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Effect of squeeze on electrostatic Trivelpiece-Gould wave damping

Arash Ashourvan and Daniel H. E. Dubin
Department of Physics, University of California at San Diego, La Jolla, California 92093, USA

(Received 13 March 2014; accepted 4 May 2014; published online 27 May 2014)

We present a theory for increased damping of Trivelpiece-Gouid plasma modes on a nonneutral

plasma column, due to application of a Debye shielded cylindrically symmetric squeeze potential

u1. We present two models of the effect this has on the plasma modes: a 1D model with only axial

dependence, and a 2D model that also keeps radial dependence in the squeezed equilibrium and the

mode. We study the models using both analytical and numerical methods. For our analytical

studies, we assume that u1=T � 1, and we treat the Debye shielded squeeze potential as a

perturbation in the equilibrium Hamiltonian. Our numerical simulations solve the 1D

Vlasov-Poisson system and obtain the frequency and damping rate for a self-consistent plasma

mode, making no assumptions as to the size of the squeeze. In both the 1D and 2D models,

damping of the mode is caused by Landau resonances at energies En for which the particle bounce

frequency xbðEnÞ and the wave frequency x satisfy x ¼ nxbðEnÞ. Particles experience a

non-sinusoidal wave potential along their bounce orbits due to the squeeze potential. As a result,

the squeeze induces bounce harmonics with n> 1 in the perturbed distribution. The harmonics

allow resonances at energies En � T that cause substantial damping, even when wave phase

velocities are much larger than the thermal velocity. In the regime x=k�
ffiffiffiffiffiffiffiffiffi
T=m

p
(k is the wave

number) and T � u1, the resonance damping rate has a ju1j2 dependence. This dependence agrees

with the simulations and experimental results. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4878319]

I. INTRODUCTION

Trivelpiece-Gould (TG) modes are electrostatic normal

modes of a cylindrical plasma column. For a cold plasma

contained in a perfectly conducting cylinder of radius rw,

with uniform plasma density up to the plasma surface at

radius rp � rw, the dispersion relation for the TG modes is1

x � xp
kmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
? þ k2

m

p 1þ 3

2

kmvT

x

� �2
" #

: (1)

The above equation employs the following notation:

mode frequency x, plasma frequency xp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pq2n0=mq

p
,

density n0, particle charge q, particle mass mq, thermal veloc-

ity vT ¼
ffiffiffiffiffiffiffiffiffiffiffi
T=mq

p
, perpendicular wave number k?, and axial

wave number km ¼ pm=L (L is the length of the plasma).

Throughout the paper, we assume that L� rw. For such a

thin and long plasma and for cylindrically symmetric modes

to the lowest order in rw/L, the radial wave number is

approximated by

k? �
1

rp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

logðrw=rpÞ

s
;

for the lowest order radial mode, and for modes with one or

more radial nodes, k?rp ’ j1n where j1n is the nth zero of the

Bessel function J1 (x). (However, if rp¼ rw, k?rp ¼ j0n.1)

This paper considers the effect on cylindrically symmet-

ric Trivelpiece-Gould modes of applying a cylindrically

symmetric, axially localized “squeeze” potential usqðr; zÞ to

the plasma column. In experiments, a controlled squeeze

potential is created by applying a voltage to a conducting

ring encircling the plasma column. Uncontrolled axial

squeezes, both magnetic and electrostatic, are ubiquitous in

many different experiments, and our work is an attempt to

quantify their effect on plasma modes.

We focus on plasma conditions such that the mode

phase velocities are much greater than the thermal velocity

of the plasma. In such conditions, Landau damping in the

absence of squeeze is expected to be negligibly small. The

presence of the squeeze potential modifies the orbits of the

particles as well as the spatial form of the mode potential,

which results in additional resonances at particle bounce

frequencies satisfying xbðEnÞ ¼ x=n, where xbðEÞ is the

frequency of axial bounce motion of particles with energy E.

Physically, particles moving in z experience a non-sinusoidal

mode potential caused by the squeeze, producing high-

frequency harmonics that can resonate with the wave fre-

quency to cause Landau damping, even when the mode

phase velocity is large compared to the thermal velocity. We

will see that these added resonances cause an enhancement

to the mode damping rate that has a ju1j2 dependence. We

also derive a real frequency shift proportional to u1. These

theory results are verified by computer simulations.

Previous work has examined the effect of an axisymmet-

ric squeeze on h-dependent E � B drift modes, in theory2,3

and experiment.4 Enhanced damping due to squeeze was

also observed on these modes, but due mainly to collisional

effects, caused by a mode-driven discontinuity in the veloc-

ity distribution function at the separatrix between passing

particles (those with kinetic energy large enough to pass
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over the squeeze potential) and particles trapped on either

side of the squeeze. While collisional effects can play an im-

portant role in TG mode damping, particularly in low tem-

perature multispecies plasmas, we believe that collisions are

unimportant in determining the enhanced damping due to

squeeze compared to the collisionless effects considered

here, in the regime where the collision rate is small com-

pared to the bounce frequency. TG mode frequencies are

much higher than those for the E � B drift modes considered

previously, and this tends to suppress the separatrix disconti-

nuity that enhances collisional damping.

In Sec. II, we present a 1D model theory for squeezed

Trivelpiece-Gould modes, which includes a self-consistent

treatment of the mode potential in the presence of a 1D

squeeze potential. In the analytical solution of this model,

we assume that u1=T � 1 and treat its effect with perturba-

tion theory. This naturally neglects trapped particle effects

on the modes. We evaluate the mode damping rate and fre-

quency shift from our theory and compare these results to

computer simulations, which make no assumptions about the

size of u1/T, finding good agreement when u1/T is small.

In Sec. IV, we extend our method to a cylindrically sym-

metric r and z dependent plasma of length L trapped in a

Malmberg-Penning trap of the same length and wall radius

rw, assuming flat plasma ends that specularly reflect par-

ticles. A squeeze potential usq is applied to a conducting

cylindrical section of width D at the axial center of trap.

Similar to the 1D model, since the squeeze potential is

Debye shielded from the inner plasma, we assume that the

Debye shielded squeeze potential energy inside the plasma is

small compared to plasma temperature, i.e., u1ðr; zÞ � T
and thus neglect trapped particle effects. Using perturbation

theory, corrections due to squeeze potential to the r and z
dependent eigenmodes and their related eigenfrequencies

and damping rates are obtained.

II. 1D MODEL

In this section, we neglect radial variation for simplicity

and we assume that the plasma ends are flat, and that par-

ticles undergo specular reflection at the ends, z¼6L/2. We

also assume that the squeeze potential is symmetric in z with

respect to the center of plasma. This is not necessarily the

case in the experiments, however, this added symmetry sim-

plifies the problem. In this 1D model, we will find that

Eq. (1) still applies, but now k? is an arbitrary parameter.

We focus on azimuthally symmetric modes in a strong mag-

netic field and we assume the following ordering for the time

scales:

�col � xb � x � xp � xc: (2)

Here, �col is the collision frequency and xc ¼ qB=mqc is

the cyclotron frequency. Reading from left to right, the first

inequality allows us to use collisionless theory to describe

the waves; the second inequality is necessary so that waves

are not heavily Landau damped; and the fourth assumes a

strong magnetic field. In such a strong magnetic field, the

distribution of particle guiding centers is described by drift-

kinetic equations. Particle motion consists of E�B drift

motion across the magnetic field and streaming along the

magnetic field in the z direction. Since we assume the plasma

consists of one type of particles with charge q, in our calcula-

tion, we make use of potential energy instead of electrostatic

potential, in order to simplify our notation.

In this 1D strong-magnetic-field model, collisionless

plasma dynamics is described by the time evolution of the

Vlasov particle density f (z, v, t), a solution of the 1D Vlasov

equation

@f

@t
þ v

@f

@z
� 1

mq

@u
@z

@f

@v
¼ 0; (3)

where uðz; tÞ is the potential energy of a particle. This poten-

tial energy is the sum of a given time-independent applied

external squeeze potential usqðzÞ, and the plasma response

upðz; tÞ,

uðz; tÞ ¼ usqðzÞ þ upðz; tÞ; (4)

where the plasma response satisfies Poisson’s equation

@2up

@z2
� k2

?up ¼ �4pq2

ð
dvf � n0

� �
: (5)

Here, n0 is the density of a uniform neutralizing background

charge (provided by rotation at a given frequency through

the uniform magnetic field in the actual plasma system.) We

also assume here that “radial dependence” of the plasma

potential in our 1D slab model is given by the k2
?u term. In

the actual plasma experiments, this term is replaced by the

radial part of the Laplacian operator—see Sec. IV for the

model including radial dependence.

For our analysis of linear modes, we linearize Eqs. (3)

and (4) in the wave potential, writing

upðz; tÞ ¼ upeðzÞ þ duðz; tÞ; (6)

and

f ðz; v; tÞ ¼ n0ðF0ðz; vÞ þ dfðz; v; tÞÞ: (7)

Here, upe is the equilibrium plasma potential, n0F0ðz; vÞ is

the equilibrium distribution function, and du and df are the

perturbed potential and distribution function, respectively,

due to the TG mode. The equilibrium quantities satisfy the

time-independent Vlasov-Poisson system

v
@F0

@z
� 1

mq

@u1

@z

@F0

@v
¼ 0; (8)

@2upe

@z2
� k2

?upe ¼ �4pq2n0

ð
dvF0 � 1

� �
; (9)

where

u1ðzÞ ¼ usqðzÞ þ upeðzÞ þ C (10)

is the total equilibrium potential energy, and C is any con-

stant (we may choose to measure potential energy with

respect to any convenient zero value). For our purposes, we
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find it convenient to take C ¼ �usqðL=2Þ � upeðL=2Þ, so

that (for a symmetric squeeze potential) u1ð6L=2Þ ¼ 0. In

Sec. II A, we discuss the solution of this coupled equilibrium

system for a given symmetric squeeze potential usqðzÞ.
To determine the dispersion relation for TG waves in

the presence of a squeeze potential, we substitute Eqs. (6)

and (7) into Eqs. (3) and (5) and linearize in the wave ampli-

tude obtaining the linearized Vlasov-Poisson system

@df

@t
þ v

@df

@z
� 1

mq

@u1

@z

@df

@v
� 1

mq

@du
@z

@F0

@v
¼ 0; (11)

@2du
@z2
� k2

?du ¼ �4pq2n0

ð
dvdf: (12)

We consider solutions of these coupled linearized equa-

tions in Sec. II B.

A. Squeezed thermal equilibrium

The plasma in this model is a slab of width L running

from �L=2 � z � L=2. In the absence of a squeeze, it has

uniform density n0. We assume that the applied squeeze

potential usqðzÞ is symmetric with respect to the center of

plasma. It has a maximum umax
sq ¼ usqð0Þ and minima at the

plasma ends. Then the solution of Eq. (8) for the equilibrium

distribution function is F0 ¼ F0ðH0ðz; vÞÞ, where H0 (z,v) is

the Hamiltonian of the plasma equilibrium given by

H0 ¼ mqv
2=2þ u1ðzÞ: (13)

For any given function form of F0 (H0), Eqs. (8)–(10), and

(13) can be solved for the plasma potential energy upeðzÞ, for

given boundary conditions on Eq. (9). We assume periodic

boundary conditions with period L. The functional form we

choose for F0 (H0) is the Boltzmann distribution

F0 H0ðz; vÞð Þ ¼ e�
H0
Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pT=mq

p ðL=2

�L=2

e�
u1ðzÞ

T dðz=LÞ
; (14)

normalized so that ð1
�1

ðL=2

�L=2

F0dvdz ¼ L: (15)

We are particularly interested in a case where the

squeeze potential is Debye shielded to the extent that the

equilibrium potential energy u1 inside the plasma is much

smaller than the average kinetic energy; i.e., u1=T � 1. In

this situation, we can expand Eq. (9) to the first order in u1/T
and get the following relation:

ð�k2
? þ @2

z Þupe ¼ k�2
D u1 � hu1ið Þ; (16)

where kD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T=4pq2n0

p
is the Debye length, and

h�i ¼
Ð L=2

�L=2
dz=L. For a squeeze potential, which is symmet-

ric with respect to the center of the plasma, we have the

following representations (using the periodic boundary

conditions):

u1ðzÞ ¼ hu1i þ
X1
n¼1

u1
n cos

2np
L

zþ L

2

� �� �
; (17)

usqðzÞ ¼ husqi þ
X1
n¼1

un
sq cos

2np
L

zþ L

2

� �� �
: (18)

From Eqs. (16), (17), and (10), we can solve for u1, the

Debye shielded squeeze potential

hu1i ¼ husqi � upeðL=2Þ � usqðL=2Þ;

u1
n ¼
ðk2
? þ k2

2nÞk2
Dun

sq

ðk2
? þ k2

2nÞk
2
D þ 1

; (19)

upeðL=2Þ ¼ �
X1
n¼1

un
sq

ðk2
? þ k2

2nÞk
2
D þ 1

; (20)

where kn ¼ np=L.

As a model for numerical work, the applied squeeze

potential usqðzÞ is taken as a Gaussian function with maxi-

mum umax
sq at the center of plasma z¼ 0 and width D

usqðzÞ ¼ umax
sq e�

z2

2D2 : (21)

From Eq. (19), we can see that the magnitude of the potential

inside the plasma is linearly proportional to the magnitude of

the squeeze potential in the regime where u1 � T. For

future reference, we define the maximum of the Debye

shielded squeeze potential at z¼ 0 as us 	 u1ð0Þ.

B. Obtaining the matrix linear dispersion relation

In this section, we solve the linearized Vlasov equation

(11), for the perturbed distribution function dfðz; vÞ, and use

the linearized Poisson’s equation (12) to obtain a dispersion

relation for the electrostatic potential energy du in the

plasma waves. We define the scaled potential �u1 and scaled

energy variable u as

�u1ðzÞ ¼ u1ðzÞ=T; (22)

u ¼ mqv
2=2T þ e�u1ðzÞ: (23)

Here, e is an auxiliary smallness parameter, pertinent for a

system where the squeeze is small, u1=T � 1. At the end of

the calculation, e will be set to 1. We rewrite the equilibrium

distribution function in terms of u as

F0ðuÞ ¼
e�u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pT=mq

p ðL=2

�L=2

e�e�u1ðzÞdðz=LÞ
: (24)

To solve for df, we note that particles perform a periodic

bounce motion along their orbits in the equilibrium potential

u1ðzÞ. Thus, in order to simplify our calculations, we use the

canonical action-angle variables of the orbits, w and I, which

are defined by
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w ¼ xb

ðz

z0

dz

vðzÞ;

I ¼ 1

2p

þ
pzdz:

(25)

Here, the velocity of a particle with scaled energy u is

given by

vðzÞ ¼ vT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðu� e�u1ðzÞÞ

p
: (26)

The bounce frequency xb is the fundamental frequency of

the periodic orbits and can be calculated from

xb ¼ 2p=s; s ¼
þ

dz

vðzÞ; (27)

where s is the time period of one cycle of motion for particle

of action I. For particles with energy u > e�us (where

�us ¼ �u1ð0Þ), which we term “passing particles,” this cycle

of motion is from �L/2 to L/2 and back. For particles with

energy u < e�us, which are trapped on one side of the

squeeze, there is a turning point as particles reflect from the

squeeze potential. The bounce frequency of the cycle of

motion xb can also be expressed as

xbðIÞ ¼ T@u=@I: (28)

Using Eq. (25), w can be written as a function of z and

scaled energy u

w ¼ 2pþ
dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2ðu� e�u1ðzÞÞ
p

ðz

z0

dz

vT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðu� e�u1ðzÞÞ

p ;

¼ 2pþ
dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e�u1ðzÞ=u
p

ðz

z0

dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�u1ðzÞ=u

p ;

¼ wðz; e=uÞ: (29)

As a result of inverting Eq. (29), we have

z ¼ zðw; e=uÞ; (30)

where z is a periodic function of w. The mode potential

duðzÞ can then be written in terms of action-angle variables.

First, we note that for a long thin plasma where x� xp, to

the zeroth order in x=xp the boundary condition on the

mode potential at the plasma ends is approximately

@zduð6L=2Þ � 0.5 Therefore, the standing mode potential

can be written as

duðz; tÞ ¼
X1
m¼1

e�ixtd/m þ eixtd/
m
� �

cos½kmðzþ L=2Þ�; (31)

where km ¼ mp=L; d/m ¼ d/r
m þ id/i

m is the mth complex

Fourier component in the position space and x ¼ xr þ ic
is the complex mode frequency. Alternatively, we can

write the above equation in terms of strictly real

functions as

duðz; tÞ ¼ 2
X1
m¼1

e�ct d/i
m sinðxrtÞ þ d/r

m cosðxrtÞ
� �

� cos½kmðzþ L=2Þ�: (32)

Next, since z is periodic in w, we can write the z-dependence

as a Fourier series in w

cos km zðw; e=uÞ þ L

2

� �� �
¼
X1

n¼�1
Cn

mðe=uÞeinw; (33)

where the connection coefficients Cn
m are

Cn
mðe=uÞ ¼ 1

2p

ð2p

0

e�inw cos km zðw; e=uÞþ L

2

� �� �
dw: (34)

These coefficients connect Fourier representations in z and

w. Using these coefficients, we can write

duðw; e=u; tÞ ¼
X1

n¼�1

X1
m¼1

ðd/mCn
mðe=uÞeiðnw�xtÞ

þd/
mC�n
m ðe=uÞe�iðnw�xtÞÞ: (35)

Since u (or action I) is a constant of the unperturbed motion

and w ¼ xbtþ wð0Þ, relation (35) expresses the mode poten-

tial as experienced by a particle with scaled energy u, as a

function of time along its unperturbed orbit.

The form of the mode potentials as a function of z and

the mode eigenfrequencies can be obtained by simultane-

ously solving the linear 1D Vlasov equation (11) and the

Poisson equation (12), where the mode perturbation to the

distribution function is of the form

dfðz; v; tÞ ¼ df ðz; vÞe�ixt þ c:c: (36)

Substituting for du from Eq. (31), multiplying both sides of

Eq. (12) by 2
L e�ixtcos½kmðzþ L=2Þ�, integrating in time over

a period ð2p=xÞ, and in z over the whole length of the

plasma, from �L/2 to L/2 we have the following series of

equations:

ðk2
? þ k2

mÞd/m ¼ 4pq2n0

2

L

ðL=2

�L=2

ð1
�1

df ðz; vÞ

� cos km zþ L

2

� �� �
dzdv; (37)

where m ¼ 1; 2;…. The linear Vlasov equation (11) can also

be written in terms of canonical action-angle variables

@tdf þ xb@wdf � @wdu@IF0ðIÞ ¼ 0: (38)

This can be solved by expressing df in terms of action-angle

variables

dfðw; I; tÞ ¼
X1

n¼�1
dfnðIÞeiðnw�xtÞ þ c:c: (39)

Substituting from Eqs. (35) and (39) in Eq. (38) and solving

for dfnðIÞ, we obtain
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dfnðIÞ ¼
nxb

X1
�m¼1

d/ �mCn
�mðe=uÞF0ðIÞ=T

x� nxb
: (40)

On the right hand side of Eq. (40), we used

@

@I
F0ðuÞ ¼ T�1 du

dI

� �
@

@u
F0ðuÞ ¼ �xb

F0

T
;

where F0 is given in Eq. (24). Since w and I are canonical

coordinates, dzdpz ¼ dwdI and we can exchange the integra-

tion over (z, v) variables (on the right hand side of Eq. (37))

to ðw; IÞ variables. Performing the integral in Eq. (37) over w
from 0 to 2p using Eqs. (34) and (40), we obtain

d/m �
x2

p

K2
m

4p
LT

X1
n¼�1

ð
f

dI
nxbF0ðIÞ
x� nxb

X1
�m¼1

d/ �mCn
�mðe=uÞ

� C�n
m ðe=uÞ ¼ 0; (41)

where Kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
? þ k2

n

p
is the total wave number, and f

denotes integration with respect to I, performed in the complex

plane below the pole (using the Landau contour6). Due to the

symmetry of the squeeze, we have Cn
mðe=uÞ ¼ C�n

m ðe=uÞ.
Furthermore, in Eq. (41), we will neglect trapped particles,

assuming �us � 1, and we will only integrate over the energies

of the passing particles, i.e., u > e�us. Thus, Eq. (41) becomes

d/m �
x2

p

K2
m

8ffiffiffiffiffiffi
2p
p

v2
The�e�u1i

X1
n¼1

ð1
e�us

du
�xbðu; eÞe�u

ð�x=nÞ2 � �xbðu; eÞ2

�
X1
�m¼1

d/ �mCn
�mðe=uÞCn

mðe=uÞ ¼ 0; (42)

where we used xb ¼ Tdu=dI and Eq. (24). Also we define

the scaled bounce frequency �xbðu; eÞ as �xbðu; eÞ ¼ xb=k1vT ,

and the (complex) scaled mode frequency �x ¼ x=k1vT .

Equation (42) is a linear, complex, matrix eigenvalue equa-

tion which can be written in the simple matrix form as

Mð�x; eÞ:e ¼ 0; (43)

where the dispersion matrix M and eigenvector e are given by

Mm �mð�x; eÞ ¼ dm �m �
8ðKmkDÞ�2ffiffiffiffiffiffi

2p
p
he�e�u1i

X1
n¼1

ð1
e�us

du

� �xbðu; eÞe�u

ð�x=nÞ2 � �xbðu; eÞ2
Cn

�mðe=uÞCn
mðe=uÞ; (44)

eT ¼ ðd/1; d/2;…Þ: (45)

Equation (43) is solved by finding complex frequencies �x
such that an eigenvalue of M equals zero. The corresponding

eigenvector in the nullspace of M provides the Fourier com-

ponents of duðzÞ. Different Fourier components of the mode

(elements of the right hand side of Eq. (45)) are coupled

through the off-diagonal elements of M, which are generated

by the squeeze potential.

C. Perturbation method for the small u1/T regime

In order to obtain the eigenvalues, eigenvectors, and the

damping rate of the modes, we will use a perturbation

approach and expand the dispersion relation in orders of e as

the smallness parameter. We Taylor expand the dispersion

matrix M for small e in Eq. (44)

Mð�x;eÞ¼Mð�x;0Þþ@eMð�x;0Þeþ
1

2
@2

e Mð�x;0Þe2þ…: (46)

We have the following series expansions in terms of e:

M ¼M0 þM1eþM2e
2 þ…; (47)

e ¼ e0 þ e1eþ e2e
2 þ…; (48)

�x ¼ �x0 þ �x1eþ �x2e
2 þ…; (49)

where

M0¼Mð�x;0Þ; M1¼@eMð�x;0Þ; M2¼
1

2
@2

e Mð�x;0Þ: (50)

Details of the calculation of M0, M1, and M2 are given in

Appendix B. The complex column vectors e0, e1, e2 and

complex frequencies �x0; �x1; �x2 determine the spatial form

and complex frequency of the eigenfunctions in the presence

of a small squeeze potential.

Using relations (47) through (49), we rewrite the disper-

sion relation (43), collect the terms of orders e0; e1 and e2 and

set the dispersion relation at each order to zero separately.

1. Zeroth order in e

The zeroth order dispersion relation (for an unsqueezed

plasma) is given by

M0ð�xm
0 Þ:em

0 ¼ 0; (51)

where �xm
0 is the zeroth order, complex eigenfrequency of

mode m. From Eq. (B9), the matrix M0 is, in component

form

M �mm
0 ð�xÞ ¼ 1þ 1

k2
DK2

m

W �x=mð Þ
 !

d �mm: (52)

Thus, we obtain the following zeroth order dispersion rela-

tion for mode m:

1þ 1

k2
DK2

m

W �xm
0 =m

� �
¼ 0; (53)

where the function W(b) is defined as

WðbÞ ¼ 1ffiffiffiffiffiffi
2p
p

ð
f

xe�x2=2dx

x� b
: (54)

Equation (51) is the TG mode dispersion relation of an

unsqueezed plasma. Since M0 is a diagonal matrix, each

Fourier cosine function in Eq. (31) is an eigenmode. Thus,

the zeroth order eigenvector for the mode is
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em
0

� �
l
¼ dl;md/m

m: (55)

The zeroth order eigenfrequency �xm
0 is obtained by solv-

ing Eq. (53). For weakly damped modes with frequency

�xm
0 ¼ �xm

0r þ i�cm
0 , the scaled frequency and the damping rate

are given by

1þ 1

k2
DK2

m

Re W �xm
0r=m

� �
¼ 0; (56)

�cm
0 ¼ �

p�xm
0re
�
ð�xm

0r
Þ2

2m2

P

ð1
�1

ve�v2=2dv

ð�xm
0r=m� vÞ2

: (57)

Since we are dealing with linear modes, the mode amplitude

d/m
m in Eq. (56) is an arbitrary parameter, which we take to

be real. In Eq. (57), �cm
0 is obtained by perturbation, with the

assumption that �xm
0r � �cm

0 . When �xm
0r=m� 1, the Landau-

damping damping rate �cm
0 for the unsqueezed plasma is

exponentially small.

Both real and imaginary parts of the zeroth-order

(unsqueezed) scaled phase velocity �x0=m are functions only

of a single parameter, KmkD. In the limit that the plasma is

cold, so that KmkD � 1; the solution of Eq. (56) is

�x2
0r

m2
¼ 1

ðKmkDÞ2
þ 3þ 6ðKmkDÞ2 þ 24ðKmkDÞ4

þ 180ðKmkDÞ6 þ :::: (58)

The first two terms in this asymptotic series are equivalent to

Eq. (1).

2. First order in e

We obtain the first order correction to the mode fre-

quency �xm
1 ¼ �xm

1r þ i�cm
1 , and the first order correction to the

eigenvector em
1 from the first order dispersion relation given

by

M0ð�xm
0 Þ:em

1 þ �xm
1 @�xM0ð�xm

0 Þ:em
0 þM1ð�xm

0 Þ:em
0 ¼ 0; (59)

where from Eq. (B16) the components of the matrix M1 are

given by the expression

Mmn
1 ¼�

4

K2
mk2

D

m2

�x2
½1�Wð�x=mÞ�am

n þ
n2

�x2
½1�Wð�x=nÞ�an

m

� �
;

(60)

where the coefficients an
m are first-order in e corrections to

the Fourier connection coefficients Cn
m, given by

an
m ¼

m

8

�u1
jm�nj=2

m� n
þ

�u1
jm�nj=2

mþ n

 !
; m 6¼ 6n

�u1
m

16
; m ¼ 6n:

8>>><
>>>:

(61)

From Eq. (59), we solve for the first order correction to

em, which is given by the components

ðem
1 Þj ¼ �

Mjm
1 ð�xm

0 Þ
Mjj

0ð�xm
0 Þ

d/m
m; j 6¼ m (62)

and ðem
1 Þm ¼ 0. Using relation (32), we can write the

squeezed eigenmode m up to the first order in e as

dumðz; tÞ¼2d/m
me�ctcosðxrtÞcos½kmðzþL=2Þ�

þ2e
X1
j 6¼m

Im½d/m
j �cos½kjðzþL=2Þ�e�ctsinðxrtÞ

þ2e
X1
j 6¼m

Re½d/m
j �cos½kjðzþL=2Þ�e�ctcosðxrtÞ; (63)

where dum
j ¼ ðem

1 Þj (see Eqs. (45) and (62)). Contributions to

the mode potential from wave numbers, kj 6¼ km are linearly

proportional to the squeeze amplitude us. These terms ðj 6¼ mÞ
are also linearly proportional to the amplitude of the

unsqueezed mode potential d/m
m (as seen from Eq. (62)).

There are sinðxrtÞ dependent as well as cosðxrtÞ dependent

contributions from the j 6¼ m terms to the mode potential.

Using Eq. (62), the spatial dependence of j 6¼ m terms with

sinðxrtÞ and cosðxrtÞ time dependence are

d/m
sinðzÞ ¼�2ed/m

m

X1
j 6¼m

Im
Mjm

1 ð�xm
0 Þ

Mjj
0ð�xm

0 Þ

" #
cos½kjðzþL=2Þ�; (64)

d/m
cosðzÞ¼�2ed/m

m

X1
j 6¼m

Re
Mjm

1 ð�xm
0 Þ

Mjj
0ð�xm

0 Þ

" #
cos½kjðzþL=2Þ�: (65)

Figure 1 depicts d/m
sin=ð�usd/m

mÞ and d/m
cos=ð�usd/m

mÞ, for

mode m¼ 1, with k?L ¼ 15p and plasma frequencies

xp=k1vT ¼ 90 and xp=k1vT ¼ 200. We divide out the scaled

squeeze potential maximum value �us so that the resulting

functions are independent of the size of the squeeze. The

sinðxrtÞ dependent part of the mode potential becomes

smaller for larger values of the phase velocity.

The shift in the frequency of the mode due to the

squeeze is found by taking the product of Eq. (59) from left

with (em
0 Þ

T
. The first term will result in zero, since

ðem
0 Þ

T :M0ðxm
0 Þ ¼ 0. Solving for �xm

1 , we obtain

�xm
1 ¼ �

Mmm
1 ð�xm

0 Þ
@�xMmm

0 ð�xm
0 Þ
: (66)

Substituting from Eq. (60) for the numerator and from

Eq. (52) for the denominator, we write the above equation as

�xm
1 ¼

m2

2ð�xm
0 Þ

2
1�Wð�xm

0 =mÞ
	 


�u1
m

@�xWð�xm
0 =mÞ ; (67)

where �u1
m 	 u1

m=T is the scaled Fourier component of the

squeeze potential [see Eq. (17)]. Using the following relation:

@bWðbÞ 	 �½1�WðbÞ�=b� bWðbÞ; (68)

and in Eq. (53), we can write Eq. (67) as
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�xm
1 ¼

m�u1
m=2

k2
DK2

m

1þ k2
DK2

m

�xm
0

m

� �3

� �xm
0

m

: (69)

Furthermore, with the assumption that �xm
0r � �cm

0 , we can

write the real and imaginary part of �xm
1 ¼ �xm

1r þ i�cm
1 as

�xm
1r ¼ �

1þ k2
DK2

m

1� k2
DK2

m

�xm
0r

m

� �2

� 1

" # m2

�xm
0r

�u1
m

2
; (70)

�cm
1 ¼ �

�cm
0

�xm
0r

ð1� k2
DK2

mÞ
1� k2

DK2
m 3

�xm
0r

m

� �2

� 1

" #

1� k2
DK2

m

�xm
0r

m

� �2

� 1

" # !2

m�u1
m

2
:

(71)

From Eq. (71), we see that when �xm
0 � m, the first order cor-

rection to the damping rate is exponentially small

�cm
1 / �cm

0 / e�
ð�xm

0
Þ2

2m2 � 0; �xm
0r � m: (72)

The real frequency shift given by Eq. (70) can be rewritten

as

�xm
1r ¼ �xm

0r �u1
mgðKmkDÞ; (73)

where the function g(x) is found by substitution of Eq. (58)

into Eq. (70)

gðxÞ ¼ 1

4
� 7

8
x2 � 21

32
x4 � 747

64
x6 � :::; x� 1: (74)

Equation (73) can be expressed in terms of the externally

applied squeeze potential usqðzÞ using Eq. (19)

xm
1r ¼ xm

0r

K2
2m

1þ K2
2mk2

D

um
sq

mqx2
p

gðKmkDÞ: (75)

To lowest order in KmkD, Eq. (75) describes a temperature-

independent frequency shift due to the external squeeze

potential

xm
1r ¼ xm

0rK
2
2m

um
sq

4mqx2
p

; KmkD ! 0: (76)

Equation (76) shows that in order for the perturbation theory

to be valid, the external squeeze potential need not be small

compared to T. Rather, the requirement that perturbation

theory be valid is usq � mqx2
p=K2

2m. The right-hand side is

typically on the order of the plasma space-charge potential

energy. This inequality is consistent with u1 � T, since

Eq. (19) implies that u1
m ’ K2

2mk2
Dum

sq at low temperatures

where K2mkD � 1.

Figure 2 is the plot of mode frequency vs. the magnitude

of the Debye shielded squeeze potential us 	 u1ð0Þ.
Frequencies calculated from the perturbation theory are the

sum of the zeroth order frequency calculated from Eq. (56),

plus the first order correction to mode frequency using the

relation (70), which is depicted as a solid line. We use the

same form for the squeeze as before (Eq. (21)). Computer

simulation results obtained from the 1D Vlasov-Poisson sim-

ulations (described in Sec. III) are depicted with circles. The

mode frequency is lowered for positive squeeze potential

and raised for negative squeeze potential. This is due to the

fact that the density perturbation in the mode, which for

m¼ 1 is sloshing left and right with its maximum velocity at

the center of plasma, has to travel up and down the squeeze,

which acts as a kinetic barrier (for positive squeeze). This

increases the oscillation time period and hence, lowers the

mode frequency. On the other hand, for a negative squeeze,

FIG. 1. The change to the spatial

dependence of mode potential for

mode m¼ 1, with cosðxrtÞ and

sinðxr tÞ time dependence, in a plasma

with k?L ¼ 15p and scaled plasma fre-

quencies xp=k1vT ¼ 90 and xp=k1vT

¼ 200, corresponding to mode phase

velocities xr0
=k1vT ¼ 6:25 and 13.42,

respectively.
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the oscillation time period decreases since the density pertur-

bation speeds up as it passes the center of plasma, and as a

result, mode frequency increases.

3. Fluid theory for the frequency correction

It is also possible to understand the TG mode frequency

shift (but not the damping) caused by applied squeeze using

fluid theory rather than kinetic theory. In fluid theory, the

equilibrium plasma density varies in z due to the squeeze,

and this density variation affects the mode frequency. The

density variation is given by the Boltzmann factor

neqðzÞ ¼ n0 exp½�e�u1ðzÞ�=hexp½�e�u1ðzÞ�i: (77)

A fluid theory expression for the wave equation for TG

modes in a nonuniform plasma in a strong magnetic field can

be found in the literature5,7

@

@z
aðz;xÞ @d/

@z
þ k2

?d/ ¼ 0; (78)

where

aðz;xÞ ¼ x2
pzðzÞ=x2 � 1 (79)

is a dielectric constant for the plasma and xpzðzÞ is the local

plasma frequency, given by xpzðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pq2neqðzÞ=mq

p
. A

first order correction to the mode due to squeeze can then be

obtained by using Eq. (77) in Eq. (78) and Taylor expanding

in e

a0ðxÞ
@2d/
@z2
þ e½a0ðxÞ þ 1� @

@z
ðh�u1i � �u1ðzÞÞ

@d/
@z

þ k2
?d/ ¼ 0; (80)

where

a0ðxÞ ¼ x2
p=x

2 � 1 (81)

is the z-independent unsqueezed value for a.

To zeroth-order in e (i.e., for an unsqueezed plasma), the

solution of Eq. (80) has modes of the form (cf. Eqs. (31),

(45), and (55))

d/m
0 ðzÞ ¼ cos½kmðzþ L=2Þ� (82)

with frequencies satisfying

�k2
ma0ðxÞ þ k2

? ¼ 0: (83)

Equation (83) can be solved for x to yield the cold-fluid

TG dispersion relation for unsqueezed frequency for mode

m, xm
0

xm
0 ¼ xpkm=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

m þ k2
?

q
: (84)

The first order correction to x can be found by applying per-

turbation theory to Eq. (80). Let x ¼ xm
0 þ exm

1 , where xm
1

is the first-order correction to the frequency. Also, let

d/ðzÞ ¼ d/m
0 ðzÞ þ ed/m

1 ðzÞ, where d/m
1 ðzÞ is the first order

correction to the eigenmode due to squeeze. Substituting

these relations in Eq. (80) and Taylor expanding to first-

order in e yields, at first order

xm
1 a00ðxm

0 Þ
@2d/m

0

@z2
þ a0ðxm

0 Þ
@2d/m

1

@z2

þ½a0ðxm
0 Þ þ 1� @

@z
ðh�u1i � �u1ðzÞÞ

@d/m
0

@z
þ k2

?d/m
1 ¼ 0; (85)

where the prime on a0 in the first term denotes differentia-

tion. If we multiply this equation by d/m
0 ðzÞ and integrate in

z over the length of the plasma, we obtain

� L

2
k2

mxm
1 a00ðxm

0 Þ � k2
m½a0ðxm

0 Þ þ 1�

�
ðL=2

�L=2

dz sin2½kmðzþ L=2Þ�ðh�u1i � �u1ðzÞÞ ¼ 0; (86)

where we have integrated by parts and substituted for d/m
0 ðzÞ

from Eq. (82). Note that on integration by parts the terms

involving d/m
1 vanish. Equation (86) can be simplified using

the relation a00ðxm
0 Þ ¼ �2½a0ðxm

0 Þ þ 1�=xm
0 , which follows

from Eq. (81). Substituting this into Eq. (86) yields the fol-

lowing expression for the first-order frequency shift due to

squeeze:

xm
1 ¼ xm

0

1

L

ðL=2

�L=2

dz sin2½kmðzþ L=2Þ�ðh�u1i � �u1ðzÞÞ: (87)

This result can be further simplified by substituting the

Fourier expansion for �u1ðzÞ given in Eq. (17), and by using

km ¼ mp=L. Then the integral in Eq. (87) yields

xm
1 ¼ xm

0

u1
m

4T
; (88)

where u1
m is the mth Fourier cosine coefficient of the squeeze

potential. This expression for the first order frequency shift

due to squeeze agrees with the more general result given by

Eq. (73) when that equation is evaluated in the cold-fluid

regime, KmkD � 1. This provides an independent check of

FIG. 2. The real part of the mode frequency xr=xp vs. the size of the Debye

shielded squeeze potential us=T for mode m¼ 1, where us 	 u1ð0Þ, for

xp=k1vT ¼ 200 (which implies x0r=k1vT ¼ 13:42). Analytically calculated

results, shown here with a solid line, are up to the first order in us=T using

Eq. (70); computer simulation results are shown with circles.
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the general result. However, in one sense, Eq. (88) is more

general than Eq. (73): Eq. (88) was derived from Eq. (87),

which is valid for a squeeze of any functional form, not just

a symmetric squeeze as was assumed in Eq. (73). In fact,

Eq. (87) shows that only the z-symmetric (cosine) compo-

nent of the squeeze potential contributes to the first-order fre-

quency shift, since any odd (sine) component to the squeeze

potential vanishes upon integration over z.

4. WKB fluid theory for m � 1

When the mode number m becomes sufficiently large,

the Fourier component of the shielded squeeze potential �u1
m

becomes exponentially small, assuming that the squeeze is a

smooth function of z. In this regime, Eq. (73) (or Eq. (88))

implies that the first order frequency shift due to squeeze is

exponentially small and may therefore be negligible com-

pared to the second-order shift. To find the shift in this

regime, it is useful to apply WKB theory. For large m, d/ðzÞ
varies rapidly compared to the squeeze, and can be deter-

mined using an eikonal approach where we write d/ðzÞ
¼ exp½SðzÞ�. From Eq. (78), the eikonal S(z) satisfies

a½S00 þ ðS0Þ2� þ S0a0 þ k2
? ¼ 0: (89)

If we assume derivatives of S are of order m� 1 but the

derivative of a is of order unity, the dominant balance in the

equation is aðS0Þ2 ¼ �k2
? with solution

S 	 S0 ¼ 6ik?

ðz
dz=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðz;xÞ

p
: (90)

To next order in 1/m, we rewrite Eq. (89) as

S0 ¼ 6i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
?=aþ S00 þ S0a0=a

q
: (91)

Noting that the last two terms in the square root are small

compared to the first, we replace S by S0 in these two terms

in order to obtain the next-order correction to S, S1

S01 ¼ 6i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
?=aþ S000 þ S00a

0=a
q

¼ 6i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
?=a7ik?a0=2a3=26ik?a0=a3=2

q
’ 6i

k?ffiffiffi
a
p 16

ia0

4k?
ffiffiffi
a
p

� �
; (92)

where we used Eq. (90) in the second step and Taylor-expanded

the square root in the last step. Integrating in z, this yields

S1 ¼ S0 �
1

4
ln a: (93)

Substituting this eikonal into d/ðzÞ ¼ exp½SðzÞ� implies

d/ðzÞ ¼ ½aðz;xÞ��1=4
exp 6ik?

ðz
dz=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðz;xÞ

p" #
: (94)

These two independent solutions for the mode potential must

be combined to match the boundary conditions that the slope

of the potential vanishes at both plasma ends, which implies

d/ðzÞ ¼ ½aðz;xÞ��1=4
cos k?

ðz
�L=2

dz=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðz;xÞ

p2
64

3
75; (95)

where

k?

ðL=2

�L=2

dz=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðz;xÞ

p
¼ mp: (96)

This is the WKB dispersion relation for a given mode num-

ber m. To solve the dispersion relation, we substitute

Eqs. (77) and (79) for a and Taylor expand in e, obtaining

k?

ðL=2

�L=2

dz
1ffiffiffiffiffiffiffiffiffiffiffiffi

a0ðxÞ
p 1�

x2
p

2x2
e
h�u1i � �u1

a0ðxÞ

"

þ
x2

p

8x2a0ðxÞ
e2

 
3

x2
p

x2

h�u1i � �u1ð Þ2

a0ðxÞ
� 2½ h�u1i � �u1ð Þ2

þ h�u1i2 � h�u2
1i�
�#
¼ mp: (97)

Upon performing the integration, this becomes

k?Lffiffiffiffiffiffiffiffiffiffiffiffi
a0ðxÞ

p 1þ 3

8
e2

x2
p

x2a0ðxÞ

 !2

½h�u2
1i� h�u1i2�

2
4

3
5¼mp: (98)

Squaring both sides and rearranging yields

k2
ma0ðxÞ ¼ k2

? 1þ e2 3

8

x2
p

x2a0ðxÞ

 !2

½h�u2
1i � h�u1i2�

2
4

3
5: (99)

At O(e2) on the right hand side, we can replace a0(x) and x
by their zeroth order unsqueezed values, given by Eqs. (83)

and (84), obtaining

k2
ma0ðxÞ ¼ k2

? 1þ 3

4
1þ k2

m

k2
?

 !2

e2½h�u2
1i � h�u1i2�

2
4

3
5: (100)

Substituting on the left hand side x ¼ xm
0 þ e2xm

2 and

expanding, we obtain

�2k2
m

x2
p

ðxm
0 Þ

3
xm

2 ¼
3

4
K2

m 1þ k2
m

k2
?

 !
½h�u2

1i � h�u1i2�;

which implies

xm
2 ¼ �

3xm
0

8
1þ k2

m

k2
?

 !
½h�u2

1i � h�u1i2�: (101)

Thus, for the regime m� 1 where the squeeze potential

varies in z slowly compared to the mode wavelength, the fre-

quency shift is always negative, and is second-order in the

squeeze potential.
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5. Mode damping at second order in e

In Eq. (72), we observed that TG mode damping due to

squeeze is exponentially small at first order in e when the

mode phase velocity is large. We must therefore work to sec-

ond order in this regime. The second order dispersion rela-

tion is given by

M0ð�xm
0 Þ:em

2 þ �xm
1 @�xM0ð�xm

0 Þ:em
1

þ �xm
2 @�xM0ð�xm

0 Þ:em
0 þ
ð�xm

1 Þ
2

2
@2

�xM0ð�xm
0 Þ:em

0

þM1ð�xm
0 Þ:em

1 þ �xm
1 @�xM1ð�xm

0 Þ:em
0 þM2ð�xm

0 Þ:em
0 ¼ 0: (102)

We take the product of ðem
0 Þ

T
and Eq. (102). As a result, the

product of the first and second terms in Eq. (102) is zero and

using Eq. (56) for em
0 and Eq. (62) for em

1 we have

��xm
2 @�xMmm

0 ð�xm
0 Þ

¼ ð�x
m
1 Þ

2

�x2
@2

�xMmm
0 ð�xm

0 Þ þ
X
j 6¼m

Mmj
1 ð�xm

0 Þ:M
jm
1 ð�xm

0 Þ=Mj;j
0 ð�xm

0 Þ

þ �xm
1 @�xMmm

1 ð�xm
0 Þ þMmm

2 ð�xm
0 Þ: (103)

Now we take the imaginary part of above equation assuming

that �xm
0r � m, which implies �xm

0 ffi �xm
0r; �xm

1 ; Mmm
0 ð�x0rÞ, and

Mmm
1 ð�x0rÞ are real. As a result,

��cm
2 @�xReMmm

0 ð�xm
0rÞ

¼ Im Mmm
2 ðxm

0rÞ
	 


þ Im
X
j 6¼m

Mmj
1 ð�xm

0rÞM
jm
1 ð�xm

0rÞ=Mjj
0ð�xm

0rÞ
� �

:

(104)

From Eq. (B21), the first term on the right hand side of Eq.

(104), in the limit �xm
0 � m, is given by

Im Mmm
2 ð�xm

0rÞ ¼
16p

k2
DK2

m

ffiffiffiffiffiffi
2p
p

X1
n¼1

n

�xm
0r

� �3

e�ð�x
m
0rÞ

2=2n2ðan
mÞ

2;

(105)

where an
m is defined in Eq. (61). Thus, solving for �cm

2 , we

obtain

�cm
2 ¼�

16mp
X1
n>m

n

�xm
0r

� �3

e�ð�x
m
0rÞ

2=2n2ðan
mÞ

2

P

ð1
�1

ve�v2=2dv

ð�xm
0r=m� vÞ2

þ
Im

X
j 6¼m

Mmj
1 ð�xm

0rÞM
jm
1 ð�xm

0rÞ=Mjj
0ð�xm

0rÞ
� �

@�x Re Mmm
0 ð�xm

0rÞ
: (106)

The first term on the right hand side is the contribution to the

damping rate due to the mth unsqueezed mode (cosine in

position space). Particles slow down as they pass the squeeze

and, thus, no longer see this mode as a simple cosine along

their bounce orbits, as a function of their angle variables

(which is proportional to time). As a result, the mth

unsqueezed mode has nonzero Fourier terms in angle vari-

able space. Particles with bounce frequency xb ¼ x=n will

resonantly interact with the nth Fourier term and, thus,

enhance the damping rate of the mode. The lower bound of

the sum in the numerator is n>m, since all the terms for

which 1 � n � m are exponentially small (assuming

�x0r=m� 1).

Moreover, in the presence of a squeeze, the spatial form

of the eigenmode is affected, see Fig. 1. Therefore, the shape

of the mode potential is no longer a simple cosine in position

space and consists of higher harmonics in z, which are all

oscillating at the same frequency x. The contribution to the

damping rate given by the second term on the right hand side

of Eq. (106) is due to the damping of these higher harmonics.

In Fig. 3, we compare the damping rate calculated from

our computer simulations to the analytically calculated

damping rates. Analytically calculated results, which are

depicted as solid black curves, are evaluated from the sum of

Eqs. (57), (71), and (106), up to second order in e. The com-

puter simulation results are depicted with squares.

For the lowest value of �x1
0r ¼ 4:56, unsqueezed damp-

ing is large and becomes the dominant damping for values of

us=T � 0:25. However, for us=T�0:25, squeeze damping

with quadratic dependence on us=T becomes larger than the

unsqueezed damping rate. For �x1
0r ¼ 6:25; 10:13; 13:42, and

20.03, unsqueezed damping is exponentially small. Thus,

mode damping is only due to the presence of the squeeze

and the damping rate has a quadratic dependence on us=T.

As the amplitude of the squeeze potential us=T
approaches 1, the computer simulation results deviate from

the analytically calculated damping rates which has a quad-

ratic dependence behavior on umax
sq . This is due to the fact

that for larger us=T, terms of order higher than ðus=TÞ2
become significant and thus, these higher terms will be

needed to more accurately evaluate the corrections to the

eigenfrequencies and eigenmodes. Also, for larger us=T, the

population of particles trapped in the Debye shielded

squeeze potential, which was not accounted for, becomes

FIG. 3. Mode damping rate vs. size of the squeeze potential us=T, for phase

velocities: x=k1vT ¼ 4:56,6.25,10.13,13.42, and 20.03 for the mode m¼ 1.

Analytically calculated damping rates are shown in solid black lines.

Computer simulation results are shown with diamonds.
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larger and resonant trapped particle-wave interactions can

become significant and further enhance the mode damping

rate.

Figure 4 depicts the damping rate of the squeezed m¼ 1

mode versus the Debye length. Solid curves are the analyti-

cally calculated results using the sum of Eqs. (57), (71), and

(106), for squeeze potentials of value umax
sq =mqL2x2

p ¼ 8:75

�10�6 and umax
sq =mqL2x2

p ¼ 3:5� 10�5, which is 4 times

larger than the former. The dashed line is the damping rate

of the unsqueezed mode given by Eq. (57) and diamonds are

the damping rates evaluated using computer simulations. For

Debye lengths such that �x1
0 � 5, where �x1

0 ¼ xr=k1vT , the

two solid curves converge to the unsqueezed (dashed) curve.

For Debye lengths for which �x1
0�5 the unsqueezed damping

rate (dashed curve) goes to zero exponentially, whereas the

squeezed damping rates (solid curves) are finite. There is an

approximately 16 fold difference between the values of the

damping rates (solid curves), for Debye lengths at which

�x1
0�5. This shows the quadratic dependence on the applied

squeeze potential expected for large �x1
0’s.

At very low values of kD=L, the damping rate again

begins to fall off exponentially as T decreases further. This is

because the Debye shielded squeeze potential u1 is a smooth

function of position and thus, Fourier coefficients of the

Debye shielded squeeze potential, i.e., �u1
n, become exponen-

tially small with growing n.8 In the small kD=L limit, where

�x1
0r � 1; n� 1 bounce harmonics are necessary in order to

satisfy the resonance condition, nxb ¼ x1
0r. The effect of

these higher harmonics becomes exponentially small, since

these terms depend on �u1
n’s with n� 1.

III. 1D VLASOV-POISSON COMPUTER SIMULATIONS

For our computer simulations, we discretized the 2D

phase space (z,vz) on a 2 dimensional grid (using the method

of lines9). That is, the distribution is discretized as f (zj, vk, t)
¼ fj,k (t) where

zj ¼ jDz� L=2; j ¼ 0; 1;…;Mz;

vk ¼ ðk þ 1=2ÞDv; k ¼ �Mv � 1;…;Mv;
(107)

and where Dz ¼ L=Mz; Dv ¼ Vmax=Mv. The maximum ve-

locity in the simulations is usually taken as Vmax ’ 8vT .

The condition of specular reflection at the plasma ends

implies that f ð6L=2; v; tÞ ¼ f ð6L=2;�v; tÞ which translates

to the grid as the boundary conditions

f0;kðtÞ ¼ f0;�k�1ðtÞ;
fMz;kðtÞ ¼ fMz;�k�1ðtÞ :

(108)

We finite-difference the spatial and velocity derivatives in

Eq. (3) using the centered difference method, obtaining

@

@t
fj;kðtÞ þ vk

fjþ1;kðtÞ � fj�1;kðtÞ
2Dz

� 1

mq

ujþ1ðtÞ � uj�1ðtÞ
2Dz

þ @

@z
usqðzÞ

� �

� fj;kþ1ðtÞ � fj;k�1ðtÞ
2Dv

¼ 0: (109)

Poisson’s equation, Eq. (5), is also finite-differenced and

solved at each timestep using the FFT method.10

Time is advanced using the fourth order Runge-Kutta

integration and each time step requires four plasma force

evaluations.

For simulation of a squeezed plasma, the initial velocity

distribution of plasma was Maxwellian. The squeezed equi-

librium distribution function was obtained by gradually(adia-

batically) turning on the squeeze potential over a time of

order of 100 wave periods, in order to avoid launching

unwanted modes.

For the initial condition of the squeezed mode damping

simulation run, we add a perturbation to the squeezed equi-

librium distribution F0 (z,v)

f ðz; v; t ¼ 0Þ ¼ F0ðz; vÞð1þ d cos½k1ðzþ L=2Þ�Þ: (110)

The difference between this initial perturbation from the

exact m¼ 1 mode is of the order us=T. The largest contribu-

tion to the squeezed mode potential comes from the Fourier

term cos½k1ðzþ L=2Þ�. (There are other contributions

because our simulation is nonlinear.) We extract the mz ¼ 1

Fourier component, du1ðtÞ, by integrating cos½kzðzþ L=2Þ�
upðz; tÞ over z, where upðz; tÞ is the space charge potential.

The damping rate c and mode frequency x are obtained by

fitting the curve du1ðt ¼ 0Þe�ctcosxt to du1ðtÞ. A typical

result for du1ðtÞ from our computer simulations is displayed

in Fig. 5. The thick curve is the amplitude of the fitted func-

tion, which is exponentially decaying as a function of time.

IV. CYLINDRICALLY SYMMETRIC, R AND Z
DEPENDENT SYSTEM

In order to make quantitative comparison between our

theory and experimental results, we extend our 1D theory to

a 2D system of axial(z) and radial(r) dependence. Figure 6

illustrates the confinement geometry for the rz system. The

plasma is confined in a Malmberg-Penning trap consisting of

a long conducting cylinder, axially divided into a number of

sections. Radial confinement is provided by a strong uniform

FIG. 4. Damping rate ð�c=xpÞ of mode m¼ 1 versus Debye length ðkD=LÞ,
depicted for constant squeeze potentials umax

sq =mqL2x2
p ¼ 3:5� 10�5 (upper

solid curve) and umax
sq =mqL2x2

p ¼ 8:75� 10�6 (lower solid curve) in a

plasma for which k?L ¼ 15p. The dashed curve depicts the unsqueezed

Landau damping ðusq ¼ 0Þ. The dashed-dotted lines depict Debye lengths

for which �x1
0 ¼ 5 and �x1

0 ¼ 10, where �x1
0 ¼ xr=k1vT .
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magnetic field B directed along the axis of cylinder. In this

section, we assume an azimuthally symmetric perfectly con-

ducting cylinder with radius rw and extending axially from

�L/2 to L/2, with L large compared to rw. The squeeze

potential is applied to a cylindrical section, which is centered

at the axial midpoint of the cylinder and has a width D. We

neglect effects involving the Debye sheath at the plasma

ends, and simplify by assuming flat ends on the plasma at

z¼6L/2. Particles, which are traveling the length of the

plasma along the magnetic field lines, are assumed to reflect

specularly from the ends, as in Sec. II. The boundary condi-

tions for the squeeze potential at the column ends are

assumed for later convenience to be homogeneous Neumann

conditions. Other homogeneous boundary conditions could

have been used with negligible effect on our results, since

the squeeze potential is applied at the axial center of a long

column (see Fig. 6), so the squeeze potential is vanishingly

small at the ends due to shielding by the plasma and the con-

ducting walls. Neumann conditions simplify our expressions

for the mode damping rate and frequency shift because the

axial Fourier expansions for the mode potential and the

squeeze potential then have a similar form.

The squeeze potential on the cylinder wall is taken to be

uðrw; zÞ ¼ 0 � L=2 < z < �D=2 or D=2 < z < L=2;

uðrw; zÞ ¼ usq � D=2 � z � D=2: (111)

For a vacuum cylinder, we can calculate the potential

inside the cylinder, with potential on the conducting walls of

the trap given by Eq. (111). The vacuum potential uT satis-

fies the Laplace equation

r2uT ¼ 0: (112)

Standard Fourier analysis implies a solution of the form

uTðr; zÞ ¼
X1
n¼0

A2nI0ðk2nrÞcos½k2nðzþ L=2Þ�; (113)

where the Fourier coefficients A2n are

A2n ¼
2usq

LI0ðk2nrwÞ

ðD=2

�D=2

cos½k2nðzþ L=2Þ�dz

¼
2usq

k2nLI0ðk2nrwÞ
2 sin½k2nD=2�cos½k2nL=2� ; (114)

while for n¼ 0 term, we obtain

A0 ¼
usqD

LI0ð0Þ
: (115)

A. Plasma equilibrium: Unsqueezed and squeezed
solutions

We assume the equilibrium plasma is a thermal equilib-

rium described by the Boltzmann distribution

F0ðr; vÞ ¼
N exp �ðH0 þ xrphÞ=T½ �ð

drdv exp �ðH0 þ xrphÞ=T½ �
; (116)

where N is the total number of particles, xr is the plasma

rotation frequency,

H0 ¼
mqv2

2
þ uðrÞ; (117)

and the potential uðrÞ is given by the sum of the vacuum

potential uTðrÞ and the potential due to plasma and its image

on the conducting wall upeðrÞ

uðrÞ ¼ uTðrÞ þ upeðrÞ: (118)

The canonical angular momentum is given by

ph ¼ mqvhr þ qB

2c
r2: (119)

Substituting from Eqs. (118) and (119) in Eq. (116) after

performing some algebra, we get

F0ðr; vÞ ¼ nðr; zÞ mq

2pT

� �3=2

exp �mq

2T
ðvþ xrĥÞ2

� �
; (120)

where the density is given by

nðr; zÞ ¼ N
exp �ðuT þ upe þ ucÞ=T
	 
ð

dr exp �ðuT þ upe þ ucÞ=T
	 
 ; (121)FIG. 6. Schematic depiction of the trap geometry and squeeze potential usq

applied to a cylindrical sector of width D. Other parts of the trap wall are

grounded. Particles are assumed to reflect at the axial ends z¼6L/2.

FIG. 5. The mz¼ 1 Fourier component du1ðtÞ of the space-charge potential

upðz; tÞ and the exponentially damping amplitude gðtÞ ¼ 0:0188 exp½�4:7
�10�5ðxptÞ� (thick curve), obtained by fitting to d�u1ðtÞ, as functions of

time.
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and where ucðrÞ is the radial confinement potential due to

centrifugal force and magnetic field:

ucðrÞ ¼ mqxrðxc � xrÞr2=2: (122)

In order to calculate the space-charge potential upe, we must

solve the Poisson equation

r2upeðr; zÞ ¼ �4pq2nðr; zÞ; (123)

with the boundary condition given by upeðrw; zÞ ¼ 0. We

define the following dimensionless functions:

vðr; zÞ ¼ �upeðr; zÞ=T;

aðrÞ ¼ �ucðrÞ=T;

bðr; zÞ ¼ �uTðr; zÞ=T;

(124)

and so rewrite Eq. (121) as

nðr; zÞ ¼ N
exp vþ aþ b½ �ð
dr exp vþ aþ b½ �

: (125)

We will use the following averages:

h…iz ¼
ðrw

0

ðL=2

�L=2

dzð…Þ=L; (126)

h…ir ¼
ðrw

0

2prdrð…Þ=2pr2
w; (127)

h…irz ¼ hh…iriz: (128)

We may then rewrite the Poisson equation (123) as

r2vðr; zÞ ¼ 4pq2N

TV

exp½vþ aþ b�
hexp½vþ aþ b�irz

; (129)

where V ¼ pr2
wL. We expand the solution of Eq. (119) to first

order in powers of the (scaled) squeeze potential b(r,z),

introducing the ordering parameter e, as in Sec. II and writ-

ing the scaled plasma potential as a sum of the unsqueezed

and squeezed terms

v ¼ v0 þ ev1: (130)

We then expand Eq. (129) to first order in e

r2v0ðrÞ þ er2v1ðr; zÞ

¼ 4pq2N

TV

exp½v0 þ ev1 þ aþ eb�
hexp½v0 þ ev1 þ aþ eb�irz

(131)

� 4pq2N

TV

ev0þa

hev0þair
1þ ev1 þ eb� ehðv1 þ bÞev0þairz

hev0þair

 !
:

(132)

Collecting powers of e implies

r2v0ðrÞ ¼
4pq2N

TV

ev0þa

hev0þair
; (133)

r2v1ðr; zÞ ¼
4pq2N

TV

ev0þa

hev0þair
v1 þ b� hðv1 þ bÞev0þairz

hev0þair

 !
:

(134)

Solving Eq. (133), we obtain the unsqueezed space-charge

potential inside the plasma, v0ðrÞ. Equation (134) provides

v1ðr; zÞ, the Debye-shielding response to the squeeze poten-

tial b(r,z), similar to Eq. (9).

1. Unsqueezed equilibrium

The unsqueezed potential and density of a thermal equi-

librium plasma was discussed in Ref. 11. The equilibrium

Poisson equation (123) can be expressed as

1

q
@

@q
q
@

@q

� �
f ¼ expðfÞ � c� 1; (135)

where we defined the parameter c and function f as

c ¼ 4
xr

x2
p

ðxc � xrÞ � 1; (136)

fðqÞ ¼ v0ðqÞ � v0ð0Þ þ aðqÞ; (137)

x2
p ¼ 4pe2n0ð0Þ=m; q ¼ r=kD; kD ¼ vT=xp, and the density

n0 (r) is

n0ðrÞ ¼
N

V

ev0þa

hev0þair
: (138)

Equation (135) is solved with boundary conditions

fð0Þ ¼ 0; @qfjq¼0 ¼ 0: (139)

The first boundary condition follows from Eq. (137). We can

choose v0ð0Þ so that the boundary condition v0ðrwÞ ¼ 0 is

also satisfied. For a plasma with small Debye length com-

pared to plasma radius, the plasma density and the potential

inside the plasma are constant up to the vicinity of plasma ra-

dius where the density drops to zero in a distance of the order

of kD. We define the plasma radius rp as the radius where the

density falls to 1/e of its value at the origin.11 Figure 7 shows

an example for an unsqueezed equilibrium, which is obtained

FIG. 7. Plot of the equilibrium density for a plasma with T¼ 50 meV,

L ¼ 10 cmðL=kD ¼ 282:6Þ; xp ¼ 1:263� 106 rad=s; rp � 0:42 cmðrp=kD

� 11:87Þ; rw ¼ 2:86 cmðrw=kD ¼ 80:83Þ. Maximum density of the plasma

at r¼ 0 is normalized to 1.
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from numerically solving Eq. (135) with boundary condi-

tions (139).

2. Squeezed equilibrium: A perturbative solution

We rewrite Eq. (134) as

1

q
@

@q
q
@

@q
þ @2

@n2

 !
v1ðq; nÞ

¼ �n0ðqÞ v1 þ b� h�n0ðqÞðv1 þ bÞirz

h�n0ðqÞir

 !
; (140)

where �n0ðqÞ ¼ n0ðqÞ=n0ð0Þ is the scaled unsqueezed density

profile, and n ¼ z=kD. We will solve for v1ðq; nÞ using the

Galerkin method, as in Sec. I. From Eqs. (113) and (124), we

write b as

bðq; nÞ ¼
X1
n¼1

RnðqÞcos j2n nþ K
2

� �� �
; (141)

RnðqÞ ¼ �
usq

T

I0ðj2nqÞ
I0ðj2nqwÞ

2ð�1Þn

np
sin½k2nD=2�; (142)

where qw ¼ rw=kD; K ¼ L=kD; jn ¼ kDkn, and we neglect

the n¼ 0 term in b as the constant term does not affect the

solution. We expand v1 using a complete series representa-

tion in q and n as follows:

v1ðq; nÞ ¼
X1
m¼1

X1
n¼1

AmnJ0

xm

qw

q
� �

cos jn nþ K
2

� �� �
; (143)

where xm is the mth zero of J0. Substituting from Eqs. (141)

and (143) in Eq. (140), multiplying by cos½j2lðnþ K=2Þ� and

integrating from �K=2 to K=2 yields

X1
m¼1

Am;2l �
xm

qw

� �2

� j2
2l � �n0ðqÞ

" #
J0

xm

qw

q
� �

¼ �n0ðqÞRlðqÞ:

(144)

Now we multiply both sides by qJ0ðxnq=qwÞ and integrate

from 0 to qw to get

xn

qw

� �2

þ j2
2l

" #
q2

w

2
J2

1ðxnÞAn;2l

þ
X

m

Am;2l

ðqw

0

�n0ðqÞJ0

xn

qw

q
� �

J0

xm

qw

q
� �

qdq

¼ �
ðqw

0

�n0ðqÞRlðqÞJ0

xn

qw

q
� �

qdq: (145)

This relation can be written in the form of a matrix equation

for each axial Fourier number l

Nl:Al ¼ Bl; (146)

where

ðAlÞn ¼ An;2l; (147)

ðBlÞn ¼ �
ðqw

0

�n0ðqÞRlðqÞJ0

xn

qw

q
� �

qdq; (148)

ðNlÞn;m ¼
xn

qw

� �2

þ j2
2l

" #
q2

w

2
J2

1ðxnÞdnm

þ
ðqw

0

�n0ðqÞJ0

xn

qw

q
� �

J0

xm

qw

q
� �

qdq: (149)

The solution for An,2l’s is given by

Al ¼ ðNlÞ�1:Bl: (150)

Figure 8 is the contour plot of the difference between the

squeezed equilibrium density and the unsqueezed equilib-

rium density as a function of the radial and axial positions

for a plasma of T¼ 50 meV, L ¼ 10 cmðL=kD ¼ 282:6Þ;
xp ¼ 1:263� 106 Rad=s; rp � 0:42 cm ðrp=kD � 11:87Þ;
rw ¼ 2:86 cmðrw=kD ¼ 80:83Þ, for a squeeze with

D¼ 2.86 cm and usq ¼ 0:1eV. The horizontal range of the

plot shows the whole length of the plasma, whereas the verti-

cal (radial) range of the plot covers the vicinity of the plasma

surface, since the change in the density due to squeeze poten-

tial is maximum close to the surface of plasma and goes

exponentially to zero radially, from the surface towards the

axis of plasma (r¼ 0). To obtain this solution, 200 radial

(Bessel) terms and 13 axial Fourier terms were used.

B. Squeezed linear modes

We now obtain the linear TG modes of the squeezed

equilibrium. The method is similar to that used for 1D case,

the difference being that there is now radial dependence. The

linearized Vlasov equation in the presence of the squeeze is

given by

@tdf þ v@zdf � @zðu0 þ eu1Þ=mq@vdf � @zdu=mq@vF0 ¼ 0:

(151)

Here, u0 is the unsqueezed equilibrium potential, which is

the sum of the centrifugal potential and the unsqueezed

FIG. 8. Contour plot of the difference between the squeezed equilibrium

density and the unsqueezed equilibrium density (the latter is the same as

Fig. 7) as a function of the radial and axial positions for a plasma, for a

squeeze with D¼ 2.86 cm and usq ¼ 0:1eV.
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space-charge potential of the plasma, and u1 is the Debye

shielded squeeze potential

u0ðrÞ ¼ �T½v0ðrÞ � v0ð0Þ þ aðrÞ�; (152)

u1ðr; zÞ ¼ �T½v1ðr; zÞ þ bðr; zÞ�; (153)

where a, b, v0 and v1 were obtained in the last section. The

squeezed thermal equilibrium distribution F0(r,z,v) is given

by Eq. (120). Using Eqs. (124), (129), (152), and (153), we

can write F0(r, z,v) as

F0ðr;z;vÞ¼n0ð0Þ
mq

2pT

� �1=2

� �n0ðrÞe�eu1=T

h�n0ðrÞe�eu1=Tirz=h�n0ðrÞir
exp �mqv2

2T

� �
; (154)

where n0(0) is the unsqueezed density at r¼ 0 and

�n0ðrÞ ¼ e�u0ðrÞ=T is the unsqueezed density profile normal-

ized by its maximum value, n0(0). As in Sec. II, we solve

Eq. (151) as an expansion in e, i.e., assuming the height of

the Debye shielded squeeze potential is small compared to

temperature: ½u1ðr; 0Þ � u1ðr; L=2Þ�=T � 1. We define the

scaled potential function �u1 and the scaled energy variable

u as

�u1ðr; zÞ ¼ ½u1ðr; zÞ � u1ðr; L=2Þ�=T; (155)

u ¼ mqv
2=2T þ e�u1ðr; zÞ: (156)

The reason we defined the function �u1 is that the bounce fre-

quency and action of an unperturbed orbit of a particle at a

radius r are functionals of the difference of the Debye

shielded squeeze potential from its absolute minimum at that

radius, which is defined by �u1. At a given radius r inside the

plasma, trapped particles and passing particles have scaled

energy u such that 0 < u < e�u1ðr; zÞ and u > e�u1ðr; zÞ,
respectively. Figure 9 shows the Debye shielded, scaled

squeeze potential �u1ðr; zÞ, as a function of z, for radii

r ¼ rp; r ¼ 0:9rp and r ¼ 0:75rp, for the same parameters as

Figs. 7 and 8. This shows the squeeze potential height drop-

ping exponentially from the plasma surface towards the inner

plasma.

The distribution F0 can be rewritten in terms of u as

F0ðr;z;uÞ¼ n0ð0Þ
mq

2pT

� �1=2 �n0ðrÞe�eu1ðr;L=2Þ=T

h�n0ðrÞe�eu1ðr;zÞ=Tirz=h�n0ðrÞir
e�u:

(157)

In order to solve Eq. (141), we again introduce action-angle

variables for axial particle motion in the equilibrium

potential

Iðr; u; eÞ ¼ 1

2p

þ
pzdz ¼ mqvT

2p

þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½u� e�u1ðr; zÞ�

p
dz; (158)

wðr; z; u; eÞ ¼ xb

ðz

z0

dz0

vðr; z0; u; eÞ; (159)

sðr; u; eÞ ¼ 2p
xb
¼
þ

dz

vT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½u� e�u1ðr; zÞ�

p : (160)

As in Sec. II, the angle variable wðr; z; u; eÞ can be

shown to have the functional form w ¼ wðr; z; e=uÞ

w ¼ 2pþ
dz0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e�u1ðr; z0Þ=u
p

ðz

z0

dz0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�u1ðr; z0Þ=u

p ;

¼ wðr; z; e=uÞ; (161)

and this equation can be inverted to yield the position versus

the angle variable

z ¼ zðr;w; e=uÞ; (162)

where z is a periodic function of w. We can now write the

Vlasov equation in terms of ðr;w; IÞ as

@tdf þ xb@wdf � @wdu@IF0 ¼ 0: (163)

We expand the mode potential in a complete series in r and

z, using the same Neumann conditions at the plasma ends, as

in Sec. II B, assuming x� xp [see Eq. (31)]

duðr; z; tÞ ¼
X
l¼1

X
m¼1

ðd/lme�ixt þ d/
lmeixtÞ

� J0

xl

rw
r

� �
cos½kmðzþ L=2Þ�: (164)

A particle at radius r and action Iðr; u; eÞ follows an unper-

turbed orbit which is periodic in angle variable w. Therefore,

we can write

cos½kmðzðr;w; u=eÞ þ L=2Þ� ¼
X1

n¼�1
Cn

mðr; e=uÞeinw; (165)

where the Fourier connection coefficients Cn
m are again given

by Eq. (26), but are now functions of r through the action-

angle transformation

Cn
mðr; e=uÞ ¼

ð2p

0

dw
2p

cos½kmðzðr;w;u=eÞ þ L=2Þ�e�inw: (166)
FIG. 9. Plot of the scaled Debye shielded squeeze potential �u1ðr; zÞ as a

function of the axial position, at radii r¼ rp, 0.9 rp, and 0.75 rp, for a plasma

with the same parameters as Fig. 7.
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Using Eq. (165), we can write Eq. (164) as

duðr; w; e=uÞ ¼
X
l¼1

X
m¼1

ðd/lme�ixt þ d/
lmeixtÞ

� J0

xl

rw
r

� � X1
n¼�1

Cn
mðr; e=uÞeinw: (167)

As in Sec. II, df and du can be written in terms of Fourier

series as

dfðr;w;e=uÞ¼
X1

n¼�1
dfnðr;e=uÞexp½iðnw�xtÞ�þ c:c:; (168)

duðr;w; e=uÞ ¼
X1

n¼�1
dunðr; e=uÞexp½iðnw� xtÞ� þ c:c:;

(169)

but dunðr; e=uÞ now has an auxiliary radial expansion in

terms of Bessel functions

dunðr; e=uÞ ¼
X
l¼1

X
m¼1

d/lmCn
mðr; e=uÞJ0

xl

rw
r

� �
: (170)

Substituting Eq. (168) in Eq. (163), we obtain

�xdfn þ nxbdfn þ nxbdunF0=T ¼ 0; (171)

where we used @IF0 ¼ ðdu=dIÞ@uF0 ¼ � xb

T F0. Solving for

dfn yields

dfnðr; e=uÞ ¼ xbdunF0=T

x=n� xb
: (172)

The mode potential and mode distribution function satisfy

the linearized Poisson equation

1

r
@rr@r þ @2

z

� �
du ¼ �4pq2

ð1
�1

dfdv: (173)

Substituting Eq. (164) in Eq. (173), multiplying both sides

by 2 cos½k �mðzþ L=2Þ�=L and integrating over z from �L/2 to

L/2 yields

X
l¼1

d/l �m

xl

rw

� �2

þ k2
�m

" #
J0

xl

rw
r

� �
e�ixt

¼ 4pq2 2

L

ð1
�1

ðL=2

�L=2

df cos½k �mðzþ L=2Þ�dzdv: (174)

As in Sec. II, we can use the canonical variables ðw; IÞ
instead of (z,v), since dzdpz ¼ dwdI ¼ ðT=xbÞdudw.

Applying Eqs. (168), (172), and (170) to Eq. (174), we

obtain

X
l¼1

d/l �m

xl

rw

� �2

þ k2
�m

" #
J0

xl

rw
r

� �

¼ 4pq2

L

X
l¼1

X
m¼1

d/lmJ0

xl

rw
r

� � X1
n¼�1

ð1
0

Cn
mðr; e=uÞ

� C�n
�m ðr; e=uÞ F0

x=n� xb
du: (175)

Now we multiply both sides by rJ0ðx�l

rw
rÞ and integrate from 0

to rw. The result is

d/�l �m ¼
X
l¼1

X
m¼1

d/lm

4pq2

L

ðrw

0

rJ0

xl

rw
r

� �
J0

x�l

rw
r

� � X1
n¼�1

ð1
0

Cn
mðr; e=uÞC�n

�m ðr; e=uÞ F0

x=n� xb

dudr

x�l

rw

� �2

þ k2
�m

" #
r2

w

2
J2

1ðx�lÞ
: (176)

Equation (176) is in the form of a tensor eigenvalue equation

M
�ll �mmd/lm ¼ 0; (177)

where

M
�ll �mm ¼ d�lld �mm �

4pq2

L

ðrw

0

rJ0

xl

rw
r

� �
J0

x�l

rw
r

� � X1
n¼�1

ð1
0

Cn
mðr; e=uÞC�n

�m ðr; e=uÞ F0

x=n� xb
dudr

x�l

rw

� �2

þ k2
�m

" #
r2

w

2
J2

1ðx�lÞ
: (178)

Since we assumed the squeeze to be symmetric with respect to

the cylinder, we have Cn
m ¼ C�n

m . Moreover, we assume the

trapped particle population is negligible compared to passing

particles, therefore, we set the lower limit of the integral on u

in Eq. (176) to be the height of the Debye shielded squeeze

potential at radius r, i.e., e�u1ðr; 0Þ. Introducing the scaled

bounce frequency �xbðr; uÞ ¼ xb=k1vT and using Eq. (157) for

the thermal equilibrium distribution F0, we rewrite Eq. (178) as
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M
�ll �mm ¼ d�lld �mm �

8ffiffiffiffiffiffi
2p
p

k2
D

ðrw

0

rdrJ0

xl

rw
r

� �
J0

x�l

rw
r

� �
�n0ðrÞe�eu1ðr;L=2Þ=T

X1
n¼1

ð1
e�u1ðr;0Þ

du
�xbe�u

ð�x=nÞ2 � �x2
b

Cn
m r;

e
u

� �
Cn

�m r;
e
u

� �

�n0ðrÞ
h�n0ðrÞir

e�eu1ðr;zÞ=T

� �
rz

x�l

rw

� �2

þ k2
�m

" #
r2

w

2
J2

1ðx�lÞ
; (179)

where �x ¼ �xr þ i�c is the complex eigenfrequency x scaled

to k1 vT.

C. Perturbation method

Just as for Sec. I, the linear dispersion relation (177) can

be written in matrix form

Mð�xÞ:e ¼ 0; (180)

where e is an eigenvector of the nullspace of M defined as

ðeÞlm ¼ d/lm; (181)

and ðMÞ�ll �mm ¼ M
�ll �mm [see Eq. (178)].

We again expand the matrix M, the eigenfrequency �x
and eigenvector e in e as in Eqs. (47)–(49). The resulting mat-

rices M0, M1 and M2 are derived in Appendix C. For exam-

ple, the zeroth-order (unsqueezed) matrix has components

M
�ll �mm
0 ¼ d �mm d�ll þ 2Wð�x=mÞ

ðrw

0

r dr�n0ðrÞJ0ðxlr=rwÞJ0ðxlr=rwÞ

k2
D½x2

l þ k2
mr2

w�J2
1ðxlÞ

0
BBB@

1
CCCA
: (182)

1. Zeroth order in e

The zeroth order dispersion relation for an unsqueezed

plasma column is satisfied by mode l¼ (nr,m), where nr and

m are the radial and the axial mode numbers, respectively.

The dispersion relation is given by

M0ð�xl
0Þ � e

l
0 ¼ 0: (183)

From Eq. (183) and Eq. (182), we obtain the unsqueezed

eigenvector ðel
0Þ and eigenfrequency �xl

0. We can write

Eq. (183) explicitly as

ðel
0Þ

�lm¼�
X1
l0¼1

ðel
0Þ

l0m
Wð�xl

0=mÞ

ðrw

0

rdrJ0

xl0

rw
r

� �
J0

x�l

rw
r

� �
�n0ðrÞ

k2
D

x�l

rw

� �2

þk2
m

" #
r2

w

2
J2

1ðx�lÞ
:

(184)

This equation is only dependent on a single axial Fourier

index m, while there is coupling between radial Bessel

indices related to l0 and �l. In other words, eigenmode

l¼ (nr,m) is proportional to a single cosine function

cos½kmðzþ L=2Þ� and a series in Bessel functions J0ðxl0
rw

rÞ
with l0 ¼ 1; 2;…

d/l
0ðr; zÞ ¼ jd/ljRlðrÞcos½kmðzþ L=2Þ�; (185)

where

RlðrÞ ¼
X1
l0¼1

ðel
0Þ

l0m

jd/lj J0

xl0

rw
r

� �
: (186)

Here, jd/lj is the arbitrary linear mode amplitude and

RlðrÞ are normalized so that Rlð0Þ ¼ 1. Eigenfrequencies

�xl
0 and the radial dependence of the unsqueezed eigenmodes

(ðel
0Þ

l0m
’s) are obtained by solving Eq. (184) as follows. We

can rewrite the dispersion relation (184) as

�ðWð�xl
0=mÞÞ�1

I:ðel
0Þ

m ¼ Qmm:ðel
0Þ

m;

ðQmmÞ�ll0 ¼

ðrw

0

rdrJ0

x0l
rw

r

� �
J0

x�l

rw
r

� �
�n0ðrÞ

k2
D

x�l

rw

� �2

þ k2
m

" #
r2

w

2
J2

1ðx�lÞ
;

(187)

where I is the unit matrix. Thus, eigenvectors of the matrix

Qmm also satisfy the dispersion relation in Eq. (184). From

the eigenvalue kl of matrix Qmm, we obtain the related

eigenfrequency �xl
0 via inversion

�xl
0 ¼ mW�1ð�k�1

l Þ; (188)

where W�1 is the inverse of the function W.

An alternative description of unsqueezed modes can be

obtained from Eq. (184), (also from Eqs. (151) and (173) set-

ting u1 ¼ 0): the radial part of the eigenmode l, i.e., RlðrÞ
satisfies

�r2
r þ k2

m þ k�2
D W

�xl
0

m

� �
�n0ðrÞ

� �
RlðrÞ ¼ 0; (189)

where r2
r ¼ 1

r @rr@r. We can show that modes l¼ (nr, m)

and l0 ¼ ðn0r;mÞ, which have the same axial mode number
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m and different radial mode numbers nr and n0r, are orthogo-

nal with respect to the inner product
Ð rw

0
�n0ðrÞrdrð…Þ. For

the functions Rl and R0l, we can write

�r2
r þ k2

m þ k�2
D W

�xl
0

m

� �
�n0ðrÞ

� �
RlðrÞ ¼ 0; (190)

�r2
r þ k2

m þ k�2
D W

�xl0

0

m

 !
�n0ðrÞ

" #
Rl0 ðrÞ ¼ 0: (191)

Multiplying Eq. (190) by rRl0 ðrÞ and Eq. (191) by rRlðrÞ,
subtracting Eq. (191) from Eq. (190) and integrating from 0

to rw we get

k�2
D W

�xl
0

m

� �
�W

�xl0

0

m

 !" #ðrw

0

�n0ðrÞRlðrÞRl0 ðrÞrdr

¼
ðrw

0

dr@r rRlðrÞ@rRl0 ðrÞ � rRlðrÞ@rRlðrÞ
� �

¼ 0 : (192)

In the above equation, the right hand side is zero since

RðrÞ’s are zero at the wall. Thus, we arrive at the following

orthonormality condition:ðrw

0

�n0ðrÞRlðrÞRl0 ðrÞrdr ¼ dl;l0

ðrw

0

�n0ðrÞ½RlðrÞ�2rdr: (193)

In a similar way, we can show Wð�x
l
0

m Þ is real. Assuming �xl
0

and RlðrÞ to be complex, we have

�r2
r þ k2

m þ k�2
D W

�xl
0

m

� �
�n0ðrÞ

� �
RlðrÞ ¼ 0; (194)

�r2
r þ k2

m þ k�2
D W

�xl
0

m

� �� �

�n0ðrÞ

" #
R
lðrÞ ¼ 0: (195)

Multiplying Eq. (194) by rR
lðrÞ and Eq. (195) by rRlðrÞ,
subtracting Eq. (195) from Eq. (194) and integrating from 0

to rw, we get

k�2
D W

�xl
0

m

� �

� W

�xl
0

m

� �� �" #ðrw

0

�n0ðrÞRlðrÞR
lðrÞrdr

¼
ðrw

0

dr@r rRlðrÞ@rR


lðrÞ � rR
lðrÞ@rRlðrÞ

� �
¼ 0 : (196)

In this equation, the right hand side is zero since RlðrwÞ ¼ 0.

Also for the integral on the left hand side, we haveðrw

0

�n0ðrÞRlðrÞR
lðrÞrdr

¼
ðrw

0

�n0ðrÞðRe½RlðrÞ�2 þ Im½RlðrÞ�2Þrdr > 0; (197)

which implies

W
�xl

0

m

� �
¼ W

�xl
0

m

� �� �

: (198)

Using Eq. (198) in Eq. (195), we see that Rl(r) and R
lðrÞ
satisfy the same equation. Thus, from the uniqueness of the

solution of Poisson equation Rl(r) is also real, and therefore

e
l
0 is real.

Figure 10 shows the first three radial eigenvectors with

axial mode number m¼ 1, R1,1(r), R2,1(r), and R3,1(r). We

evaluated the eigenfrequencies related to these modes using

both the Galerkin method and the shooting method. For the

Galerkin method, the matrix eigenvalue equation (187) is

solved by keeping a finite number of Bessel terms (NGal), to

construct the matrix Q11. For the shooting method, the differ-

ential equation (189) with initial conditions @rRlð0Þ ¼ 0 and

Rl(0)¼ 1 is solved for an eigenfrequency and its related

eigenmode which satisfy the wall boundary condition

Rl(rp)¼ 0. Frequencies obtained from the Galerkin method

xGal and shooting method xSho are compared in Table I. In

the second column of the table, which gives the mode fre-

quency obtained from Galerkin method with NGal¼ 20, we

see that mode l¼ (nr, m) with nr¼ 1 and m¼ 1 is undamped

ðIm½xGal=xp� ¼ �3:84� 10�35Þ. Furthermore, the real part

of its eigenfrequency is equal to the Trivelpiece-Gould mode

frequency for a cold fluid plasma of the same parameters,

obtained from Eq. (1) (see Table I). The real part of the

eigenfrequencies becomes smaller with increasing radial

mode number nr. Furthermore, modes with higher radial

mode number, i.e., nr¼ 2,3, are heavily damped. The third

and fourth column of Table I compare the frequencies

obtained from the shooting method to frequencies obtained

from Galerkin method with, respectively, NGal¼ 20 and

NGal¼ 50 terms. By increasing the number of terms for the

Galerkin method, frequencies obtained from the Galerkin

method converge to the shooting method frequencies. The

fifth column of the table gives the mode frequencies obtained

from cold fluid theory with a top hat profile, evaluated using

Eq. (1).

In order to describe the squeezed modes, we find it use-

ful to note that the zeroth order dispersion tensor M0 has the

following form:

M0 ¼

M11
0 0 0 …

0 M22
0 0 …

0 0 M33
0 …

�

0
BBBB@

1
CCCCA; (199)

FIG. 10. Plot of the radial dependence of the modes l¼ (nr,m), with axial

mode number m¼ 1 and three radial mode numbers nr¼ 1, 2, 3, in an

unsqueezed plasma with the same parameters as Fig. 7.
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where ðM �mm
0 Þ

l�l ¼ M
�ll �mm
0 and M

�ll �mm
0 is given by Eq. (182).

The mth unsqueezed eigenvector ðel
0Þ

m
satisfies

Mmm
0 ð�x

l
0Þ:ðe

l
0Þ

m ¼ 0 (200)

and has components ððel
0Þ

mÞl ¼ ðel
0Þ

ml
(see Eqs. (83) and (84)

and (183) and (184)). The explicit indices (mm) are related to

the axial Fourier components, which are not coupled at zeroth

order (hence the diagonal form of Eq. (199)).

The matrix Mmm
0 (for axial mode m) has radial eigenvec-

tors ðel
0Þ

m
and eigenfrequencies corresponding to unsqueezed

TG modes, as shown in Fig. 10 (see Eq. (186)). The zeroth

order damping rate, which is the Landau damping of the

unsqueezed system, follows from the same argument as for

our 1D model of Sec. II. Assuming �xl
0 � cl

0 and using the

fact that Wð�xl
0=mÞ is real, a Taylor expansion of

Im Wð�xl
0=mÞ ¼ 0 yields

�cl
0 ¼ �

p�xl
0re
�
ð�xl

0r
Þ2

2m2

P

ð1
�1

ve�v2=2dv

ð�xl
0r=m� vÞ2

; (201)

the same formula as for the 1D model of Sec. II, Eq. (59).

Since �cl
0 is proportional to e�ð�x

l
0
Þ2=2m2

, in the regime where
�xl

0 � m, the zeroth order damping rate is exponentially small.

We will also be using the left eigenvector ê
l
0 of M0ð�xl

0Þ.
The left eigenvectors differ from the right eigenvectors e

l
0

because Mmm
0 is not symmetric. The left eigenvectors satisfy

ê
l
0 :M0ð�xl

0Þ ¼ 0: (202)

Using Eq. (182), we can write the above equation explicitly

as

ðêl
0Þ

�lm ¼ �
X1
l0¼1

ðêl
0Þ

l0m
Wð�xl

0=mÞ

�

ðrw

0

rdrJ0

xl0

rw
r

� �
J0

x�l

rw
r

� �
�n0ðrÞ

k2
D

xl0

rw

� �2

þ k2
m

" #
r2

w

2
J2

1ðxl0 Þ
: (203)

Comparing Eq. (184) to Eq. (203), we obtain the following

relation between ê
l
0 and e

l
0:

ðêl
0Þ

�lm ¼ k2
D

x�l

rw

� �2

þ k2
m

" #
r2

w

2
J2

1ðx�lÞðe
l
0Þ

�lm: (204)

2. First order in e

Analysis of the first-order correction to the eigenmodes

follows similar steps as for the 1D model of Sec. II, except

that the matrix Mmm
0 is not symmetric so both left and right

eigenvectors must be used.

To the first order in e, dispersion relation is given by

M0ð�xl
0Þ:e

l
1 þ �xl

1@�xM0ð�xl
0Þ:e

l
0 þM1ð�xl

0Þ:e
l
0 ¼ 0: (205)

Taking the product of Eq. (205) from the left side with the

left eigenvector ê
l
0 and using Eq. (202), the first term will be

eliminated. We can then solve for �xl
1 and obtain

�xl
1 ¼ �

ê
l
0 :M1ð�xl

0Þ:e
l
0

ê
l
0 :@�xM0ð�xl

0Þ:e
l
0

¼ � ðê
l
0Þ

m:Mmm
1 ð�x

l
0Þ:ðe

l
0Þ

m

ðêl
0Þ

m:@�xMmm
0 ð�x

l
0Þ:ðe

l
0Þ

m : (206)

The real part of �xl
1 gives a correction of order e to the mode

frequency and the imaginary part gives an order e correction

to the damping rate. The numerator of Eq. (206) can be

evaluated using Eqs. (C1), (C5), and (184). We note that

Eqs. (C1) and (C5) show that Mmm
1 ð�x

l
0Þ is a real function of

Wð�xl
0=mÞ and �xl

0; that is, Mmm
1 is real if Wð�xl

0=mÞ and �xl
0

are real. Furthermore, the denominator of Eq. (206) is also a

real function of Wð�xl
0=mÞ and �xl

0. This follows from

Eq. (182) and identity (68). Therefore, the right hand side of

Eq. (206) is a real function of Wð�xl
0=mÞ and �xl

0, which we

call f ðW; �xl
0). Eq. (206) can therefore be written as

�xl
1 ¼ f ðW; �xl

0Þ: (207)

We can then obtain the first-order correction to the damping

rate by taking the imaginary part of this equation, substitut-

ing �xl
0 ¼ �xl

0r þ i�cl
0 and Taylor expanding in �cl

0

�cl
1 ¼ �cl

0@�x f ðW; �xl
0Þ; (208)

noting that Wð�xl
0=mÞ is real. This shows that �cl

1 is directly

proportional to the zeroth order damping rate �cl
0. As a result,

when �xl
0 � m; �cl

1 is also exponentially small.

Figure 11 shows the change in mode frequency versus

the applied squeeze potential. As in the 1D case, the squeeze

causes a decrease in the mode frequency, as the modes axial

sloshing motion is impeded by the squeeze potential.

The first order correction to the eigenmode is obtained

from Eq. (205) as

TABLE I. Frequencies of unsqueezed eigenmodes l¼ (nr,m): (1, 1), (2, 1), and (3, 1), where nr is the radial and m is the axial mode numbers, for a plasma

with the same parameters as Fig. 7. Frequencies xGal and xSho were obtained using the Galerkin method and the shooting method, respectively. NGal is the

number of Bessel terms used to construct the dispersion matrix M11
0 .

Mode number xGal=xp ðxSho � xGalÞ=jxGalj ðxSho � xGalÞ=jxGalj xTG=xp

(nr,m) NGal¼ 20 NGal¼ 20 NGal¼ 50 From Eq. (1)

(1,1) 0.1285 (4.1þ i3.7)� 10�3 (2.6þ i2.4)� 10�6 0.1285

(2,1) 0.0388� i1.08� 10�3 (5.03þ i1.1)� 10�4 (9.5þ i2.1)� 10�7 0.0316

(3,1) 0.0281� i5.21� 10�3 2.3� 10�5 1.7� 10�7 0.0177
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ðel
1Þ

j ¼ �ðMjj
0ð�x

l
0ÞÞ
�1:Mjm

1 ð�x
l
0Þ:ðe

l
0Þ

m; j 6¼ m: (209)

In the above equation, index j represents the axial Fourier

mode number and radial indices are implicit. We also used

the fact that the matrix M0 is block-diagonal in the axial

modes (see Eq. (199)), which implies that its inverse is also

block diagonal, with matrices ðMjj
0Þ
�1

in each block.

Equation (209) applies only for the components ðel
l Þ

j

with j 6¼ m. The j¼m term takes more work. For j¼m,

Eq. (205) becomes

Mmm
0 � ðe

l
1Þ

m þ ½�xl
1@�xMmm

0 ð�x
l
0Þ þMmm

1 ð�x
l
0Þ� � ðe

l
0Þ

m ¼ 0:

(210)

To solve this equation, note that Mmm
0 ð�x

l
0Þ has a set of

right and left eigenvectors En and Ê
n
, respectively, with non-

zero eigenvalues, in addition to the right and left eigenvector

ðel
0Þ

m
and ðêl

0Þ
m

whose eigenvalue is zero (see Eqs. (200)

and (202)). These other eigenvectors satisfy

Mmm
0 ð�x

l
0Þ � En ¼ knEn (211)

and12

Ê
n �Mmm

0 ð�x
l
0Þ ¼ knÊ

n
: (212)

We solve Eq. (210) by expanding ðel
1Þ

m
in the set of

right eigenvectors (assuming they form a complete set)

ðel
1Þ

m ¼
X

n

cnEn: (213)

Note that we neglect the eigenvector with zero eigenvalue in

this sum since, by assumption, ðel
1Þ

m
is orthogonal to this

mode (which is included in the zeroth order). Substituting

Eq. (213) into Eq. (210), and applying a left eigenvector

yields the solution

cn ¼ �
Ê

n � ½�xl
1@�xMmm

0 ð�x
l
0Þ þMmm

1 ð�x
l
0Þ� � ðe

l
0Þ

m

knÊ
n � En

; (214)

where we have used orthogonality of left and right eigenvec-

tors, Ê
�n � En ¼ 0 [provided k�n 6¼ kn].12

Note that the inversion of matrix M
jj
0 in Eq. (209) can be

carried out only when Det½Mjj
0 � 6¼ 0. This condition will not

be satisfied in cases where degeneracies exist among the

unsqueezed eigenmodes,13 i.e., when �xl
0 ¼ �xl0

0 for

unsqueezed modes l and l0. Fortunately, for the particular

cases studied here, no such degeneracies appear. In Ref. 13,

degeneracies occurred because ideal cold fluid theory was

used; but here Landau-damping of high-order modes breaks

the degeneracies.

Using Eq. (185), the squeezed eigenmode l¼ (nr,m) up

to the first order in e is

dulðr; z; tÞ ¼ 2d/l
0ðr; zÞe�ctcosðxrtÞ

þ 2 Re½d/l
1ðr; zÞ�e�ctcosðxrtÞ

þ 2 Im½d/l
1ðr; zÞ�e�ctsinðxrtÞ; (215)

where

d/l
1ðr; zÞ ¼ e

X
l0 6¼l

X
m0 6¼m

ðel
1Þ

l0m0
J0

xl0

rw
r

� �
cos½km0 ðzþ L=2Þ�:

(216)

Since elements of e
l
0 are linearly proportional to jd/lj and

elements of e
l
1 are linear combinations of elements of e

l
0,

both real and imaginary part of d/l
1ðr; zÞ are linearly propor-

tional to jd/lj. Figures 12(a) and 12(b), respectively, depict

the contour plots of the cosðxrtÞ and sinðxrtÞ time dependent

part of the change to the m¼ 1, nr¼ 1 eigenmode due to a

squeeze potential, which are given, respectively, by the rela-

tions (215) and (216).

3. Second order in e

Evidently, damping from the squeeze is second order in

e, just as in Sec. IV. The second order dispersion relation is

given by Eq. (105)

M0ð�xl
0Þ:e

l
2 þ
ð�xl

0Þ
2

2
@2

�xM0ð�xl
0Þ:e

l
0 þ �xl

2@�xM0ð�xl
0Þ:e

l
0

þ �xm
1 @�xM1ð�xl

0Þ:e
l
0 þM1ð�xl

0Þ:e
l
1 þ �xm

1 @�xM0ð�xl
0Þ:e

l
1

þM2ð�xl
0Þ:e

l
0 ¼ 0: (217)

In order to solve for �cl
2 we take the imaginary part of the

product of Eq. (217) with ê
l
0. As for the derivations for the

1D case given by Eqs. (102) through (105), for �xl
0 � m,

terms 1, 2, 4, and 6 are zero. As a result, the second order

damping rate is given by

�cm
2 ¼ �

Im
X1
j¼1

ðêl
0Þ

m:Mmj
1 ð�x

l
0Þ:ðe

l
1Þ

j

" #
þ ðêl

0Þ
m:ImMmm

2 ð�x
l
0Þ:ðe

l
0Þ

m

ðêl
0Þ

m:@�xReMmm
0 ð�x

l
0Þ:ðe

l
0Þ

m ; (218)

FIG. 11. Plot of the change in mode frequency for axial mode m¼ 1 versus the

applied squeeze potential, in a plasma of L¼ 10 cm, xp ¼ 1:15� 106rad=s;
rp � 0:4 cm, and rw¼ 2.86 cm for temperatures T¼ 10 meV, T¼ 30 meV, and

T¼ 70 meV.
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where ðel
1Þ

j
is given by Eq. (209). Figure 13 shows the damp-

ing rate versus the applied squeezed potential for various

temperatures using relations (201), (208), and (218), for typi-

cal confined plasma parameters. The second order damping

rate is the result of resonant wave-particle interaction. Thus,

lowering the temperature will move the resonances in phase

space to energies where the plasma is less populated, i.e., to

higher phase velocities compared to the thermal velocity. As

a result, lowering the temperature results in smaller damping

rates.

V. CONCLUSION

In this paper, we have explored the effect of an applied

squeeze potential on the frequency, damping and spatial

form of TG modes. The presence of a squeeze potential

results in additional resonant wave-particle interactions at

the bounce frequencies xb ¼ x=n, which enhances the mode

damping rate. There are two different reasons for these extra

resonances to be generated: (i) The squeeze potential modi-

fies the unperturbed orbits of the particles in such a way that

a single cosine wave in position space is seen by the particles

(as a function of time) as perturbed, containing higher har-

monics with amplitudes of order us=T. (ii) The shape of the

mode potential in position space is also modified and con-

tains higher harmonics of amplitudes Oðus=TÞ. Our analysis

shows that in the regime where us=T � 1 and x=kmvT � 1,

the mode damping rate has a quadratic dependence on the

amplitude of the applied squeeze potential jusqj, while, for

low-order TG modes, the frequency shift due to squeeze is

first-order in the squeeze potential. This behavior is consist-

ent with experimental results. A detailed comparison to

experiments will be presented in a separate paper.

In the theory presented here, we assume that the squeeze

is applied slowly so that at every stage the plasma is in a

thermal equilibrium state, described by a rigid-rotor

Boltzmann distribution. However, in experiments, the

squeeze may be applied rapidly, so that while the distribution

remains Boltzmann along any given field line, the plasma is

no-longer a rigid rotor. In the following work, we will gener-

alize our results to account for effects such as this, where the

squeezed plasma is not in a full thermal equilibrium state.
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APPENDIX A: ORBIT CALCULATIONS

For a small squeeze potential such that us=T � 1, the

energy of a majority of particles is much larger than us. We

would like to expand the functions of energy in the system in

terms of the smallness ordering parameter e introduced in

Eq. (23), assuming that adding the squeeze potential will

result in a first order perturbative correction to these func-

tions. Thus, for passing particles, which have scaled energies

u > e�us, we expand the functions of energy in terms of e to

first order in e. From Eq. (27), we calculate the period of the

orbit for a passing particle at energy u which orbits the whole

length of the plasma

sðuÞ ¼ 2

ðL
2

�L
2

dz

vT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðu� e�u1ðzÞÞ

p ; (A1)FIG. 13. Plot of the damping rate of axial mode m¼ 1 versus the applied

squeeze potential, in a plasma with same parameters as Fig. 11.

FIG. 12. Contour plots of the real and imaginary part of d/l
1ðr; zÞ, the

change in the spatial dependence of the eigenmode due to squeeze potential,

for the lowest-order mode l¼ (1,1). Re½d/l
1ðr; zÞ� depicted in Fig. 12(a) has

a cosðxr tÞ time dependence and Im½d/l
1ðr; zÞ� depicted in Fig. 12(b) has a

sinðxr tÞ time dependence. The z axis extends from �L/2 to L/2 and the r
axis extends from 0 to rw. Plasma parameters are the same as for Fig. 7.
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xb � x0 1� e
h�u1ðzÞi

2u

� �
; (A2)

where the symbol h…i represents the spatial average along

the length of plasma L. Here, s0 ¼ 2L=vT

ffiffiffiffiffi
2u
p

and

x0 ¼ p
L vT

ffiffiffiffiffi
2u
p

are, respectively, the time period and the

bounce frequency of the motion of particle with energy u in

the absence of the squeeze potential. The angle variable as a

function of z, for v> 0 is given by

w ¼ 2p
s

ðz

�L=2

dz0

vðz0Þ

� p
L

zþ L

2
þ e
ðz

�L=2

dz0
f�u1ðz0Þg

2u

" #
: (A3)

In the above equation, we substituted sðEÞ from Eq. (A1).

Furthermore, we defined f�u1ðzÞg ¼ �u1ðzÞ � h�u1ðzÞi, which

is the size of the deviation of �u1ðzÞ from its spatial average

h�u1ðzÞi. For v< 0, we have

w ¼ p� p
L

z� L=2þ e
ðz

�L=2

dz0
f�u1ðz0Þg

2u

" #
: (A4)

Thus, the angle variable can be written in terms of the angle

variable in the absence of squeeze, plus a first order correc-

tion due to the squeeze potential

w ¼ w0 þ w1; (A5)

w0 ¼
p
L

zþ L=2½ �; v > 0

¼ p� p
L

z� L=2½ �; v < 0; (A6)

w1 ¼ e signðvÞ p
L

ðz

�L=2

dz0
f�u1ðz0Þg

2u

" #
: (A7)

The action variable is

I ¼ 1

2p

þ
pzdz ¼ p�1

ðL=2

�L=2

mqvT

ffiffiffiffiffi
2u
p

1� e�u1ðzÞ=uð Þ1=2dz

� mqvT

ffiffiffiffiffi
2u
p

L

p
1� e

h�u1i
2u

� �
: (A8)

Comparing Eq. (A8) with Eq. (A2), we get the following

relation:

I ¼ mqxb
L2

p2
: (A9)

Since in Eq. (A8), action variable I is given as a function of

energy, we can reverse this relation to obtain energy as a

function of I to the first order of perturbation

u ¼ p2I2

2mqL2T
þ eh�u1i: (A10)

The position dependent part of the mode potential duðzÞ
can be written as a(periodic) function of action-angle vari-

able duðzÞ ¼ duðw; IÞ. Furthermore, we can Fourier expand

du in terms of action-angle variables and calculate the nth

Fourier component

dunðIÞ ¼
1

2p

ð2p

0

e�inwduðzÞdw

� duð0Þn ðIÞ þ
1

2p

ð2p

0

e�inðw0þw1ÞduðzÞðdw0 þ dw1Þ

� duð0Þn ðIÞ þ
1

2p

ð2p

0

ðdw1 � inw1dw0Þe�inw0duðzÞ

� duð0Þn ðIÞ þ
1

2p

ð2p

0

d w1e�inw0

� �
duðzÞ: (A11)

Integrating by parts on the last line of Eq. (A11), since

w1ðz ¼ 6L=2Þ ¼ 0, we obtain

dunðIÞ � duð0Þn ðIÞ �
1

2p

ð2p

0

w1e�inw0 dðduðzÞÞ; (A12)

where duð0Þn ðIÞ is the Fourier component in terms of action-

angle variables, in the absence of squeeze potential for which

w0 is given by Eq. (A5)

duð0Þn ðIÞ ¼
1

2p

ð2p

0

e�inw0duðzÞdw0

¼
ðL=2

�L=2

dz

L
cos

np
L

zþ L

2

� �� �
duðzÞ: (A13)

Using Eqs. (A6) and (A7), we can write Eq. (A11) as

dunðIÞ � duð0Þn ðIÞ

¼ �e
ðL=2

�L=2

dz

L
cos

np
L

zþ L

2

� �� �ðz

�L
2

dz0
f�u1ðz0Þg

2u

d

dz
duðzÞ:

(A14)

We will now use these results to determine the Fourier

coefficients Cn
mðIÞ given by Eq. (34), to the first order in

e. For the squeeze potential, we use the symmetric form

given by Eq. (17). From the wave potential duðz; tÞ
given by Eq. (31), we can see that the wave is a super-

position of cosine waves. For the mth cosine, we substi-

tute cos½mp
L ðzþ L

2
Þ� for duðzÞ. Substituting from Eq. (31)

in Eq. (A13), we obtain the unsqueezed Fourier

components

½Cn
mðIÞ�

ð0Þ ¼
ðL=2

�L=2

dz

L
cos

np
L

zþ L=2ð Þ
� �

d�/cos
mp
L
ðzþ L=2Þ

� �

¼ 1

2
dn;m þ dn;�mð Þ : (A15)

Using the relation
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ðz

�L=2

f�u1ðz0Þg
2u

dz0 ¼
X1
�m¼1

�u1
�m

2u

L

2p �m
sin 2p

�m

L
ðzþ L=2Þ

� �
;

first we calculate the perturbation to the mth Fourier mode in

angle space

Cm
mðIÞ � ½Cm

mðIÞ�
ð0Þ

¼ e
ðL=2

�L=2

dz

L

mp
L

cos
mp
L

zþ L=2ð Þ
� �

sin
mp
L
ðzþ L=2Þ

� �

�
X1
m0¼1

�u1
m0

2u

L

2pm0
sin 2p

m0

L
ðzþ L=2Þ

� �

¼ e
ðL

0

dy

L

mp
2L

sin
2mp

L
y

� �X1
m¼1

�u1
m

2u

L

2pm0
sin 2pm0

y

L

� �

¼ �u1
m

16

e
u

� �
: (A16)

Now we calculate the perturbation to the nth Fourier mode,

where n 6¼ 6m

Cn
mðIÞ ¼ e

ðL

0

dy

L

mp
L

cos
npy

L

� �
sin

npy

L

� �X1
m0¼1

�u1
m0

2u

� L

2pm0
sin 2pm0

y

L

� �

¼ em
ðL

0

pdy

L

1

2
sin ðnþ mÞpy

L

� ��

þ sin ðm� nÞpy

L

� ��X1
m0¼1

�u1
m0

4pm0u
sin 2pm0

y

L

� �

¼ e
X1
m0¼1

m

ðL

0

pdy

L

1

4
cos ðnþ m� 2m0Þpy

L

� ��

� cos ðnþ mþ 2m0Þ py

L

� �
þ cos ðm� n� 2m0Þ py

L

� �

�cos ðm� nþ 2m0Þpy

L

� ��
u1

m0

4pm0u
: (A17)

Finally, the above integral simplifies to

Cn
mðIÞ ¼ e

X1
m0¼1

dn;�mþ2m0 � dn;�m�2m0 þ dn;m�2m0ð

� dn;mþ2m0 Þ
m�u1

m0

4pm0u
: (A18)

In the above Kronecker delta functions, if m is odd, n must

be odd and if m is even, n must be even in order to get a non-

zero result. Since m0 > 0, we can further simplify Eq. (A18)

to obtain

Cn
mðIÞ ¼

m

8

�u1
jm�nj=2

m� n
þ

�u1
jmþnj=2

mþ n

 !
e
u

� �
; n 6¼ 6m: (A19)

For both n and m odd or both even. In summary, we have

Cn
mðIÞ ¼ ½Cm

mðIÞ�
ð0Þ þ an

me=u; (A20)

Cm
mðIÞ

	 
ð0Þ ¼ 1

2
djnj;m; (A21)

an
m ¼

m

8

�u1
jm�nj=2

m� n
þ

�u1
jmþnj=2

mþ n

" #
; n 6¼ m

¼ �u1
m

16
; n ¼ 6m : (A22)

For the rz system, the Fourier series expansion for the

scaled Debye shielded squeeze potential �u1ðr; zÞ, defined in

Eq. (155), is given by

�u1ðr; zÞ ¼ h�u1ðr; zÞiz þ
X1
m¼1

�u1
mðrÞcos 2p

m

L
ðzþ L=2Þ

� �
:

We can perform similar calculations, starting from Eqs. (158)

through (162). Fourier coefficients of the squeezed rz system

to the first order in e are given by

Cn
m r;

e
u

� �
¼ 1

2
djnj;m þ an

mðrÞ
e
u
; (A23)

where coefficients an
mðrÞ are functions of radius given by

an
mðrÞ ¼

m

8

�u1
jm�nj=2ðrÞ
m� n

þ
�u1
jmþnj=2ðrÞ
mþ n

" #
; n 6¼ m

¼ �u1
mðrÞ
16

; n ¼ 6m: (A24)

APPENDIX B: MATRIX CALCULATION

In order to obtain expressions for the zeroth, first, and

second order dispersion matrices M0, M1, and M2 from Eq.

(50), we need the functional form of unðeÞ for e� 1, where

unðeÞ is the scaled energy at which xbðunÞ ¼ x=n. In dimen-

sionless form, this relation is

�xbðun; eÞ ¼ �x=n: (B1)

We first expand �xbðu; eÞ to second order in e, obtaining,

from Eq. (A1)

�xb ¼ 1=

ðL=2

�L=2

dz=L
1ffiffiffiffiffi
2u
p 1þ e�u1ðzÞ

u
þ 3

8
e2 �u2

1ðzÞ
u2

� �
; (B2)

which implies

�xbðu; eÞ ¼
ffiffiffiffiffi
2u
p

1� e
2u
h�u1iþ

e2

4u2
h�u1i2�

3

2
h�u2

1i
� �

þ…

� �
:

(B3)

We can then invert this expression to solve Eq. (B1) for un,

writing un ¼ un0 þ eun1 þ… and collecting terms of the

same order in e. The result is

un ¼
�x2

2n2
þ h�u1ieþ

3

2

n

�x

� �2

ðh�u2
1i � h�u1i2Þe2 þ… : (B4)
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As a result, we have to second order in e

e�un ¼ e�
�x2

2n2 1� h�u1ie�
3

2

n

�x

� �2

ðh�u2
1i � h�u1i2Þe2 þ 1

2
h�u1i2e2 þ…

 !
: (B5)

Furthermore, we expand 1=he�e�u1i

1=he�e�u1i ¼ 1= 1� h�u1ieþ
1

2
h�u2

1ie2 þ…

� �

¼ 1þ h�u1ie�
1

2
h�u2

1ie2 þ h�u1i2e2…: (B6)

Thus, we have

e�un

he�e�u1i ¼ e�
�x2

2n2 1� 3

2

n

�x

� �2

þ 1

2

 !
h�u2

1i � h�u1i2
h i

e2 þ…

 !
: (B7)

We also need d �xbðun; eÞ=du. Taking the derivative of Eq. (B3) and using Eq. (B4) implies

d �xbðun; eÞ
du

¼ n

�x
1þ 3

n

�x

� �4

ðh�u2
1i � h�u1i2Þe2 þ…

 !
: (B8)

We now use these results to expand the dispersion matrix Mð�x; eÞ in powers of e. To zeroth order, we use the lowest order

forms in Eq. (44), �xb ¼
ffiffiffiffiffi
2u
p

(from Eq. (B3)), and Cm;n ¼ dm;jnj=2 from Eq. (A21). This implies

Mmn
0 ð�xÞ ¼ dmn 1þ 1

K2
mk2

D

Wð�x=mÞ
" #

: (B9)

The first order correction is found using the first-order expansions of 1=he�e�u1i; �xb and Cm,n in Eq. (44). This results in

the expression

Mmp
1 ð�xÞ ¼ �

8ðKmkDÞ�2ffiffiffiffiffiffi
2p
p

X1
n¼1

��us

�xbð0; 0Þ
ð�x=nÞ2 � �xbð0; 0Þ2

Cn
pð0ÞCn

mð0Þ
(

þ h�u1i
ð1
0

du
�xbðu; 0Þe�u

ð�x=nÞ2 � �xbðu; 0Þ2
þ
ð1
0

du@e �xbðu; 0Þ
ð�x=nÞ2 þ �xbðu; 0Þ2

ðð�x=nÞ2 � �xbðu; 0Þ2Þ2
e�u

2
64

3
75Cn

pð0ÞCn
mð0Þ

þ
ð1
0

du
�xbðu; 0Þe�u

ð�x=nÞ2 � �xbðu; 0Þ2
@eC

n
pð0ÞCn

mð0Þ þ @eC
n
mð0ÞCn

pð0Þ
� �9=;: (B10)

The first term on the right hand side arises from expansion in e of the lower bound in the u-integral in Eq. (42). This is zero

since from Eq. (B3) we have �xb(0,0)¼ 0. The second term arises from expansion of 1=he�e�u1i using Eq. (B6), and the last two

terms arise from expansion of �xb and Cn
m, respectively. From Eq. (B3), we have

�xbðu; 0Þ ¼
ffiffiffiffiffi
2u
p

; @e �xbðu; 0Þ ¼ �h�u1i=
ffiffiffiffiffi
2u
p

: (B11)

Using Eqs. (B11) and (A20), the remaining terms on the right hand side of Eq. (B10) can be simplified to obtain

Mmp
1 ð�xÞ ¼ �

2ðKmkDÞ�2ffiffiffiffiffiffi
2p
p h�u1i

ð1
0

du

ffiffiffiffiffi
2u
p

e�u

ð�x=mÞ2 � 2u
dmp � h�u1i

ð1
0

du
ð�x=mÞ2 þ 2uffiffiffiffiffi

2u
p
ðð�x=mÞ2 � 2uÞ2

e�udmp

8<
:

þ 2

ð1
0

du

ffiffiffiffiffi
2u
p

e�u

uðð�x=mÞ2 � 2uÞ
am

p þ 2

ð1
0

du

ffiffiffiffiffi
2u
p

e�u

uðð�x=pÞ2 � 2uÞ
ap

m

9=
;: (B12)

Now, using integration by parts we can show that
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h�u1i
ð1
0

du
ð�x=mÞ2 þ 2uffiffiffiffiffi

2u
p
ðð�x=mÞ2 � 2uÞ2

e�u ¼ h�u1i
ð1
0

due�u d

du

ffiffiffiffiffi
2u
p

ð�x=mÞ2 � 2u

 !
¼ h�u1i

ð1
0

du

ffiffiffiffiffi
2u
p

ð�x=mÞ2 � 2u
e�u: (B13)

Thus, the first two terms in Eq. (B12) cancel and we are left with

Mmp
1 ð�xÞ ¼ �

2ðKmkDÞ�2ffiffiffiffiffiffi
2p
p 2

ð1
0

du

ffiffiffiffiffi
2u
p

e�u

uðð�x=mÞ2 � 2uÞ
am

p þ 2

ð1
0

du

ffiffiffiffiffi
2u
p

e�u

uðð�x=pÞ2 � 2uÞ
ap

m

8<
:

9=
;: (B14)

Using the following relation, we further simplify Mmp
1 ð�xÞ

ð1
0

du

ffiffiffiffiffi
2u
p

e�u

uðð�x=mÞ2 � 2uÞ
¼
ð1
0

du
2
ffiffiffiffiffi
2u
p

ð�x=mÞ2
1

2u
þ 1

ð�x=mÞ2 � 2u

 !
e�u

¼
ffiffiffi
2
p

ð�x=mÞ2
P

ð1
0

e�uffiffiffi
u
p duþ 2

ð�x=mÞ2
P

ð1
0

ffiffiffiffiffi
2u
p

ða=mÞ2 � 2u
e�udu

¼ m2

�x2

ffiffiffiffiffiffi
2p
p

1�W �x=mð Þ½ � ; (B15)

where W(x) is defined in Eq. (55). As a result, we obtain

Mmp
1 ð�xÞ ¼ �

4

K2
mk2

D

m2

�x2
1�Wð�x=mÞ½ �am

p þ
p2

�x2
1�Wð�x=pÞ½ �ap

m

� �
: (B16)

For M2, we note that we only need ImM2 in our lowest-order expression for the damping rate due to squeeze. Applying

Eqs. (B4), (B5), (B7), and (B8) to Eq. (44), we obtain the following pure series form for Im Mð�x; eÞ:

ImMmpð�x; eÞ ¼ 4p

k2
DK2

m

ffiffiffiffiffiffi
2p
p

X1
n¼1

�x
n

e��x2=2n2

1� 3

2

n

�x

� �2

þ 1

2

 !
h�u2

1i � h�u1i2
h i

e2 þ…

 !

� 1� 3
n

�x

� �4

½h�u2
1i � h�u1i2�e2 þ…

 !
dnm=2þ 2n2

�x2
an

meþ ðbn
m � h�u1ian

mÞ
2n2

�x2

� �2

e2 þ…

 !

� dnp=2þ 2n2

�x2
an

peþ ðbn
p � h�u1ian

pÞ
2n2

�x2

� �2

e2 þ…

 !
; (B17)

where we also used the following series expansion, which is obtained in detail in Appendix A to the first order(second order

coefficients bn
m are not evaluated since they do not contribute to our results)

Cn
mðe=unÞ ¼ dnm=2þ ðe=unÞan

m þ ðe=unÞ2bn
m þ…

¼ dnm=2þ e
2n2

�x2
an

m þ e2ðbn
m � h�u1ian

mÞ
2n2

�x2

� �2

þ…: (B18)

The zeroth, first, and second order ImM are found by collecting terms in Eq. (B17)

Im Mmp
0 ð�xÞ ¼

4p

k2
DK2

m

ffiffiffiffiffiffi
2p
p �x

m
e��x2=2m2

dm;p=4; (B19)

Im Mmp
1 ð�xÞ ¼

4p

k2
DK2

m

ffiffiffiffiffiffi
2p
p e��x2=2p2 p

�x
ap

m þ e��x2=2m2 m

�x
am

p

� �
; (B20)

Im Mmp
2 ð�xÞ ¼

4p

k2
DK2

m

ffiffiffiffiffiffi
2p
p � �x

m
e��x2=2m2

3
m

�x

� �4

þ 3

2

m

�x

� �2

þ 1

2

 !
h�u2

1i � h�u1i2
h i

dm;p=4þ 2e��x2=2p2ðbp
m � h�u1iap

mÞ
p

�x

� �3
"

þ 2e��x2=2m2ðbm
p � h�u1iam

p Þ
m

�x

� �3

þ
X1
n¼1

4
n

�x

� �3

e��x2=2n2

an
man

p

#
: (B21)

Note that the expression for Im M1 agrees with the imaginary part of Eq. (B16).
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APPENDIX C: MATRIX CALCULATION FOR THE RZ SYSTEM

In order to carry out a perturbation expansion of the dispersion relation of the rz system given by Eq. (177), in terms of e
as the smallness parameter, we need the series expansion of M

�ll �mm given by Eq. (179) in terms of e. We write this matrix as

M
�ll �mm ¼ d�lld �mm þ

ðrw

0

rdrJ0

xl

rw
r

� �
J0

x�l

rw
r

� �
�n0ðrÞbðr; eÞM �mmðr; �x; eÞ

x�l

rw

� �2

þ k2
�m

" #
r2

w

2
J2

1ðx�lÞ
; (C1)

where

bðr; eÞ ¼ he�eu1ðr;zÞ=Tiz
h�n0ðrÞe�eu1ðr;zÞ=T=h�n0ðrÞirirz

(C2)

is a Boltzmann prefactor due to variation of the squeeze potential with radius, and

M �mmðr; �x; eÞ ¼ � 8ffiffiffiffiffiffi
2p
p

k2
Dhe���u1ðr;zÞiz

X1
n¼1

ð1
e�u1ðr;0Þ

du
�xbe�u

ð�x=nÞ2 � �x2
b

Cn
m r;

e
u

� �
Cn

�m r;
e
u

� �
(C3)

is the same matrix as appeared in the 1D calculation (the second term in Eq. (44)) (aside from multiplicative constant K�2
m that

does not appear in Eq. (C3)). We expanded this matrix in e in Appendix B and can use those results to obtain the required e
expansion here. The zeroth order matrix is (see Eq. (B9))

M �mm
0 ¼ d �mmWð�x=mÞ=k2

D; (C4)

and the first-order correctionM �mm
1 is given by Eq. (B16) (multiplied by K2

m)

M �mm
1 ¼ � 4

k2
D

�m2

�x2
1�Wð�x= �mÞ½ �am

�m þ
m2

�x2
1�Wð�x=mÞ½ �a �m

m

 �
: (C5)

Let us call the second-order correctionM �mm
2 ; the imaginary part of this matrix was evaluated in Eq. (B21). Now, expand-

ing bðr; eÞ to second-order yields bðr; eÞ ¼ 1þ eb1ðrÞ þ e2b2ðrÞ where

b1ðrÞ ¼
e
T
h�n0ðrÞu1irz=h�n0ðrÞir � hu1iz
� �

(C6)

and

b2ðrÞ ¼
1

T2

1

2
hu2

1iz þ h�n0u1=h�n0izirz

� �2 � 1

2
h�n0u

2
1=h�n0irirz � hu1izh�n0u1=h�n0u1=h�n0irirz

� �
; (C7)

and thus the combination bðr; eÞM �mmðr; �x; eÞ has the following expansion, up to second order:

bðr; eÞM �mmðr; �x; eÞ ¼M �mm
0 ðr; �xÞ þ e M �mm

1 ðr; �xÞ þM �mm
0 ðr; �xÞb1ðrÞ

� �
þ e2 M �mm

2 ðr; �xÞ þM �mm
1 ðr; �xÞb1ðrÞ þM �mm

0 ðr; �xÞb2ðrÞ
� �

: (C8)

Using Eqs. (C1), (C4), and (C8), we obtain the following explicit form for the zeroth order matrix M
�l l �mm
0 :

M
�l l �mm
0 ¼ d �mm d�l l þ 2Wð�x=mÞ

ðrw

0

r dr�n0ðrÞJ0ðx�l r=rwÞJ0ðxlr=rwÞ

k2
D x2

�l
þ k2

�mr2
w

h i
J2

1ðx�lÞ

0
BBBB@

1
CCCCA; (C9)

and using Eq. (C5), we obtain the first order matrix M
�l l �mm
1

M
�l l �mm
1 ¼

ðrw

0

r dr�n0ðrÞJ0ðx�l r=rwÞJ0ðxlr=rwÞ M �mm
1 ðr; �xÞ þM �mm

0 ðr; �xÞb1ðrÞ
	 


k2
D x2

�l
þ k2

�mr2
w

h i
J2

1ðx�lÞ
: (C10)
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For the second order matrix, we only require the imaginary part, given by

Im M
�l l �mm
2 ¼ �

ðrw

0

r dr�n0ðrÞJ0ðx�l r=rwÞJ0ðxlr=rwÞ ImM �mm
2 ðr; �xÞ þ ImM �mm

1 ðr; �xÞb1ðrÞ þ ImM �mm
0 ðr; �xÞb2ðrÞ

	 


k2
D x2

�l
þ k2

�mr2
w

h i
J2

1ðx�lÞ
;

(C11)

where ImM �mm
2 ðr; �xÞ is given by Eq. (B21) (except for the

factor of K�2
m ).
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