sloshing motion is impeded by the squeeze potential.

The first order correction to the eigenmode is obtained
from Eq. (205) as
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FIG. 11. Plot of the change in mode frequency for axial mode m =1 versus the

applied squeeze potential, in a plasma of L=10cm, w, = 1.15 x 108rad/s,
1, &~ 0.4cm, and r,,=2.86 cm for temperatures 7= 10meV, T =30meV, and
T=70meV.

(ef) = —(Mj (@)~ M (@) (e))", j#m. (209
In the above equation, index j represents the axial Fourier
mode number and radial indices are implicit. We also used
the fact that the matrix M, is block-diagonal in the axial
modes (see Eq. (199)), which implies that its inverse is also
block diagonal, with matrices (M{})~" in each block. ‘

Equation (209) applies only for the components (e}
with j # m. The j=m term takes more work. For j=m,

Eq. (205) becomes

I'M/im(

MG - (€)™ + [@} 0 Mg (@) + M (@f)] - (e5)" = 0.

(210)

To solve this equation, note that M (@f) has a set of
right and left eigenvectors E” and E" , respectively, with non-
zero eigenvalues, in addition to the right and left eigenvector
(ef)™ and (€)™ whose eigenvalue is zero (see Egs. (200)
and (202)). These other eigenvectors satisfy

M (") - E" = J,E" @211)

12
and

E" M@k = ,E". (212)
We solve Eq. (210) by expanding (e})” in the set of
right eigenvectors (assuming they form a complete set)

= chE”.

Note that we neglect the eigenvector with zero eigenvalue in
this sum since, by assumption, (e{)” is orthogonal to this
mode (which is included in the zeroth order). Substituting
Eq. (213) into Eq. (210), and applying a left eigenvector
yields the solution

(213)

00
Z m Man

—m J=1

f)-(efY | + (e
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o) B (@10, ME"(@f) + M ()] - ()"

A,,E -E"

(214)

where we have used orthogonality of left and right eigenvec-
tors, E' E'=0 [provided Z; # 4,]. 12

Note that the inversion of matrix M” in Eq. (209) can be
carried out only when Det[M” | #0. Th1s condition will not
be satisfied in cases where degeneracies exist among the
unsqueezed eigenmodes,'® i.e., when Wy = a)g for
unsqueezed modes p and y'. Fortunately, for the particular
cases studied here, no such degeneracies appear. In Ref. 13,
degeneracies occurred because ideal cold fluid theory was
used; but here Landau-damping of high-order modes breaks
the degeneracies.

Using Eq. (185), the squeezed eigenmode p = (n,.,m) up
to the first order in ¢ is

Sp"(r,z,1) =20y (r,z)e " cos(w,t)
+2Re[0¢] (r, z)]e " cos(w,t)
+ 2Im[d¢} (r, z)]e "sin(w, 1), (215)
where
5(r) =63 3 (el (x r)cos[km/(z+L/2)]
I'#L m'#m
(216)

Since elements of e are linearly proportional to |6¢"| and
elements of e’f are linear combinations of elements of eg,
both real and imaginary part of d¢/ (r, z) are linearly propor-
tional to |0¢*|. Figures 12(a) and 12(b), respectively, depict
the contour plots of the cos(w,?) and sin(w, ) time dependent
part of the change to the m=1, n,=1 eigenmode due to a
squeeze potential, which are given, respectively, by the rela-
tions (215) and (216).

3. Second order in ¢

Evidently, damping from the squeeze is second order in
&, just as in Sec. IV. The second order dispersion relation is
given by Eq. (105)

2
Mo(@§).¢4 -+ 201 52 My (). + @50, Mol ¢

(0]
+ w'0pM, (wo) el + M ().} + @95 Mo(df).ef
+ My (0f).€ll = 217)

In order to solve for 75 we take the imaginary part of the
product of Eq. (217) with €f. As for the derivations for the
ID case given by Egs. (102) through (105), for @{ > m,
terms 1, 2, 4, and 6 are zero. As a result, the second order
damping rate is given by

My (@), (ef)”

VZZ_ (

€y)".0pReMy" (@h).(ef)" ’

(218)
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FIG. 12. Contour plots of the real and imaginary part of d¢(r,z), the
change in the spatial dependence of the eigenmode due to squeeze potential,
for the lowest-order mode u = (1,1). Re[d¢ (r,z)] depicted in Fig. 12(a) has
a cos(w,1) time dependence and Im[d¢/ (r,z)] depicted in Fig. 12(b) has a
sin(w,t) time dependence. The z axis extends from —L/2 to L/2 and the r
axis extends from O to r,,. Plasma parameters are the same as for Fig. 7.

where (ef Y is given by Eq. (209). Figure 13 shows the damp-
ing rate versus the applied squeezed potential for various
temperatures using relations (201), (208), and (218), for typi-
cal confined plasma parameters. The second order damping
rate is the result of resonant wave-particle interaction. Thus,

~y/w,

T =10meV

0.10 0.15 020 0.30 0.50 070 1.00 150 2.00 3.00

$sqleV)

FIG. 13. Plot of the damping rate of axial mode m =1 versus the applied
squeeze potential, in a plasma with same parameters as Fig. 11.
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lowering the temperature will move the resonances in phase
space to energies where the plasma is less populated, i.e., to
higher phase velocities compared to the thermal velocity. As
a result, lowering the temperature results in smaller damping
rates.

V. CONCLUSION

In this paper, we have explored the effect of an applied
squeeze potential on the frequency, damping and spatial
form of TG modes. The presence of a squeeze potential
results in additional resonant wave-particle interactions at
the bounce frequencies w, = ®/n, which enhances the mode
damping rate. There are two different reasons for these extra
resonances to be generated: (i) The squeeze potential modi-
fies the unperturbed orbits of the particles in such a way that
a single cosine wave in position space is seen by the particles
(as a function of time) as perturbed, containing higher har-
monics with amplitudes of order ¢,/T. (ii) The shape of the
mode potential in position space is also modified and con-
tains higher harmonics of amplitudes O(¢,/T). Our analysis
shows that in the regime where ¢, /T < 1 and w/k,vr > 1,
the mode damping rate has a quadratic dependence on the
amplitude of the applied squeeze potential |¢,,|, while, for
low-order TG modes, the frequency shift due to squeeze is
first-order in the squeeze potential. This behavior is consist-
ent with experimental results. A detailed comparison to
experiments will be presented in a separate paper.

In the theory presented here, we assume that the squeeze
is applied slowly so that at every stage the plasma is in a
thermal equilibrium state, described by a rigid-rotor
Boltzmann distribution. However, in experiments, the
squeeze may be applied rapidly, so that while the distribution
remains Boltzmann along any given field line, the plasma is
no-longer a rigid rotor. In the following work, we will gener-
alize our results to account for effects such as this, where the
squeezed plasma is not in a full thermal equilibrium state.
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APPENDIX A: ORBIT CALCULATIONS

For a small squeeze potential such that ¢,/T < 1, the
energy of a majority of particles is much larger than ¢,. We
would like to expand the functions of energy in the system in
terms of the smallness ordering parameter ¢ introduced in
Eq. (23), assuming that adding the squeeze potential will
result in a first order perturbative correction to these func-
tions. Thus, for passing particles, which have scaled energies
u > e, we expand the functions of energy in terms of ¢ to
first order in &. From Eq. (27), we calculate the period of the
orbit for a passing particle at energy u which orbits the whole
length of the plasma

. (AD)
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®(z
wbzwo{l—8<q)l( )>], (A2)
2u

where the symbol (...) represents the spatial average along
the length of plasma L. Here, 79 =2L/ UT\/E and
wy = fvT\/ﬂ are, respectively, the time period and the
bounce frequency of the motion of particle with energy u in
the absence of the squeeze potential. The angle variable as a
function of z, for v > 0 is given by

27 7 dz
V= TJL/z v(Z)
~ L r Ao (@)}
~r Z+§+8J L/Zd o ] (A3)

In the above equation, we substituted t(E) from Eq. (Al).
Furthermore, we defined {®,(z)} = @,(z) — (¢,(z)), which
is the size of the deviation of @ (z) from its spatial average
(®,(2)). For v <0, we have
m ’ {0.(#)}
=n——|z—L/2 d7 ~——=|. A4
== I lz / +8J—L/2 Z o (A4)

Thus, the angle variable can be written in terms of the angle
variable in the absence of squeeze, plus a first order correc-
tion due to the squeeze potential

Y=o+, (A5)
%:%[z—i—L/Z}, v>0
:n—g[z—L/Z], v <0, (A6)
o T Ao (@)}
W, = 851gn(v)z U—L/z dz T] . (A7)

The action variable is

| L)2
P= gtz =1 [ e (1 — )0

-L/2
~ mgvrv/2ul [ _ <€01 q
s - 1 e (A8)

Comparing Eq. (A8) with Eq. (A2), we get the following
relation:

2

I = mywy, I (A9)

Since in Eq. (A8), action variable / is given as a function of
energy, we can reverse this relation to obtain energy as a
function of / to the first order of perturbation

I’

= A10
2m LT ( )

+&(@)-
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The position dependent part of the mode potential d¢(z)
can be written as a(periodic) function of action-angle vari-
able 6¢(z) = d¢(y,I). Furthermore, we can Fourier expand
J¢ in terms of action-angle variables and calculate the nth
Fourier component

21

do1) = 57| a0l
~30l(1) + - z e M) 50(2) (i + i)
~ 30l (1) + - znwl — infdirg)e™""d0 ()
~ 50\ (1) + ;—n z d(yye” ™) 50(2). (A1)

Integrating by parts on the last line of Eq. (All), since
Y, (z = %L/2) = 0, we obtain

21
0p,(1) wéw,&())(l)—zl—njo Yo ™d(Sp(z)),  (A12)

where 5¢\%)(I) is the Fourier component in terms of action-
angle variables, in the absence of squeeze potential for which
Vo is given by Eq. (AS5)

1 271 i
0 (1) = = | e ol

JL/2 dzcos[nn< +L>]5(()
= nL I z > (z).

Using Eqs. (A6) and (A7), we can write Eq. (A11) as

(A13)

3¢, (1) — o0 (1)

I a0
N R L
upL L 2

We will now use these results to determine the Fourier
coefficients C7,(I) given by Eq. (34), to the first order in
¢. For the squeeze potential, we use the symmetric form
given by Eq. (17). From the wave potential d¢(z,1)
given by Eq. (31), we can see that the wave is a super-
position of cosine waves. For the mth cosine, we substi-
tute cos[™® (z +%)] for d¢p(z). Substituting from Eq. (31)
in Eq. (Al13), we obtain the unsqueezed Fourier
components

Y

2u dzé(p(z)'

(Al4)

NI!“

(1)) © JL/Z %cos [”L (z+L/2)}5¢cos[L (z+L/2)}
% (A15)

Using the relation
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[ {m(&W_W¢;
L)2

» 2 3 2 sin |:27I— (z+ L/2)}

first we calculate the perturbation to the mth Fourier mode in
angle space

cnr) — [enn)©
FJL/Z dzmm {mn

ST

Y
2 /
sm |: mm L:|

2u 2mm’

L o0 =1
d m 2m
= 8j aymn sin {—n y] Pm
o L 2L -

L 7| 4= 2u2mm
_ Pt
16 \u)’

Now we calculate the perturbation to the nth Fourier mode,
where n £ tm

c,(1) = SJ: %% cos <nLny> sin (’T}) n:: ‘_grl;/
X ﬁ sin {27‘5}11' ﬂ
— amjs any% (sin {(n +m) zy}
+sin {(m —n) %} ),”ZOZ 47;”;’:,usin [2nm’ ﬂ
= (vm/zoi:]mjo n]iiy4 (Cos [(ﬂ +m—2m') 72))}

_cos{(n+m+2m) L} +cos[( _n_zm/)%}

(A16)

1
ny %
— — 2 2 Al7
cos{( n+2m) ]>4nm’ (A7)
Finally, the above integral simplifies to
o.¢]
C” Z n,—m+2m' — 5n77n172m’ + 511,»172m’
=1
. mo,,
— Opmiam ) —. Al8
2 )4nm’u (AL8)

In the above Kronecker delta functions, if m is odd, n must
be odd and if m is even, n must be even in order to get a non-
zero result. Since m’ > 0, we can further simplify Eq. (A18)
to obtain

—1
n m (men 2

m-—n

~1
<Pm+n/z> <Z>, n# *tm. (A19)

m+n
For both n and m odd or both even. In summary, we have
Co(l) =

() + otve/u, (A20)
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1
[En D] =2 St (A21)
| Ptz | P2
n " m—n m-+n
O("'_8 m—n+m+n nm
—1
:%, n=+m. (A22)

For the rz system, the Fourier series expansion for the
scaled Debye shielded squeeze potential @,(r,z), defined in
Eq. (155), is given by

P1(r.2) = (P1(r. D). + > @l (r)cos

2n%(z+L/2)].

We can perform similar calculations, starting from Eqgs. (158)
through (162). Fourier coefficients of the squeezed rz system
to the first order in ¢ are given by

" e 1 woa €
Cm <I‘, ;) = 5 5|n\,m + am(r) ; )

where coefficients o () are functions of radius given by

(A23)

=1 ~1
n _m (p\m—n\/z(r) (p|m+n|/2(r)
anz(r)_gl m—n + m4n ’ n;ém
—1
_ o)
=0l (A24)

APPENDIX B: MATRIX CALCULATION

In order to obtain expressions for the zeroth, first, and
second order dispersion matrices My, M;, and M, from Eq.
(50), we need the functional form of u,(¢) for ¢ < 1, where
u, (&) is the scaled energy at which wy(u,) = @/n. In dimen-
sionless form, this relation is

@p(Un, &) = @/n. (B1)

We first expand @, (u, €) to second order in ¢, obtaining,
from Eq. (A1)

L2 1 ( ep1(2) 3,910
wp =1 dz/L |+ 270 ) (B2
’ /JL/Z / V2u u 8 u? B2)

which implies

mww—¢ﬂb—;@oai(@M—3ﬁQ+m}
(B3)

We can then invert this expression to solve Eq. (B1) for u,,
writing u, = uuo + éu, + ... and collecting terms of the
same order in &. The result is

Un = ;2 <<P1>8+; (Z)) (3% — (p))")e® + ... (B4)
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As a result, we have to second order in ¢
—u _o? _ 3/n\?  _ _ 1,
= (1 ~(@e=3(5) (o) - <w1>2)82+5<<01>282+--->- (B5)

Furthermore, we expand 1/(e™%?1)

1
=1+ (@1)e =5 (0D + (@1)% ... (B6)

Thus, we have

<::le> _ ot <1 - (% (%)2 + %) [(@%) - <¢1>2] &+ ) (B7)

We also need dwy(uy, ) /du. Taking the derivative of Eq. (B3) and using Eq. (B4) implies

o 4
WZQ(H%Q) (<<pf>—<<p1>2)32+...>. (B8)

w w

We now use these results to expand the dispersion matrix M(@, ¢) in powers of ¢. To zeroth order, we use the lowest order
forms in Eq. (44), @, = v/2u (from Eq. (B3)), and C),, = 5,,,1‘,4/2 from Eq. (A21). This implies

MI"(@) = S |1 +

——W(w/m)]|. B9
el )1 (B9)

The first order correction is found using the first-order expansions of 1/(e™*?1), @; and Con.n In Eq. (44). This results in
the expression

5 C,(0)C,(0)

T @woer [ . (@/n)? + 5,07 |
+ <%>Jdu i onior lduagwbw,m((w o [ GO0
i (Dh(u?O)e_u n n n n
i J it~ oo PCHOICH0) +A.C,0)C0) . (B10)

The first term on the right hand side arises from expansion in ¢ of the lower bound in the u-integral in Eq. (42). This is zero
since from Eq. (B3) we have @,(0,0) = 0. The second term arises from expansion of 1/{e™*?1) using Eq. (B6), and the last two
terms arise from expansion of @, and C}, , respectively. From Eq. (B3), we have

@p(,0) = V2u, 9, (u,0) = —(p,)/V2u. (B11)

Using Egs. (B11) and (A20), the remaining terms on the right hand side of Eq. (B10) can be simplified to obtain

(@ __Z(K"—I/ID)_z 0, i Mi\/il;eﬂ‘ 0, u ((I)/m)2—|—2u e !
i R L Lo Wid Vau((ojmy 2t o

+2

J Vet vauer } (B12)
0

du m 42 ldu——mM———
u((@jm) —2u) 7 J w((@/p) —2u) "

Now, using integration by parts we can show that
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@) a2 L2 i) jd%(—ﬂ_z)—«mjd(i ®13)
0

V2u((@/m)? — 2u)? (@/m)* —

Thus, the first two terms in Eq. (B12) cancel and we are left with

i 2(Kip)* J 2ue™ . J V2ue ™
M (@) = —22mD) o gy VMmoo gV A
(@) var | M @m0 " ) @/ =20 (B9

Using the following relation, we further simplify M|" (@)

T ue " i 2V 2u “u
ld”u«w/i) —2“>_J (@/m ( (@/m >12—2u>e

)’
o[

2
du —|— 5 J \/2_14 e "du
> ) (afm)* = 2u
m? _
=3Vl = W(a/m)], (B15)
where W(x) is defined in Eq. (55). As a result, we obtain

mp -\ __ 4 m2 — m p2 — D 6

Mi" (o) = *% E[l = W(o/m)oy +F[l — W(a/p)lod, | (B16)

For M,, we note that we only need ImM, in our lowest-order expression for the damping rate due to squeeze. Applying
Egs. (B4), (B5), (B7), and (B8) to Eq. (44), we obtain the following pure series form for Im M(&, ¢):

2
A (,6) = mz pdad (1 (2 (%) +§> [<<p%><(p1>2]e2+..->
n\* n? 2\’
x (1 -3(2) @) —<<p1>2}82+...> ( w2+ 2t (8 (o)) () +>

2}12 n n — n 2]’[2 ’ 2
X 5,,1,/24—?0([,8—&—([31,—((/71)%) o) ¢ +...], (B17)

where we also used the following series expansion, which is obtained in detail in Appendix A to the first order(second order
coefficients 5 are not evaluated since they do not contribute to our results)

Cri(&/tn) = Sum /2 + (&/un) o, + (S/MII)Zﬁnm +

2 22\’
:5n,ﬂ/z+s§a;+sz(ﬁ;—<¢1>a;)<§> T (B18)

The zeroth, first, and second order ImM are found by collecting terms in Eq. (B17)

4n 2
MM (0) = ——————e 1?5, /4 B19
0 ( ) }%)K,%,\/Em LP/ ( )
_ 4n —a2/2 P 2 /2 M
I M”"P */2p* ¥ _p ®*/2m* "t m B20
m (w) = —/121(2\/_ [e 5 ob +e > o' ( )

4n W 2292 m\* 3 /m\* 1 P ’
M) = | ,m%)2m - (= _ =2\ /= -2 /2p? i »
Im 113" () )%Kim[ 2, (3(w) +3(3) +2> (@) = @ n /20 (8~ (o110 (£
—@2/2m* [ pm — my (11 ’ o n ’ —@%/2m% n 0
+2e By —(@0e) (=) +D 4(=) e o). (B21)
n=1

Note that the expression for Im M agrees with the imaginary part of Eq. (B16).
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APPENDIX C: MATRIX CALCULATION FOR THE RZ SYSTEM

In order to carry out a perturbation expansion of the dispersion relation of the 7z system given by Eq. (177), in terms of ¢
as the smallness parameter, we need the series expansion of M/ given by Eq. (179) in terms of &. We write this matrix as

J rdr]g (:C—l r) To (lx—l r) io(r)b(r,e) M™™ (r, @, &)
0 w w
: (1)
CEE
rW

rW
> e
<e*5(/)l (7'13)/T>

P e T o) - (Cz)

is a Boltzmann prefactor due to variation of the squeeze potential with radius, and

i 8 > [ wpe ™ & &
MM (r @, e) = — - J du———=——-C (r, —) cr (r, —) (C3)
V21 p (e ), ; w0,00)  (@/n) — @} " u

is the same matrix as appeared in the 1D calculation (the second term in Eq. (44)) (aside from multiplicative constant K,;z that
does not appear in Eq. (C3)). We expanded this matrix in ¢ in Appendix B and can use those results to obtain the required ¢
expansion here. The zeroth order matrix is (see Eq. (B9))

1l
M e — 5115mm

where

ME™ = 8mW (@ /m) )23, (C4)
and the first-order correction M’f’”’ is given by Eq. (B16) (multiplied by Krzn)

n? m’ ,
A — _}iz{_—[l — W(a/m)a" Jrﬁ[l _W((o/m)]ocm} (C5)

n
VDCO

Let us call the second-order correction ?m; the imaginary part of this matrix was evaluated in Eq. (B21). Now, expand-
ing b(r, ) to second-order yields b(r, &) = 1 + &by (r) + &by (r) where

bi(r) = 7 (0()@1),/ (7o), = (@1):) (o)

and

5206) = 5 (3020 + (000 / 7001, — 3 (003 70,1 — o) o ) ). ) e

T2
and thus the combination b(r, &) M™ (r, @, ¢) has the following expansion, up to second order:

b(r, &) M™ (r,@, ) = M (r, @) + e(M™™(r, @) + M (r, &by (r))
+ & (MG (r,@) + M (r,@)by (r) + MG" (r,@)ba(r)) . (C8)

Using Egs. (C1), (C4), and (C8), we obtain the following explicit form for the zeroth order matrix Mg’ mm

Iy

J rdriig(r)Jo (xr /rw)Jo(ar /1)

M = S | 07, + 2W (@ /m) 2 7 (C9)
o B2+ B
and using Eq. (C5), we obtain the first order matrix M ]; Lmm
JVdrﬁo(r)Jo(xir/rw)Jo(xzr/rw) [M™ (r, @) + MG™ (r, )by (r)]
M/IIﬁIm — 0 . (Clo)

m°w

y {x + k2 ,,2] 2(x)
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For the second order matrix, we only require the imaginary part, given by

Tw

0

rdritg(r)Jo (xpr /r)Jo(xir /r) [Im ME™ (r, @) + Tm MY (r, )by (r) + Im MG (r, @)ba(r)]

(C11)

[lmm _
Im M, = —

where ITm M5" (r, @) is given by Eq. (B21) (except for the
factor of K, 2).
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