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ABSTRACT OF THE DISSERTATION

Experiments on Cross-Magnetic-Field Heat
Transport in Magnetized, Pure Electron Plasmas

by

Kurt Anthony Thompson

Doctor of Philosophy in Physics

University of California San Diego, 2020

Professor C. Fred Driscoll, Chair
Professor Daniel H. E. Dubin, Co-Chair

In this dissertation we present measurements of cross-magnetic-field heat transport in

pure electron plasmas confined within a cylindrical Penning-Malmberg Trap. The measured heat

transport is dominated by "long-range collisions", which are not included in classical transport

theory. Most significantly, long-range collisions are observed to cause heat transport which is

independent of the magnetic field, as opposed to classical theory which scales as B−2. Modern

theory predicts that long-range collisions are effective up to a Debye length, and thereby predicts

transport rates which agree with the present measurements to within 50%.
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Experimentally, the electron plasma temperature is obtained versus radius and time by

a newly-developed technique which measures the charge which escapes past controlled end-

trapping barriers. We describe the technique in detail including the data collection, analysis and

calibration. The method is validated via several experiments of the temporal evolution of the

radial temperature profile including heating due to asymmetry-induced radial expansion, cooling

due to cyclotron radiation and heating due to separatrix-crossing dissipation. The temperature

diagnostic is shown to be robust and capable of obtaining spatial temperature resolution on the

order of the Debye length. The technique is applicable to a variety of nonneutral plasma traps

enabling temperature diagnostics for previously inaccessible experiments.

From the measured density n(r, t) and temperature T (r, t) data, heat transport is analyzed

as diffusion due to random particle collisions, convection due to bulk plasma flow, plus source

terms consisting of Joule heating and cyclotron cooling. From these experiments we determine

the cross-field thermal diffusivity, which we measure over a range of axial magnetic fields from

1 < B < 13 kG; the measured diffusivity is compared with the predictions from the classical and

modern transport theories. Classical theory considers collisions with collision impact parameters

up to the cyclotron radius whereas modern theory considers long-range collisions with impact

parameters up to the Debye length. Over the range of magnetic fields studied, the predicted

transport rates from the modern theory are 103−105 times larger than transport rates predicted

by classical theory. The measured diffusivity is within 50% agreement with the modern theory

prediction and the measurements verify the magnetic-field-independence of the heat transport.
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Chapter 1

Introduction and Summary

1.1 Collisional Transport in Nonneutral Plasmas

Transport in plasma is one of the most widely studied topics within plasma physics and has

important applications in many fields such as low-temperature, fusion, and astrophysical plasmas

[1, 2, 3, 4]. Specifically, heat transport has garnered much attention since a clear understanding

of heat transport is necessary for the development of a functioning fusion reactor [5, 6, 7, 8].

In general, transport in plasmas can be grouped into two categories: turbulent and

collisional transport. Turbulent transport arises from fluctuations due to microinstabilites and

unstable collective modes. Neutral plasmas, especially fusion plasmas, are often dominated

by turbulent transport because of the numerous instabilities that exist for these plasmas [9].

Collisional transport on the other hand is driven by random fluctuations due to inter-particle

collisions. In this dissertation we will be concerned with collisional heat transport arising from

inter-particle collisions rather than heat transport arising from turbulence. Nonneutral plasmas are

excellent candidates for studies of collisional transport because these plasmas can be confined in

a quiescent stable state with minimal turbulence so that inter-particle collisions are the dominant

transport mechanism.
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Research regarding collisional transport properties in nonneutral plasmas has been very

successful over the past 30 years. Nonneutral plasmas are typically confined in a cylindrical

Penning-Malmberg trap where radial confinement is provided by an axial magnetic field and axial

confinement is created by electrostatic confinement barriers. Due to their excellent confinement

properties, nonneutral plasmas can rapidly relax to a state of local thermal equilibrium. When

the confinement is exceptional, internal interations cause the plasma to relax to a rotating global

thermal equilibrium state [10]. Plasma parameters, such as density and temperature, are controlled

with great precision and measured using incisive diagnostics which enables detailed studies of

collisional transport in nonneutral plasmas.

The earliest experiments in nonneutral plasma transport were measurements of the con-

finement time which is limited by interactions with the external (non-rotating) world. In these

early experiments, the confinement time was short due to rapid radial expansion of the plasma

which was caused by external interactions such as collisions with background gas and asymmetry-

induced transport. Collisional transport measurements could not be performed on these poorly

confined plasmas since inter-particle transport was dominated by externally-induced transport.

Experiments showed that at high neutral background pressures (Pbg > 10−5 torr), the confinement

time was proportional to the neutral background pressure and therefore longer confinement times

could be achieved by improving the vacuum conditions [11]. With the introduction of ultra-high

vacuum environments (Pbg ∼ 10−10 torr) the confinement time was found to increase as the

background pressure decreased; but eventually the confinement time would "plateau" and further

reduction of the neutral background pressure would not yield better confinement [12, 13, 14]. It

was concluded that the confinement time was being limited by electrostatic and magnetic trap

asymmetries that torque on the plasma, causing it to expand radially and be lost to the cylindrical

wall. Despite the inability to improve confinement with improved vacuum, the confinement

times that were achieved were sufficiently long so that inter-particle collisions could achieve

local thermal equilibrium along each field line; and in some cases where the confinement was

2



exceptional, global thermal equilibrium could be achieved.

With the ability to trap nonneutral plasmas for long times such that the plasma achieves a

stable quiescent state, the experiments reached a level of sophistication where incisive experiments

could be performed to measure fundamental collisional transport coefficients: particle diffusion,

viscosity and thermal conductivity. A close collaboration between theoretical and experimental

research discovered and studied the importance of long-range collisions in the transport properties

of nonneutral plasmas [15].

Classically, transport coefficients are calculated by considering "short-range" collisions

with impact parameter ρ between the distance of closest approach and the cyclotron radius,

that is b < ρ < rc. Classical collisions predominate when λD < rc which is typical for many

laboratory plasmas, with nonneutral plasmas being a notable exception. In contrast, nonnenutral

plasmas require rc < λD, in which case "long-range" collisions up to the Debye length can occur,

rc < ρ < λD, with surprising implications for collisional transport processes, e.g. collisional heat

transport due to long-range collisions is independent of magnetic field. The extensive research

in long-range collisional transport, as shown in Table (1.1), has demonstrated that transport due

to long-range collisions can be many orders of magnitudes larger than transport due to classical

short-range collisions, when rc < λD.

Furthermore, theory and experiments have discovered the enhancement of particle dif-

fusion and viscosity in the "2D bounce-average" regime also called the "high-rigidity" regime.

Here, the rigidity is defined as, R = fb/ fE , where the axial bounce frequency fb is the rate at

which particles oscillate axially along the trap axis, and the E×B drift frequency fE is the rate at

which particles orbit around the trap axis. WhenR� 1, particles can undergo multiple correlated

axial collisions before being sheared away from each other due to θ -rotation. The multiple

correlation collisions strongly enhance the particle diffusion and viscosity; the experiments and

theory regarding the enhancement is summarized in Table (1.1).
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Table 1.1: Transport Coefficients for three regimes; classical collisions, 3D long-range collisions
and 2D long-range collisions. Based on table from Reference [15].

Kinetic Thermal
νc = nvb2 Diffusion Viscosity Diffusivity

D η/nm χ = 2κ/5n

ρ < rc
4
√

π

3 νcr2
c ln
( rc

b

) 2
√

π

5 νcr2
c ln
( rc

b

) 16
15
√

πνcr2
c ln
( rc

b

)
Classical

Short-Range Longmire & Rosenbluth [16] Longmire & Rosenbluth [16] Rosenbluth & Kaufman [17]
Collisions Simon [18]

2α
√

πνcr2
c ln
( v

∆vm

)
ln
(

λD
rc

)
0.59αvcλ 2

Dln
( v

∆vm

)
.49νcλ 2

D
ρ > rc (+ wave) (+ wave)

3D Long-Range
Collisions (Lifshitz & Pitaevskii [19]) O’Neil [20] (Rosenbluth & Liu [21])
R. 1 O’Neil [20], Dubin [22] Dubin & O’Neil [23] Dubin & O’Neil [24]

Anderegg [25] Driscoll [10] Hollmann [26, 27]

2D z-averaged 8π2 fb
r|w′E |

νcr2
c ln
( r

d

)
16π2 fb

rw′E
νcd2g(2d/r) Theory

Long-Range Not Applicable
Collisions Dubin & Jin [28] Dubin & O’Neil [29]
R� 1 Anderegg [30] Kriesel [31]
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1.2 Heat Transport in Pure Electron Plasmas

In this dissertation we present the first measurements of cross-magnetic-heat transport in

a pure electron plasma and thereby add to the body of experimental research regarding collisional

transport in nonneutral plasmas that was presented in the previous section. Our heat transport

measurements are made possible by the development of a new technique for measuring the radial

profile of the parallel temperature of a nonneutral plasma. The new temperature measurement

technique enables unprecedented accuracy and spatial resolution for radial temperature profile

measurements of electron plasmas. The technique is shown to be robust and gives spatial

resolution on the order of the Debye length. With this new temperature measurement technique

we have done a systematic study of heat transport in pure electron plasmas for a large range of

magnetic fields.

Prior to the research presented in this thesis, heat transport measurements in nonneutral

plasma had been performed on 24Mg+ plasmas. Heat transport experiments could be per-

formed on 24Mg+ because the velocity-space distribution function (and hence the temperature for

Maxwellian distributions) can be diagnosed using laser-induced flourescence techniques [26, 32].

In the 24Mg+ experiments, heat transport was characterized by measuring the thermal diffusivity

and measurements were performed for a range of parameters include a factor of 4 change in

the magnetic field, 103 change in the temperature and factor of 50 change in density. All of the

experiments with ion plasmas were performed in the low rigidity regime,R< 1.

In pure electron plasmas, the separation between classical thermal diffusivity and long-

range thermal diffusivity is∼ 1000 times larger than ion plasmas as seen in Table (1.2). Therefore,

heat transport in pure electron plasmas is expected to be completely dominated by long-range

collisions. Our measurements over a range of magnetic fields from 1 < Bz < 13 kG are in good

(50%) agreement with the prediction from long-range collisions and our results demonstrate the

magnetic-field-independence of the thermal diffusivity. Furthermore, we perform measurements
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Table 1.2: Comparison between ion and electron heat transport experiments in nonneutral
plasmas.

Parameter Previous Study on Current Study on
24Mg+ Ion Plasma Electron Plasma

λD/rc ∼ 10 ∼ 103

χL/χC ∼ 100 ∼ 105

R= fb/ fE ∼ 1 ∼ 60

of the thermal diffusivity over a range of plasma rigidities, 1 < R < 60, which are the first

measurements of heat transport in the highly rigid regime. We observe that the thermal diffusivity

does not depend on the plasma rigidity which is consistent with the theoretical perspective.
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Chapter 2

Background

2.1 Introduction

Nonneutral plasmas are routinely confined in a Penning trap or Penning-Malmberg trap

where radial confinement is provided by an externally-applied axial magnetic field and axial

confinement is achieved through electrostatic potentials applied to a set of cylindrical electrodes.

The cylindrical symmetry of the confinement geometry guarantees that the canonical angular

momentum is a constant of the motion, which in turn places a constraint on the radial positions

of the particles by requiring that the mean-squared radius of the plasma be conserved [33]. The

constraint on the mean-squared radius is an important confinement property that enables the

long-time confinement of a nonneutral plasma and the achievement of thermal equilibrium.

The excellent confinement properties of nonneutral plasmas have allowed for detailed

studies of cross-field transport [25, 26, 31], wave-particle interactions [34, 35], vortex dynamics

[36, 37, 38] and antimatter properties [39, 40]. In this chapter we provide a brief discussion of

the confinement proprieties of electron plasmas in Penning-Malmberg traps and we specify the

plasma parameters and geometry of the electron plasmas studied in this dissertation.
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2.2 Experimental Device - CamV

Experiments are performed on an electron plasma confined in a Penning-Malmberg trap

called, "CamV", which is shown schematically in Fig. 2.1. The trap consists of an array of hollow

concentric cylindrical electrodes that are enclosed within a cylindrical vacuum vessel. Ultra-high

vacuum is maintained using an ion pump and the neutral background gas pressure is typically

Pbg < 10−10 torr. The electrodes are made of oxygen-free high-thermal-conductivity copper and

are electroplated with a layer of gold to prevent oxidation and reduce undesirable electrostatic

patch effects that degrade plasma confinement.

Surrounding the vacuum vessel is a superconducting electromagnet that creates a uniform

axial magnetic field, B = Bzẑ, along the electrode axis. The maximum magnetic field that can

be achieved is Bz ≈ 16 kG and experiments are performed in the range 1 < Bz < 13 kG. Saddle

coils are used to apply small correction magnetic fields in the perpendicular directions, Bx and By,

so that the axial magnetic field is precisely aligned with the electrode axis. The magnetic field

provides radial confinement of the electrons by inducing an E×B drift of the electrons around the

center of charge which is nominally aligned with the electrode axis when the plasma is quiescent.

The electrons are confined axially by negative potentials, Vc =−100 V, that are applied

to two of the electrodes which are referred to as the confinement electrodes. The upstream

confinement electrode is referred to as the inject electrode and the downstream confinement

electrode is referred to as the eject electrode. In the configuration shown in Fig 2.1, electrode

1 is the inject electrode and electrode 10 is the eject electrode. The cylindrical geometry of the

electrodes necessitates the use of a cylindrical coordinate system (r,θ ,z) which we use throughout

this dissertation.

Electrons are produced from a heated spiral tungsten filament that is negatively biased to

accelerate electrons into the trap. The filament has an outer radius of R f = 1.8 cm and is heated

with an alternating current I f = 15.5 Amps (pk) with a voltage of Vf = 11.3 Volts (pk) giving
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Figure 2.1: Schematic of the experiment. In this configuration, the confinement voltages are
applied to electrodes 1 and 10. Electrodes 2-9 are grounded and a positive potential VA is applied
to electrodes A1-A4 to accelerate electrons towards the phosphor screen which is biased to +15
kV. Electrodes 4 and 7 are divided into electrically-isolated azimuthal sectors and are used to
apply asymmetric perturbations.

a power of P ≈ 180 Watts (pk). The bias voltage is typically set to Vb = −30 V and is chosen

to match the on-axis plasma potential produced by the unneutralized plasma [41]. The voltage

across the spiral filament is then given by

V (r) =Vb +Vf
r2

R2
f

(2.1)

which matches the radial potential profile of an idealized cylindrical column with constant density.

Normally, the filament can be heated using a direct current power source. However,

because the filament in CamV is located in the high-field region of the trap, the resulting stress

from the I×B force would cause a distortion of the filament and possible damage over long

periods of usage [42]. Therefore, instead of direct current we use a 16.25 kHz alternating current

so that the net force applied to the filament is zero when averaged over a cycle.

The device is operated in an inject-hold-eject cycle. To inject electrons into the trapping

region, the voltage of the inject electrode is ramped to ground and held for ∼ 100 µs, allowing

the electrons from the filament to stream into the trap. The electrons are trapped by ramping

the inject electrode back to Vc. During the injection period, the power amplifier controlling the

filament current is triggered to briefly hold the filament current at a predetermined fixed level, so
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that the potential profile across the filament is given by Eq. (2.1).

The axial distance between the two confinement electrodes defines the confinement length

Lc. By appropriate choice of electrodes we can vary the confinement length from 7≤ Lc ≤ 52.5

cm. The actual length Lp of the plasma column is less than Lc with Lp 3-5 cm shorter than Lc (see

Sec. 2.4). The inner wall radius Rw = 3.5 cm, defines the maximum radial extent of any plasma

but radial loss to the wall is negligible in all experiments described here.

Once the electrons are trapped, selected electrodes can be used to monitor/excite wave

activity and apply perturbations to the plasma. Two of the electrodes are divided azimuthally

into electrically isolated sectors that can be individually biased to apply azimuthally dependent

perturbations or excitations. Electrode 4 is divided into 4 azimuthal sectors that have arc sizes

of 60◦ and the sectors are separated by 30◦ sections of the frame of electrode 4. Electrode 7

is divided into 8 azimuthal sectors that have arc sizes of 25◦ and the sectors are separated by

20◦ sections of the frame of electrode 7. Electrodes 4 and 7 are routinely used to excited low

frequency drift modes known as Diocotron modes and high frequency Trivelpiece-Gould modes

which are standing Langmuir waves for the finite cylindrical geometry of the plasma column

[43, 44, 45, 46].

After a confinement time, tc, the plasma density profile is destructively measured by

ejecting the plasma onto a phosphor screen by ramping the eject electrode to ground. Typically,

a positive accelerating voltage, 50 ≤VA ≤ 100 V, is applied to electrodes A1-A4 to accelerate

the ejected electrons towards the phosphor screen, which is further biased to +15 kV. Since the

plasma column is destructively measured during the ejection process, to obtain the time evolution

of the dynamics we are required to reproduce the exact initial conditions over many hundreds

of experiments cycles. We typically find that the shot-to-shot reproducibilty is δn/n < 1% at

low magnetic fields, Bz < 2 kG, and varies in the range of 3 < δn/n < 5% at higher magnetic

fields, Bz > 2 kG. The difference in the shot-to-shot reproducibility at high magnetic field versus

low magnetic fields is not entirely understood, but is attributed to the small E ×B rotation
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Figure 2.2: CCD camera image of a typical electron plasma.

frequency at high magnetic field, as well as variations in the turbulent decay of the injected

plasma profile. Various techniques can be used to shape the plasma profile and improve the

shot-to-shot reproducibility.

2.3 Destructive Diagnostics

The primary diagnostic on CamV is a destructive measurement of the z-integrated density

profile of the plasma column. When the plasma is ejected from the trap and impacts the phosphor

screen, the resulting flourescent light from the phosphor is imaged by a charge-coupled device

(CCD) camera that has 1024× 1024 pixels. The flourescence is proportional to the number

of electrons that impact the phosphor screen, and calibration of a full ejection determines the

z-integrated plasma density,
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Figure 2.3: Typial radial profiles of the density, temperature, potential, E×B rotation frequency
and plasma length at a magnetic field of Bz = 2 kG
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Q2(r,θ) =
∫

dz n(r,θ ,z) (2.2)

where n(r,θ ,z) is the volume density of electrons before the ejection process commenced. In

many cases we can assume azimuthal symmetry of the plasma column around its center of charge

and therefore we average over θ to obtain the θ -averaged z-integrated density Q(r)

Q(r)≡ 〈Q(r,θ)〉θ ≡
1

2π

∫ 2π

0
dθ Q2(r,θ). (2.3)

The total number of particles, N, is calculated by a radial integral of Q(r),

N = 2π

∫
rdrQ(r) (2.4)

The fundamental measured quantity, Q(r), is an area density but in plasma physics it is

more useful and intuitive to consider the volume density, n(r,z). Here, n(r,z) is the volume density

of the plasma in the confinement region before it was dumped on to the phosphor screen. The

most accurate method to obtain the volume density is to numerically calculate an (r,z) equilibrium

solution to the Poisson equation, with the electron density at each radius given by the Boltzmann

relation (Sec. (2.6)). From the equilibrium solution we obtain the spatial dependence of n(r,z)

and we obtain more general characteristics of the shape of the plasma column such as the amount

of curvature of the axial ends of the plasma column. In addition, the equilibrium solver is used to

calculate the effective length of the plasma, Lp(r), which varies as a function of radius due to the

curvature of the column ends (The definition of Lp(r) is given in Sec.(2.4)).

In this dissertation, when studying heat and particle transport, we will only be concerned

with radial transport and therefore it is beneficial to remove the z-dependence of the density by

defining an averaged volume density, np, referred to as the plasma density and is given by
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np(r) =
Q(r)
Lp(r)

(2.5)

Calculating the plasma density in this manner requires an (r,z) Poisson solution to determine

Lp(r), which is time consuming and not necessary when the axial dependence of the plasma is

irrelevant. A zeroth-order estimate of the plasma length ignoring radial dependence often suffices,

so we approximate L∗p = Lc− 4.5 cm where L∗p is the estimated length. The volume density

defined using this estimate for the plasma length is referred to as the confinement density, nc, and

is calculated as

nc(r) =
Q(r)
L∗p

(2.6)

For the long plasma studied in this dissertation the difference between nc and np is less than 5%

so that nc gives a good estimate for the plasma density.

For calibration, direct measurement of the ejected charge can be obtained by rotating the

collector plate to collect all of the ejected electrons (See Fig. 2.1). A charge collection circuit is

connected to the collector plate as shown schematically in Fig. 2.4. To accelerate the electrons

to the collector plate, the plate is biased with a positive voltage VA = +100 V. The collected

electrons accumulate on capacitor, C, and then decay through resistor, R, with a time constant

τRC. The time constant is chosen to be long compared to the time required to eject the plasma

but short compared to an experimental cycle. The voltage signal Vc(t) signal developed across

C is amplified and recorded by a digitizer. A DC blocking capacitor, Cb, is inserted between

the charge collector capacitor and the amplifier to protect the amplifier from VA and remove DC

offset. With a fast ejection, Vc(t) gives the total number of particles N which is used to calibrate

the phosphor/CCD diagnostic. With a slow ejection, the first electrons escaping at r = 0 give an

estimate of the on-axis parallel temperature T‖.
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Figure 2.4: Schematic of the charge collection circuit used with the collector plate. The
electrons are collected on capacitor C and the charge on the capacitor decays through resistor R.
The voltage across C is amplified and recorded by a digitizer.
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Figure 2.5: Single particle motion in a Penning-Malmberg trap. Showing the cyclotron motion
with frequency fc, the bounce motion with frequency fb, and the E×B drift rotation at frequency
fE .
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2.4 Length Scales

Several lengths scales characterize the dynamics of electrons in Penning-Malmberg traps.

The smallest length scale is the distance of closest approach

b =
e2

T
(2.7)

≈ (1.44 nm)

(
T

1eV

)−1

Due to the axial magnetic field, electrons execute, with perpendicular velocity v⊥, cy-

clotron orbits around their guiding centers with a cyclotron radius given by

rc =
v⊥
wc

=
mecv⊥

eBz
(2.8)

≈ (23.8 µm)

(
T

1 eV

)1/2( Bz

1 kG

)−1

Due to the small cyclotron radius, the (r,θ) dynamics of a nonneutral plasma can often be

described using guiding-center drift theory.

The next length scale is the Debye length given by

λD =

√
T

4πne2 (2.9)

≈ (0.235 cm)

(
T

1 eV

)1/2( n
107 cm−3

)−1/2

where T is the temperature. The Debye length sets the typical distance over which particles

respond to shield potential perturbations.
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The next set of lengths are associated with the spatial geometry of the plasma columns

which is inherited from the cylindrical confinement geometry. The mean-square radius of the

plasma is calculated as

〈r2〉=
∫

rdr r2drQ(r)∫
rdr Q(r)

(2.10)

The mean-square radius is a useful measurement due to its proportional relationship to the

canonical angular momentum. Changes in the measured 〈r2〉 give a direct measurement of

changes in the canonical angular momentum. Therefore the time rate of change of 〈r2〉 is useful

as a measurement of the strength of the torque applied to the plasma due to perturbations or trap

asymmetries.

The next two lengths are not uniquely defined within the nonneutral plasma community.

Several definitions exist for the length of the plasma and several definitions exist for the plasma

radius. We derive our definition of the plasma radius, Rp, from the definition of 〈r2〉 by considering

a “top-hat” density profile where the density is a step function with n(r) = n0 for r ≤ Rp and

n(r) = 0 for r > Rp. Top-hat profiles are theoretical idealizations of the experimental density

profile which always has a radial density gradient. Calculating 〈r2〉 for the top-hat profile gives

〈r2〉= R2
p/2. We therefore define the plasma radius as

Rp =
√

2〈r2〉 (2.11)

where 〈r2〉 can be calculated for any density profile. Rp is used sparringly in this dissertation

since 〈r2〉 is a more fundamental quantity given its proportional relationship with the canonical

angular momentum. However, Rp gives an intuitive measurement of the radial edge of the plasma

column which is useful when comparing the radial extent of the plasma to Rw.

The length of the plasma is a more difficult quantity to define, in part because the

definitions depends on the importance of the (r,z) variation of the potentials at the axial ends of
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the plasma near the confinement electrodes. Furthermore, the length of the plasma varies radially

where the end shape of the plasma column is typically convex with an approximately parabolic

dependence on the radius [47]. Due to Debye shielding, the potential at any given radius within

the plasma column is uniform along the axis except in Debye sheath regions at the ends of the

plasma where the confinement electrodes create electrostatic barriers that reflect the electrons

back towards the center of the confinement region. In the Debye sheath regions, the potential

rises rapidly with a scale length of λD.

The axial position at which any given electron is reflected depends on the maximal axial

velocity vz0 of the electron. By vz0 we mean the velocity of the electron when it is near the axial

center of the plasma, where the confinement potential is minimal and axially relatively constant.

The electron velocity decreases as the electron approaches the confinement potential barriers

until ultimately the electron is stopped, changes direction and then is accelerated back into the

containment region. Electrons with larger vz0 will travel closer to the confinement electrodes

before being turned around than electrons with lower vz0. The difference in the length traversed

by electrons with different vz0 depends on the size of the Debye sheath region which is a few λD

in extent. For a long plasma or a cold plasma, λD is much less than the length of the plasma and

therefore we can reasonably neglect the difference in length for electrons with different vz0.

For a velocity-independent definition of plasma length, Lp, we use a density weighted

average given by

Lp(r) =

[∫
dz n(r,z)

]2∫
dz
[
n(r,z)

]2 (2.12)

where n(r,z) is the volume density that is determined from the measured Q(r) profiles by solving

an equilibrium solution to the Poisson equation which will be presented in Sec. 2.6. Eq. (2.12)

ignores any single particle behavior in favor of an averaging that is achieved using n(r,z) and is a

useful representation for the plasma length when λD� Lp.
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With the length definitions presented in this section, we can present the typical length

scale ordering for a nonneutral plasma confined in a Penning-Malmberg trap as

rc� λD < Rp < Lp (2.13)

2.5 Rates

In this section we discuss the various rates relevant to nonneutral plasmas which include

basic collision rates as well as frequencies of the electron drift and bounce dynamics. The fastest

frequency consists of the cyclotron frequency, fc, given by

fc =
ωc

2π
=

1
2π

eBz

mec
(2.14)

≈ (2.80×109 s−1)

(
Bz

1 kG

)

Along the magnetic field, electrons rapidly relax to a Maxwellian energy distribution due

to collisions. The electron-electron collision rate for 90◦ velocity-scattering collisions is given by

νee =
16
√

π

15
nvb2ln

(
rc

b

)
(2.15)

≈ (160 s−1)

(
n

107 cm−3

)(
T

1 eV

)−3/2

×
(

1+0.10 ln
[(

T
1 eV

)3/2( Bz

1 kG

)−1 ])

where v =
√

T/me is the thermal velocity. The Coulomb logarithm, ln(rc/b), assumes that the

maximum impact parameter ρ for velocity-scattering (Boltzmann) collisions is rc [48, 49]. For

un-magnetized plasmas, this maximum impact parameter is ρ ∼ λD.
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Since fc� νee, at any given radius the plasma can have a temperature anisotrophy between

the perpendicular temperature T⊥, characterizing the degrees of freedom perpendicular to the

magnetic field, and the parallel temperature T‖, characterizing the axial degrees of freedom. When

there are no external sources or sinks of thermal energy, we can express the time evolution of

weak anisotrophy, T‖−T⊥, as [50]

d(T‖−T⊥)
dt

=−3ν⊥‖(T‖−T⊥) (2.16)

Where ν⊥‖ is the perpendicular-parallel collision rate given by

ν⊥‖ =
3
2

νee (2.17)

Collisions with impact parameters ρ < rc, will cause T⊥ and T‖ to relax to an equilibrium

temperature T which is given by

T =
1
3

T‖+
2
3

T⊥ (2.18)

The factor of 2 in front of T⊥ arises from the two degrees of freedom associated with the

perpendicular motion. For time scales long compared to ν
−1
⊥‖ we can assume that T⊥ = T‖ = T ,

and use T as the temperature variable.

Cyclotron radiation is the dominant cooling mechanism for electrons in strong magnetic

fields. Here the energy of the plasma is emitted as electromagnetic radiation due to the cyclotron

motion of the electron around its guiding center [51, 52]. At high magnetic fields, typically

Bz > 5 kG, cyclotron radiation is significant and can rapidly bring the electrons into temperature

equilibrium with the electrode walls. The cyclotron radiation time, τr, for electrons is given by
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τr =
9mec3

8e2ω2
c

(2.19)

≈ (380 s)
(

Bz

1 kG

)−2

where ωc = 2π fc is the cyclotron frequency. Cyclotron radiation reduces only the perpendicular

energy of the particle; however, for the plasmas studied in this dissertation, the parallel equilibria-

tion time is short compared to the cyclotron cooling rate, i.e. ν
−1
⊥‖ � τr, so that T⊥ = T‖ = T is

maintained. The temperature of the plasma then decays exponentially as

dT
dt

=
−T
τr

(2.20)

In the axial direction the electrons bounce between the two confinement potentials. The

frequency at which any given electron executes this oscillatory motion depends on the axial

velocity of the electron as well as the distance between the turning points for that electron. A

representative frequency for this motion is given by the oscillation of a thermal electron

fb(r) =
v

2Lp(r)
(2.21)

≈ (2.10×106 s−1)

(
T (r)
1 eV

)(
Lp(r)
10 cm

)−1

The unneutralized space charge of a nonneutral plasma creates a radial electric field Er

that causes the plasma columns to execute an E×B drift rotation around its center of charge. The

frequency at which this motions occurs is the E×B rotation frequency given by
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fE(r) = − c
2πrBz

Er (2.22)

≈ (1.44×105 s−1)

(
n

107cm−3

)(
Bz

1 kG

)−1

In deriving this equation for fE we have ignored the axial dependence of the potentials, and in

calculating the numerical approximation in the second line we have assumed a constant density

(i.e. top hat profile). With these frequencies defined we can give the typical frequency ordering

for electron plasmas confined in a Penning-Malmberg trap as

fc� fb > fE (2.23)

Fig. 2.5 gives a conceptual depiction of the single particle motion which is described by a

fast oscillation of the electron around its cyclotron orbit while the particle bounces axially between

the confinement electrodes, and finally the electron executes a slow drift motion around the center

of charge of the plasma column. For a 1eV electron in a plasma with density n = 107 cm−3

that is immersed in a magnetic field of Bz = 1 kG, the ratio of the three frequencies is given

by fc : fb : fE = 10000 : 10 : 1. That is, an electron completes 1000 cyclotron orbits during one

bounce orbit and completes 10 bounce orbits during one drift orbit.

There are always residual electrostatic and magnetic asymmetries that couple the rotating

plasma to the external world, despite "grounding" of the electrodes and precise (10−4 radian)

alignment of the magnetic field with the electrode axis. These asymmetries torque on the plasma,

reducing the canonical angular momentum Pθ , which is given by
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Pθ = ∑
i

(
mevθ ,iri +

qBz

2c
r2

i

)
w −

(
eBz

2c

)
〈r2〉 (2.24)

Here q =−e is the signed charge and the summation is over the N total number of electrons. For

nonneutral plasmas in strong magnetic fields, the kinetic contribution to the angular momentum

is small compared to the magnetic term. Neglecting the kinetic term results in a proportional

relationship between Pθ and the mean-square radius of the plasma 〈r2〉. Therefore, changes in

〈r2〉 give a direct measurement of changes in Pθ . The drag torque exerted by the intrinsic static

trap asymmetries causes a decrease in Pθ , an increase in 〈r2〉, and a radial expansion of the plasma

column. The expansion rate of the plasma is characterized in terms of the mean-square radius and

is given by

ν〈r2〉 =
1
〈r2〉

d〈r2〉
dt

(2.25)

An empirical expression for the "well-tuned" expansion rate is given by [53]

ν〈r2〉 = (7 s−1)

(
Va

1V

)
R−2 (2.26)

where Va is the wall potential of any intrinsic or externally applied electrostatic asymmetry and

R is the plasma rigidity. For CamV, the strength of the intrinsic trap asymmetries has been

previously estimated to be Va = 1 V [54]. The plasma rigidity is a useful metric for characterizing

the behavior of an electron plasma and is defined as the ratio of the bounce frequency to the

rotation frequency [53]
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R(r) =
fb

fE
(2.27)

≈ 14.6
(

Bz

1 kG

)(
T (r)
1 eV

)1/2( n(r)
107 cm−3

)−1( Lp(r)
10 cm

)−1

The empirical results given by Eq. (2.26) is valid for electron plasmas with rigidities of 1≤R≤ 10.

For electron plasmas with rigidities of 10 ≤ R ≤ 20 the expansion rate decreases sharply by

two orders of magnitudes. For highly rigid electron plasmas where R> 20 the expansion rate

is independent of R. The change in the dependence of ν〈r2〉 on R over the rigidity range from

1≤R≤ 100 is not understood and remains an open question.

2.6 Local Thermal Equilibrium

Velocity-scattering collisions between electrons at each radius cause the plasma to relax

to a Maxwellian distribution function at each radial position where the distribution function is

given by

f (r,z,vz) = n0(r)
(

me

2πT (r)

)1/2

exp
(
−

1
2mev2

z +qφ

T (r)

)
(2.28)

where n0(r) is a normalization factor. Integration of the distribution function over the axial

velocity gives the Boltzmann equation for the axial density dependence

n(r,z) = n0(r)exp
(
− qφ

T (r)

)
(2.29)

To calculate the potential we use the Poisson equation with appropriate boundary conditions

∇
2
φ(r,z) =−4πqn(r,z) (2.30)
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where the boundary conditions are

dφ

dz
= 0 (r,z = zends) (2.31)

dφ

dr
= 0 (r = 0,z) (2.32)

where zends are the axial boundaries of the numerical grid and the potential is specified at the

wall radius which is zero throughout the confinement region and is Vc on the inject and eject

electrodes.

We routinely calculate numerical solutions to the Boltzmann-Poisson equations in order

to determined the density and shape of the plasma. It is worth noting at this point that solving

the Boltzmann-Poisson equations requires specification of the radial temperature profile T (r)

and the normalization Q(r) =
∫

dz n(r,z). The normalization is easily obtained by ejecting the

plasma column and measuring Q(r). For the temperature, the standard temperature measurement

technique utilized in the nonneutral plasma community only measures the temperature near r = 0

[55]. In order to use the Boltzmann-Poisson system of equations to determine the (r,z) distribution

of the density, the assumption is made that the radial temperature gradient is small so that the

temperature is approximately uniform and equal to the measured temperature at r = 0. In Chapter

3 we will develop a technique for measuring the full radial temperature profile T (r) thereby

improving the accuracy at which the (r,z) distribution of the density can be determined.

2.7 Adiabatic Invariants

Adiabatic invariants play an important role in plasma physics in general as well as the

dynamics of nonneutral plasmas; this is especially true of the research presented in this dissertation.

The preservation of adiabatic invariants places constraints on collisional transport processes as
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well as constraints on the distribution function when the plasma is axially expanded or compressed.

We briefly discuss three adiabatic invariants that are relevant to nonneutral plasmas.

In general, when a system has periodic motion, the action integral is a constant of the

motion when the parameters of the system are varied slowly compared to the periodicity of

the oscillatory motion [56]. The action integral is defined as
∮

pdq where q is a generalized

coordinate, p is the conjugate momentum and the integral is taken over one period of the motion.

The first adiabatic invariant is associated with the rapid cyclotron motion of the particles in the

magnetic field

µ
′ =

∮
p⊥ds = me

∮
v⊥rcdθ (2.33)

where p⊥ and v⊥ are the momentum and velocity associated with the cyclotron motion of the

particle. We define the electron magnetic moment as µ = mev2
⊥/2B and we solve for µ ′

µ
′ =

4πmec
q

µ (2.34)

Therefore we see that preservation of the cyclotron adiabatic invariant is equivalent to preservation

of the magnetic moment.

The second adiabatic invariant is the bounce adiabatic invariant which is associated with

the axial oscillatory motion of the particles between the two confinement electrodes and is given

by

J =
∮

pzdz = me

∮
vzdz (2.35)

The bounce adiabatic invariant is often conserved when the voltage on the confinement electrodes

are manipulated slowly compared to the bounce period of the electrons.

The third adiabatic invariant is the conservation of the magnetic flux enclosed by the

guiding center drift orbit of an electron. This drift-orbit adiabatic invariant is calculated as the
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cyclic integral of the angular momentum along the drift orbit

Φ =
∮

pθ ds≈ e
c

∮
Aθ rdθ (2.36)

where we have neglected the small drift velocity term in the single particle angular momentum.

When the magnetic field is uniform in the plane of the drift-motion the adiabatic invariant becomes

Φ =
eπr2Bz

c
(2.37)

This adiabatic invariant is usually unimportant when the plasma is within the trapping region

since, by design, Penning-Malmberg traps have uniform magnetic field in the trapping region.

However, in most electron Penning-Malmberg traps the electron source is located in a low-field

region and therefore the drift orbit adiabatic invariant plays a significant role when injecting the

plasma into the trapping region. In CamV, the filament, confinement electrodes and phosphor

screen are all located within a region of uniform magnetic field and therefore the drift orbit

adiabatic invariant is irrelevant. However, it should be noted that the placement of the filament

inside of the high-field region results in a lower density, 106−107 cm−3, than is often found in

other electron plasmas confined in Penning-Malmberg traps which typically have densities in the

range of 108−109 cm−3. In most Penning-Malmberg traps, the electron source is located in a

low field region and when the electrons are injected into the trapping region they transition from

the low field region to the high field region. During the injection, Φ is conserved which yields the

relationship

rH = rL

√
Bz,L

Bz,H
(2.38)

where rL (rH) and Bz,L (Bz,H) are the drift orbit radius and magnetic field in the low (high) field

region. The preservation of the drift-orbit adiabatic invariant causes the radius of the drift orbit to

decrease as the particle transits from the low field region to the high field region resulting in a

27



higher density in the trapping region. The higher density results in markedly different behavior

such as increased rotation frequencies, equilibriation rates and transport properties.

2.8 Diocotron Modes

We now discuss the (r,θ) drift modes called the Diocotron modes which are ubiqutous

in pure electron plasmas confined in Penning-Malmberg traps. These modes are characterized

by their azimuthal mode number, m, and have no axial dependence, that is, kz = 0, where kz is

the axial mode number. Diocotron modes are readily excited using sectored electrodes and the

amplitudes and frequencies of the modes can be manipulated and measured while the plasma is

confined. The density perturbation created by the mode are given by

δn(r,θ) ∝ A(r)cos(mθ −2π fmt) (2.39)

where A(r) is the radial eigenfunction and fm is the mode frequency. In this dissertation, changes

in the frequency of the m = 1 Diocotron mode are used to diagnose changes in the length of the

plasma and changes in the temperature. For an infinite-length plasma column with a constant

density profile the frequencies are given by [57]

fm =
nec
Bz

(
m−1+

(
Rp

Rw

)2m)
(2.40)

In reality the finite-length of the plasma column introduces shifts in the mode frequencies which

are nontrivial. For the m = 1 mode, a detailed study of the mode frequency has been performed

by Fine [58] and a more accurate equation for the mode frequency has been derived [59, 60].

The improved model for the m = 1 Diocotron mode includes corrections to the mode frequency

due to finite-length of the plasma column as well as the effect from the image charges at the

electrode wall. Notably, Fine’s improved model does not include the curvature of the ends of the
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plasma column and treats the columns as having flat ends. The shifts in the frequency due to

the curvature of the ends of the plasma column are small and the mode frequency calculated by

Fine’s model agrees within 5% with the experimentally measured mode frequency. We denote the

m = 1 Dioctron frequency as, fd , and the finite-length representation of the frequency is given by

fd =
ceNL

πBzR2
w

(
1+

Rw

L∗p

[
j01

2

(
1
4
+ ln

(
Rw

Rp

)
+

T
e2NL

)
−0.671

]){
1+σ

D2

R2
w

}
(2.41)

where j01 = 2.405 is the first zero of the J0 Bessel function, NL = N/L∗p is the line density and σ

is a dimensionless geometric factor given by

σ =
1−2(Rp/Rw)

2

[1− (Rp/Rw)2]2
(2.42)

The term in braces in Eq. (2.41) is the nonlinear shift to fd when the model amplitude D is large.

For the m = 1 Dioctron modes utilitzed in this research, D� Rw and the nonlinear shift is small.

Note that the equation for the finite-length Diocotron mode has a temperature dependence which

does not occur in the infinite-length frequency equation, Eq. (2.40).

Some of the Diocotron modes are negative energy modes which means that the dissipation

of energy results in the growth of the mode [61]. A well known example is the destabilization

and growth of the m = 1 Diocotron mode due to resistance in the confinement electrodes [62]. In

our experiment, the m = 1 Diocotron mode is almost always excited during the injection process,

so the first step in the experimental cycle is generally to damp the mode with negative feedback.

That is, the mode is detected on one sector of a sectored electrode, and then an amplified signal is

applied to the diametrically opposite sector, thereby resonantly damping the mode and bringing

the plasma column back to a quiescent state.
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Chapter 3

Measuring the Radial profile of the

Parallel Temperature

3.1 Introduction

In this chapter we present a technique for measuring the radial parallel temperature profile

of a nonneutral plasma. Similar to previous techniques, [55, 63, 64] we measure the number of

particles that escape from the confinement region as the magnitude of the electrostatic confinement

barrier is reduced by ramping the trapping potential to ground. However, we specifically require

that the trapping potential be varied slowly compared to the axial bounce frequency of the

particles, thereby preserving the bounce adiabatic invariant. The distribution function of the still-

confined particles can then be modeled as a truncated Maxwellian, with an effective temperature

determined by preservation of the bounce adiabatic invariant. With this distribution function, we

are able to accurately calculate the plasma potential to enable quantitative interpretation of the

escaped charge data. Use of this model differentiates the temperature measurement technique

discussed in this paper from previous techniques, and the model enables accurate predictions of

the number of escaping particles at all trapping potentials as well as accurate temperature profiles

30



with spatial resolution on the order of the Debye length.

A perpetual challenge in the study of nonneutral plasmas has been accurate measurement

of the plasma temperature and, more difficult still, measurement of the temperature as a function

of radius in the case of a nonuniform temperature profile. Techniques utilized in the study of

neutral plasmas are unfeasible for nonneutral plasmas; the requirement of cylindrical symmetry

precludes the insertion of Langmuir probes and the low density (∼ 106−109 cm−3) prevents the

use of optical techniques such as Thomson scattering. For a select subset of nonneutral plasmas

consisting of ions, notably 24Mg+ and 9Be+, the velocity distribution function, and hence the

temperature, can be diagnosed using laser-induced fluorescence [32, 65]. However, laser-induced

fluorescence techniques are not applicable to electron, positron or antiproton plasmas which are

areas of considerable research efforts. The temperature measurement technique discussed in this

Chapter is intended for use with nonneutral plasma species that are not amenable to measurement

with laser-induced florescence.

For plasmas where laser-induced flourescence techniques are not available, the most

commonly used temperature measurement method is to ramp down the magnitude of the elec-

trostatic confinement barrier and measure the number of particles that initially escape from the

radial center of the trap [55]. The distribution function is assumed to be Maxwellian, and the

temperature is determined from an exponential fit to the number of escaping particles as a function

of the confinement barrier magnitude. Since the temperature is only measured at the radial center

of the plasma, this method is necessarily used in tandem with the assumption that the temperature

profile is uniform or that radial temperature gradients are negligible.

The benefits of a robust method for measuring the radial temperature profile are numerous;

a few of which are highlighted. Accurate measurements of the radial temperature profile are

required for studies of cross-magnetic-field heat transport [26] such as convective and conductive

heat transport as well as heat transport due to Cherenkov emission of plasma waves [21, 24].

Additionally, a detailed study of the temperature dependence of viscosity in nonneutral plasmas
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may aid in resolving the current discrepancies between experiment and theory [31]. Furthermore,

it has been demonstrated that the widely studied two-dimensional E×B Diocotron modes have a

radial temperature dependence that has yet to be fully characterized.

3.2 Overview of Temperature Measurement Technique

Determining the parallel kinetic energy distribution function (or equivalently, the parallel

temperature profile for a Maxwellian plasma) consists of reducing the confinement barrier

and measuring the radial profile of the number of escaping electrons. The magnitude of the

confinement barrier is controlled by the "hold" voltage, VH on the eject electrode; and the

experimental data set consists of many measurements of the number of escaping electrons at

different VH . The kinetic energy distribution function can be determined by analyzing the

relationship between the number of escaping electrons and the magnitude of the confinement

barrier at each VH . The number of escaping electrons per unit area is given by

Qexp(r,VH) =
∫

dz
∫

∞

Ec

dE‖

(
2

meE‖

)1/2

f (r,z,E‖) (3.1)

where E‖ = (1/2)mev2
z is the parallel (axial) kinetic energy, f is the energy distribution function

and Ec(r,z,VH) is the confinement energy. Ec is the magnitude of the confinement barrier due to

the hold voltage applied to the eject electrode. Alternatively, Ec can be described as the minimum

kinetic energy required for an electron at z = 0 to escape out the end (z = 0 is the axial midpoint

between the ineject and eject electrodes). The voltage of the inject electrode is maintained at Vc

throughout the ejection process, and therefore no electrons can escape past the inject electrode.

In general, Ec varies radially and axially due to the spatial variation in the confinement

potential, φc(r,z,VH), and due to the spatial variation in the electron space charge potential,

φp(r,z,VH). The confinement energy at an (r,z) point is calculated as the difference between

the maximum potential energy for the specified r and the potential energy, qφ(r,z,VH), where
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φ = φp +φc is the total potential and q is the signed particle charge (i.e. q =−e for electrons).

The equation for the confinement energy is given by

Ec(r,z,VH) = qφ(r,zmax,VH)−qφ(r,z,VH) (3.2)

where the first term on the right hand side is the maximum potential energy (due to VH) at each

radius and is located at the axial point zmax(r,VH). Note that the dependence of zmax on VH is due

to the increasing importance of the qφp component of qφ as qφc decreases.

Fig 3.1(a) shows the potential energy and confinement energy along the r = 0 axis when

the eject electrode voltage is at the full confinement potential, Vc. In Fig 3.1(a), the plasma is

well confined such that Ec� T ∼ 1eV and therefore the electrons are trapped axially between

the inject and eject electrodes. Fig 3.1(b) shows the energies when the eject electrode has been

changed to VH =−40 V in which case Ec∼E‖ for high energy electrons and some of the electrons

will be able to escape from the confinement region.

The previous discussion outlines a general methodology of analyzing the escaping charge

to determine the distribution function for nonneutral plasmas, and this was first introduced by

Eggleston et. al [55] (referred to as E92). The underlying difficulty with this class of methods

is that electrons escape from the trap when qφc ∼ qφp� E‖ meaning that the plasma potential

plays a significant role in determining the confinement energy, and therefore in determining the

number of escaping electrons at each VH . This is in contrast to most uses of a retarding potential

analyzer [66] where qφc ∼ E‖� qφp, in which case analysis of the escaping charge is simplified

since the effects due to the electron space charge can be neglected. Determining the distribution

function requires accurate calculation of Ec which in turn requires a model for calculating qφ at

each VH . We can easily solve for qφc using a Laplace equation solver, but solving for qφp is more

difficult since it requires a self-consistent solution to the Poisson equation.

In order to deal with the difficulty arising from the calculation of qφ , the E92 method

requires that the confinement geometry satisfies the condition that Lc� Rw, in which case finite-
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Figure 3.1: Plots of the potential energy and confinement energy along the trap axis at r = 0 cm.
Plot (a) corresponds to the case in which both confinement electrodes are at the full confinement
potential, Vc =−100 V. In Plot (b), the eject electrode voltage is set to VH =−40 V while the
inject electrode voltage remains at Vc = −100 V. zmax denotes the axial position of the peak
confinement barrier due to the eject electrode voltage.
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length effects are assumed negligible. The neglected finite length effects include curvature of the

ends of the plasma column, effects due to axial expansion during the ejection process, and the

axial dependence of Ec and φ .

The justification for neglecting finite-length effects is discussed using Fig. 3.1 which

shows the potential energy and confinement energy of a plasma where Lc/Rw = 15. Due to

Debye shielding, the potential is constant throughout the axial length of the plasma except in

short regions at the axial ends where φ changes rapidly in a distance of a few Debye lengths.

Therefore, the axial variation of qφ and Ec is significant only in the Debye sheaths at the ends of

the plasma. For long plasma columns satisfying Lc� Rw, the Debye sheaths are a small fraction

of the overall plasma length, and the associated finite-length effects are assumed to be negligible.

With the axial dependence neglected, the potentials can be calculated as functions of

radius only. Ec is then given by the difference between φc, which is obtained from a radial Laplace

equation, and φp which is obtained from a radial Poisson equation thereby obviating the need for

a representation of the axial dependence of the potential. A benefit of the E92 method is that no

restrictions are placed on the form of f , which can either be Maxwellian or non-Maxweillian and

therefore the E92 method applies equally well to non-equilibrium plasmas [67, 68].

A simplified version of the E92 technique assumes that f is Maxwellian and then analyzes

the initial 1−2% of the escaping electrons. The initial electrons escape from the radial center of

the trap since the minimum of Ec is located at the radial center; and therefore this simplified E92

technique can only measure the temperature near r = 0. φp is not significantly changed as the

initial electrons escape, since these electrons are only a small fraction of the total charge; and

therefore the relationship between Qexp and Ec is simplified. The temperature can be found by a fit

of the measured Qexp to the equation d(ln Nesc)/dEc =−1.05/T where Nesc(VH) =
∫

2πrdr Qexp

is the total number of escaping electrons. The simplified E92 technique is the standard method for

measuring the temperature of nonneutral plasmas. However, several researchers [52, 69, 70, 71]

have noted the need for finite-length corrections when the plasma is cold, or the plasma length is
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short or when non-negligible axial expansion occurs during the ejection process.

In order to extend the E92 method to include finite-length effects, we require a model

for calculating the (r,z) dependence of the potential and density. The typical method for solving

for the (r,z) dependence is to allow for a sufficient number of inter-particle collisions such that

the distribution function is Maxwellian along each r. Integration of the Maxwellian over the

kinetic energy gives the Boltzmann equation for the density. Then the density and potential can

be determined by iteratively solving the Boltzmann-Poisson system of equations

∇
2
φ(r,z) =−4πqn(r,z) (3.3)

n(r,z) = n0(r)exp
(
− qφ(r,z)

T (r)

)
(3.4)

where n0 is a normalization factor that is determined by the constraint Q(r) =
∫

dz n(r,z).

Unfortunately, the Boltzmann equation is not a valid representation for the density of

trapped particles after some have escaped. That is, electrons escape in order from highest energy

to lowest energy, and therefore the trapped electron distribution function is no longer a simple

Maxwellian as electrons escape from the trap. Furthermore, the distribution function changes due

to the axial expansion of the electron plasma as the hold voltage VH is changed.

To account for changes in the distribution function during the ejection process, Hart et. al.

[63] (referred to as H06), use a model where the distribution function is a truncated Maxwellian

with a radial temperature profile T (r). Using a truncated Maxwellian accounts for changes to the

distribution function due to the ejection of electrons, but it does not account for changes due to

axial expansion. The temperature profile is found by iterating T (r) and comparing the number of

escaping electrons predicted by the model with Qexp. After iterating and converging to a final

result for T (r), H06 found that the truncated Maxwellian model can accurately predict Qexp for

the initial 10−25% of the total escaping charge. The H06 method improves the calculation of

Ec and φ by including some of the previously neglected finite-length effects, but at the loss of
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applicability of the method to non-equilibrium plasmas since it requires that the initial unperturbed

distribution function be Maxwellian.

The method presented in the next sections builds upon the H06 method by including

changes to the distribution function due to axial expansion. We require that the hold voltage VH

be changed slowly, so that the length of the plasma changes slowly compared to the axial bounce

motion of the electrons. Changing the eject electrode voltage in this manner preserves the bounce

adiabatic invariant and allows for an accurate description of the electron distribution function

at each VH during the ejection process. The distribution function of the trapped electrons is

modeled as a truncated Maxwellian but with an effective temperature T ′(r,VH) that is determined

by preservation of the bounce adiabatic invariant. T ′ is calculated using the initial unperturbed

temperature profile T (r), modified to account for expansion cooling as the length of the plasma

expands as VH is raised. Then, T (r) is iterated until the number of escaping electrons predicted

by the model matches Qexp. We find that our model, which includes changes to the distribution

function due to axial expansion and the ejection of electrons, can accurately predict Qexp at all

radii and all VH .

3.3 Measurement of Escape Charge

We now discuss the experimental method for measuring the number of escaping electrons,

Qexp. Measurement of the radial temperature profile begins by performing manipulations of

the plasma that result in a temperature profile, T (r), that we intend to measure and that can

be repeated with shot-to-shot variations ≤ 5%. We reduce the confinement barrier by raising

the voltage on the eject electrode from the full confinement voltage, Vc =−100 V, to a higher

voltage VH . When the eject electrode voltage is at VH , some electrons will have sufficient energy

to overcome the confinement barrier and escape from the trap. The electrons which escape are

recorded by the CCD camera giving us Qexp(r,VH) for the specified VH . After holding the eject
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electrode voltage at VH for a sufficiently long time, we dump the remaining electrons (which are

not measured) and repeat the entire inject/manipulate/measure sequence but now at a different

value for VH .

An important criteria that must be satisfied during the ejection process is that the eject

electrode voltage must be ramped sufficiently slowly such that the axial bounce adiabatic invariant

of the electrons is conserved. The preservation of the bounce adiabatic invariant is necessary in

order to accurately model the ejection process so that we can calculate φ and Ec which will be

performed in the next section. The bounce adiabatic invariant is defined as J =
∮

dz pz where the

integral is over the axial length that the electron transits. J will be conserved when the plasma

length, Lp(r), is varied slowly compared to the axial bounce period τb = 1/ fb. Therefore we are

required to change the eject electrode voltage such that ((1/Lp)dLp/dt)−1� τb to preserve the

bounce adiabatic invariant. We typically use ramp rates ζ in the range of ζ = 1−4 V/µs and for

the experiment in this chapter we use a ramp rate of ζ = 1 V/µs.

In order to avoid overshooting the desired VH by approaching VH too rapidly, we ramp the

eject electrode voltage to an intermediate trimming voltage given by Vtrim =VH −3. The eject

process beings with a ramp of the eject electrode voltage from Vc to Vtrim at a rate of 1 V/µs.

Then the voltage is ramped from Vtrim to VH at a rate of 0.3 V/µs. We hold the eject electrode

voltage at VH for 10 µs, which is several bounce periods in duration to ensure that all electrons

with sufficient energy to escape from the trap are given enough time to do so. The voltage is then

ramped back to Vtrim with a ramp rate of 0.3 V/µs. The final ramp is from Vtrim back to Vc at a

rate of 10 V/µs and is done to prevent the remaining trapped electrons from escaping. Fig 3.2

shows the ramp profile of the eject electrode voltage for VH = −40 V,−20 V and +2 V . Note

that because the ramp rates are fixed, the total duration of the ejection process increases as VH

increases.

After the CCD camera has finished recording the signal from the escaping electrons we

discard the remaining trapped electrons by ramping the eject electrode voltage to ground. The
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Figure 3.2: Oscilloscope traces showing the ramping of the eject electrode voltage for three
settings of VH . The ramps begin at t = 0 µs with an initial ramp rate of ζ = 1 V/µs and the
eject electrode voltage is held at Vc =−100 V when not ramping.
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Figure 3.3: Radial profiles of measured escape charge at several hold voltages. Q(r) is the total
z-integrated density profile that is obtained by ejecting the entire plasma.

experiment is repeated and the same ejection procedure is used except this time we ramp the eject

electrode to a different VH . Typically, we repeat the experiment ≈ 70 times and vary VH in 0.7

V steps starting from VH =−40, i.e. VH =−40,−39.3,−38.6, ...,−0.1,+0.6,+1.3,+2 V. The

range of VH values depends on the temperature and density of the plasma. The lowest voltage

is chosen such that electrons are just beginning to escape from the trap. Higher temperature or

higher density plasmas require a lower starting voltage for VH since electrons will be able to

escape at larger values of Ec.

For positive values of VH , the entire plasma escapes and no electrons remain in the trap.

We perform an additional six cycles with VH = +2 and then we average all of the Qexp(r,VH)

profiles with VH > 0 to give us the fully ejected z-integrated density profile Q(r). The averaging

is done to reduce error associated with shot-to-shot variations. Fig. 3.3 shows Q as well as Qexp

for several VH voltages.

For cold plasmas (T < 0.01 eV ), the ramping process must complete in less time than the
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ν
−1
⊥‖ re-thermalization time. Collisions between particles during the ejection process can cause

an up-scattering of a particle’s energy such that the particle may escape from the trap at a larger

value of Ec than it would have if there had been no collisions. The model we use for calculating

φ and Ec necessarily assumes that the plasma is collisionless during the ejection process, and

therefore any collisional processes would confuse the measurements.

3.4 Model for Ejection Process

We now discuss the model used to calculate φ(r,z) and thereby the confinement barrier

Ec at each hold voltage VH . We assume that the initial unperturbed distribution function is

Maxwellian along each field line (i.e. at each r),

f (r,z,E‖,Vc,T ) = n0(r)
(

me

2πT

)1/2

exp
(
−

E‖+qφ

T

)
(3.5)

By unperturbed we mean that the the eject electrode voltage is at Vc and the ejection process

has not begun. As the voltage on the eject electrode is changed from Vc to VH , the distribution

function will deviate from its initial unperturbed form.

There are two effects responsible for the change in the distribution function. Firstly,

the plasma expands axially as the eject electrode voltage is raised toward ground, and this will

adiabatically cool the electrons. The changes in the temperature can be accounted for by using an

effective temperature T ′(r,VH) that is calculated using the relation for 1D adiabatic expansion

T ′(r,VH) = T (r)
(

Lp(r)
L′p(r,VH)

)2

(3.6)

Here T (r) is the temperature profile of the unperturbed plasma, Lp(r) is the length of the

unperturbed plasma, and L′p(r,VH) is the length at each VH . The length at each VH is calculated as

a density weighted average using
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L′p(r,VH) =

[∫
dz ntr(r,z,VH)

]2∫
dz [ntr(r,z,VH)]2

(3.7)

where ntr is the trapped particle density. Eq. (3.7) is also used to calculate Lp(r) when the model

is solved with the eject electrode voltage at Vc and in this case it is equivalent to Eq. (2.12). Using

Eq. (3.6) for the temperature due to adiabatic expansion, the general form of the distribution

function due to expansion is then given by

f (r,z,E‖,VH ,T ) = n0(r,VH)

(
me

2πT ′

)1/2

exp
(
−

E‖+qφ

T ′

)
(3.8)

which is a Maxwellian with a variable temperature.

The second change to the distribution function is that electrons will escape from the trap

in order from highest to lowest kinetic energy and therefore the trapped electron distribution

function is truncated at Ec. The trapped electron density is found by integrating the distribution

function

ntr(r,z,VH ,T ) =
∫ Ec

0
dE‖

(
2

meE‖

)1/2

f (r,z,E‖,VH ,T )

= n0 exp
(
− qφ

T ′

)
er f
(√

Ec

T ′

)
(3.9)

Electrons with E‖ > Ec will escape from the trap and we define nesc to represent the number

density of electrons that escape from an (r,z) point within the trap

nesc(r,z,VH ,T ) =
∫

∞

Ec

dE‖

(
2

meE‖

)1/2

f (r,z,E‖,VH ,T )

= n0 exp
(
− qφ

T ′

)
er f c

(√
Ec

T ′

)
(3.10)
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We can now use Eq (3.9) to solve for the potentials using Poisson’s equation

∇
2
φ(r,z) =−4πqntr (3.11)

In order to conserve the total number of particles along each r, we normalize nesc and ntr at each

VH such that

Q(r) =
∫

dz ntr(r,z,VH ,T )+
∫

dz nesc(r,z,VH ,T ) (3.12)

where Q(r) is the fully ejected z-integrated density.

We now have a system of self-consistent equations that can be numerically iterated to

solve for qφ and Ec at each VH . The model requires a temperature profile T (r), a fully ejected

z-integrated density profile Q(r) and specification of the boundary conditions. A solution to the

model is found by numerically iterating the self-consistent equations on a 64× 256 (r,z) grid

until convergence is achieved. We first solve the model with the electron distribution function

given by Eq. (3.5) and with the eject electrode voltage set to Vc ; this is equivalent to solving the

Boltzmann-Poisson equations. From the solution with the eject electrode at Vc we use Eq. (3.7)

to calculate Lp(r). With Lp(r) we can now solve the model with the eject electrode voltage at

different values of VH to determine qφ(r,VH) and Ec(r,VH).

For a given VH we calculate the trapped and escaping electron densities using Eq. (3.9)

and Eq. (3.10) where the confinement energy is given by Eq. (3.2). The effective temperature is

calculated using Eq. (3.6), where the plasma length is calculated using Eq. (3.7). We then calculate

the potential using Eq. (3.11) and require the normalization from Eq. (3.12). We typically solve

the model at 160 values for VH in 0.25 V steps. For the data under consideration in Fig.3.3 we

begin at VH =−40 V and the model is solved at eject voltages of VH =−40,−39.75, ...,−0.25,0

V.

The results of the model are shown in Fig. 3.4 for three eject electrode voltages. The
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Figure 3.4: Model results when the eject electrode voltage is at (a) Vc =−100 V, (b) VH =−25
V and (c) VH =−10 V. The trapped particle density ntr is overlaid with the on-axis potential
energy qφ(r = 0) (dashed line). The three vertical dotted lines represent the axial boundaries
of the inject electrode (leftmost dotted line) and eject electrode (middle and right dotted lines).
The solid line shows the barrier location zmax which is the position of the maximum potential
energy due to the eject electrode.
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three vertical dotted lines represent the axial boundaries of the inject electrode (left dotted line)

and the eject electrode (middle and right dotted lines). The dashed line represents the on-axis

potential energy qφ(r = 0). We only model half of the full length of the inject electrode because

of the reflected symmetry of the boundary condition and because the inject electrode voltage is

always maintained at Vc. Therefore any electrodes upstream of the inject electrode do not affect

the plasma. In contrast, the potentials on the electrodes downstream of the eject electrode become

important as VH gets closer to ground therefore we include the region beyond the eject electrode

as shown in Fig. 3.4.

Fig. 3.4(a) shows the model solution when the eject electrode voltage is at Vc =−100 V

and represents the full confinement scenario. In the full confinement scenario we have L(r)< Lc

as shown in Fig 3.4(a) where we see that the density of the plasma ends ≈ 2 cm before reaching

the confinement electrodes. Fig 3.4(b) shows the model solution when VH =−25 V where the

plasma has expanded in length such that the end of the plasma is located within the boundary

of the eject electrode. At an eject voltage of VH =−25 V approximately 20% of the electrons

have escaped from the trap with the majority escaping from the radial center. Fig 3.4(c) shows

the model solution when VH = −10 V where we see that the center of the plasma column has

become hollow and electrons are confined only at larger radii.

The solid line in Fig 3.4 shows the location of zmax(r,VH) which is the location of the

peak of the confinement barrier. When the eject electrode voltage is at Vc as in Fig 3.4(a) then

zmax is located at the same axial position for at all radii. Furthermore, zmax is located at the axial

midpoint of the eject electrode which indicates that the position of zmax is entirely determined by

the potential from the eject electrode. As the eject electrode voltage is raised towards ground the

self-potential of the plasma shifts the position of zmax closer to the plasma as seen in Fig3.4(b,c).

In other words, the position of the peak of the confinement barrier moves closer to the plasma as

the plasma potential becomes comparable to the confinement potential.
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3.5 Temperature Iteration

The model presented in the previous section requires as input an estimate for the radial

temperature profile, T (r), which is the profile that we are attempting to determine. Given a

T (r) profile, the model predicts Qmod(r,VH) as the number of escaping electrons at each hold

voltage. In order to determine the correct T (r) that represents the actual temperature profile of

the experiment we must iterate the T (r) supplied to the model until Qmod is equal to Qexp at all r

and VH . To begin the process we make an initial guess for T (r) and solve the model at all values

of VH . The model prediction for the number of escaping electrons is given by

Qmod(r,VH ,T ) =
∫

dz nesc(r,z,VH ,T ) (3.13)

Since the initial T (r) supplied to the model is a guess we do not expect the model

prediction will accurately represent the experiment. That is, we do not expect there to be good

agreement between Qexp and Qmod with our initial guess for T (r). To make a new guess for T (r)

we use a non-linear least square solver that utilizes the Levenberg-Marquardt (LM) algorithm to

iterate T (r). We use the LM solver to minimize the residuals

χ
2 = ∑

r,VH

[
log
(
Qexp(r,VH)

)
− log

(
Qmod(r,VH ,T )

)]
(3.14)

We use the logarithm of Qexp and Qmod in order to give equal weight to low and high densities.

The LM solver attempts to minimize χ2 by iterating T (r). For each iteration the solver must

recalculate Qmod using Eq. (3.13) where nesc is calculated using Eq. (3.10). To calculate nesc we

need to know qφ , Ec and T ′. We use the previous model solution for qφ and Ec where the model

was solved using the initial T (r) guess. We calculate T ′ using Eq. (3.6) where L′p and Lp are

given by the previous model results based on the initial T (r) guess but the T (r) used in Eq. (3.6)

is the most recent iteration from the LM solver.

Once the LM solver has converged to a new T (r) profile we average the previous T (r)
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Figure 3.5: Comparison between the measured escape charge, Qexp(r,VH), (circles) and the
model predicted escape charge, Qmod(r,VH), (lines) using an initial guess for the temperature
profile which is T (r) = 1 eV.

profile with the new T (r) profile and then we rerun the Poisson solver with the averaged T (r)

profile. Running the model with the averaged T (r) profile generates new results for qφ , Ec, Lp

and L′p. We then run the LM solver again to obtain a new guess for T (r). We cycle through the

Poisson and LM solvers until there is negligible change in the newest T (r) profile found from the

LM solver and the previous T (r) iteration. We typically require 5-10 cycles through the Poisson

and LM solvers in order to converge to a final T (r) profile.

Fig 3.5 shows the first step in the temperature iteration process. In Fig 3.5 we plot the

comparison between Qexp and Qmod when the temperature profile used to calculate Qmod is the

initial guess for T (r). In this particular case, the initial temperature profile guess was set to be a

uniform temperature profile at 1 eV, that is, T (r) = 1 eV. The circles represent the measured data

and the solid lines represent the model prediction. The results are plotted at several radii that span

the full radial extent of the plasma. Clearly, there is poor agreement between the model prediction
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Figure 3.6: Comparison between the measured escape charge, Qexp(r,VH), (circles) and the
model predicted escape charge, Qmod(r,VH), (lines) using the final converged temperature profile.

and the experiment which is to be expected from our initial guess which is a rough approximation

to the actual temperature profile. We then iterate though the LM and Poisson solvers about seven

time until we converge to the final temperature profile which represents the actual temperature

profile of the plasma in the experiment. Fig. 3.6 shows the comparison between Qexp and Qmod

using the final converged T (r) profile. We see that there is excellent agreement between Qexp and

Qmod at all r and VH . The converged temperature profile corresponding to the data and model

results shown in Figs. 3.3-3.6 is the T (r) profile shown in Fig. 4.3(a) with an asymmetry tilt

duration of 300 ms (blue curve). The asymmetry tilt and the creation of the temperature profile

will be discussed in Chapter 4. We note that the temperature profile has a large radial temperature

gradient where the plasma is 1.5 eV near r = 0 and 3 eV at the radial edge of the plasma.

As a concluding remark, some caution should be employed when using Eq. (3.6) to

represent the temperature due to changes in the calculated length of the plasma. Typically, as VH

is raised towards ground the electrons at each radius cool due to the adiabatic expansion that arises

48



from the lowering of the confinement barrier. However, Eq. (3.6) would indicate heating of the

electrons if L′p(r,VH)< Lp(r) at a particular radius and VH . In practice, we observe that initially

L′p(r,VH) increases as VH is raised to ground but when the density at a given radius becomes very

small then we observe that the calculated L′p(r,VH) actually begins to decrease and eventually it

becomes smaller than Lp(r) which, according to Eq. (3.6), would indicate heating of the electrons

that remain in the trap. It is unclear whether the heating predicted by direct usage of Eq. (3.6)

actually occurs in the experiment.

The observed decrease in L′p(r,VH) only occurs at a given radius when the density at that

radius has becomes very small (typically 1% of the initial value) in which case these electrons

have negligible effect on the temperature analysis, i.e. the heating predicted by Eq. (3.6) does

not affect the final temperature profiles. Therefore I conclude that direct usage of Eq. (3.6) is

acceptable even though it allows for compression heating of the last electrons to escape from the

trap for a given radii. To verify this conclusion, I have calculated the final temperature profiles

for a variety of experimental configurations using the method presenting in this chapter but I

have tried two different methods for the calculation of T ′(r,VH). In the first, I have used Eq. (3.6)

exactly which allows for some compression heating of the last electrons to escape from the trap

at a given radii. In the second method, I have used Eq. (3.6) but I only allow for cooling of the

electrons; compression heating is prevented. I find that there is negligible difference between the

temperature profiles obtained using the two different methods for calculating T ′.

3.6 Hollow Diocotron Instability

Ideally when allowing electrons to escape from the trap we would like to ramp the eject

electrode voltages as slowly as possible in order to conserve the bounce adiabatic invariant.

However, the VH ramp rate ζ has a lower limit which is set by the growth of the hollow Dioctron

instability [72]. The instability arises when the rotation profile of the plasma becomes nonmono-
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tonic due to the hollowing of the density profile caused by electrons escaping from the axial

center of the trap (c.f. Fig 3.4(c)).

Since an axially centered hollow profile is an unstable equilibrium, the instability grows

from noise fluctuations and therefore the onset of the hollow Diocotron instability must be

determined experimentally. Measurement of the onset of the dioctron instabilty can be made by

using the collector plate to determine the time at which point there is significant radial transport

from the instability [55]. Since the instability grows from noise there will be noticeable shot-to-

shot variation, nevertheless we can determine a minimum time when the instability begins and

then ensure that the ramp rates are chosen such that the measurement of Qexp is completed before

the instability has grown to a non-negligible amplitude.

We measure the onset of the hollow Diocotron instability by ramping the eject electrode

voltage to VH and holding at VH for a time duration of ∆t = 2500 µs which is long compared to

the rotation period, ∆t� τE . When the hollow Diocotron instability arises it will cause radial

transport of electrons, some of which will move towards the radial center of the trap where

they may have sufficient energy to overcome the confinement barrier and escape from the trap.

Therefore we can determine the onset of the hollow Dioctron instability by observing sharp

transitions in the measured voltage signal of the RC circuit. We have measured the time for

the onset of the hollow Dioctron instability for two magnetic fields, B = 13 kG and B = 9 kG,

and two confinement lengths Lc = 38.5 cm and Lc = 17.5 cm , the results of which are shown

in Fig 3.7. We observe no correlation between the time for the onset of the hollow Diocotron

instability and VH . Fig 3.7 also shows the total time required to measure Qexp when using ramp

rates of ζ = 1 V/µs (solid line) and ζ = 0.5 V/µs (dashed). The time for the onset of the hollow

Diocotron instability occurs at least 200 µs after the time required to measure Qexp and therefore

we conclude that the hollow Dioctron instability is not interfering with the measurement of Qexp.
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Figure 3.7: Measurements of the time for the onset of the hollow Diocotron Instability. The
lines indicate the total time required to measure the escaping electrons when the ramp rate is
ζ = 1 V/µs (solid) and ζ = 0.5 V/µs (dashed). The onset of the hollow Diocotron instability
begins at least 200 µs after the time required for the escaping electrons to be measured.

51



3.7 Comparison with on-axis Temperature Measurement Tech-

nique

In order to give additional validation of the temperature measurement technique presented

in this chapter, we compare the new technique with the widely-used and established on-axis

temperature measurement technique [55]. The measurement is made by rotating the collector

plate to block the axial path of the escaping electrons and then analyzing the first 1% of electrons

that escape. We refer to on-axis temperature measurements made using the collector plate as, TCP.

Approximately 200 temperature profiles have been measured using the temperature

measurements technique presented in this chapter. The measured temperatures range from

0.1≤ T ≤ 4 eV and confinement lengths range from 17.5≤ Lc ≤ 52.5 cm. For a subset of those

200 temperature profiles, the temperature gradient is small and we have also made measurements

of the temperature at r = 0 using the on-axis temperature measurements technique yielding TCP

(See Appendix A). The TCP measurements are then compared with the radial temperature profile

at r = 0, that is, we compare TCP with T (r = 0) and we expect the two measurements to agree

since the radial temperature gradients are small. The comparison between TCP and T (r = 0) are

shown in Fig. 3.8 and we see that there is generally good agreement between the two measurement

techniques.

3.8 Summary

We have presented a technique for measuring the radial profile of the parallel temperature

of a nonneutral plasma. The temperature measurement technique consists of measuring the

radial profile of the number of escaping electrons as the confinement barrier is reduced. We

then use a model that takes as input a radial temperature profile and gives a prediction for the

number of escaping electrons. We iterate the temperature profile until the number of escaping
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Figure 3.8: Comparison of Tcp using the collector plate and the temperature at T (r = 0) using
the method presented in this chapter. Error bars for T (r = 0) represent 10% systematic error and
error bars for Tcp are from 10% systematic error combined in quadrature with standard deviation
from multiple trials.
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electrons predicted by the model matches the experimentally measured number of escaping

electrons. The model includes finite-length effects such as the curvature of the ends of the plasma

column, cooling due to adiabatic expansion and truncation of the distribution function during the

ejection process. The temperature measurement technique presented enables the determination

of the temperature profile with excellent spatial resolution as well as accurate predictions of

the number of escaping electrons at all radii and all eject voltages. In the next section we will

study measurements of the temporal evolution of T (r, t) when the plasma is subject to different

manipulations.

In consideration of future research efforts, the temperature measurement method presented

in this chapter has broader applications beyond determining the radial temperature profile. The

method demonstrates that by ramping the eject electrode voltage adiabatically, the trapped particle

distribution function is known at any point in the ejection process. A modification to the eject

electrode ramp profiles used for measuring the temperature profile will result in a fully confined

plasma that has a truncated Maxwellian distribution function which can then be used as an initial

condition for experiments utilizing a non-equilibrium distribution function. The modification

would be to use a symmetric ramp profile where the final ramp from Vtrim back to Vc has the same

ramp rate as the initial ramp from Vc to Vtrim. A symmetric ramp profile with a sufficiently slow

ramp rate would ensure that the bounce adiabatic invariant is preserved at all times.

When measuring the radial temperature profile, we are not interested in the trapped

particles after we have held the eject electrode voltage at VH and have measured Qexp. Therefore,

we use a fast ramp of the eject electrode voltage back to Vc such that the bounce adiabatic invariant

is not preserved. However, if the final ramp from Vtrim back to VH is done adiabatically, then

the trapped particle distribution function can be determined from preservation of the bounce

adiabatic invariant. Using a symmetric ramp profile with adiabatic ramp rates would then result in

a fully confined plasma with a truncated Maxwellian distribution function that can be accurately

calculated. An experiment that utilizes a truncated Maxwellian distribution would be to measure
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the rate at which the truncated Maxwellain distribution collisionally relaxes back to a Maxwellian.

In addition, truncating the distribution function can be used to remove Landau damping of

Trivelpiece-Gould waves when the truncation removes particles with velocities that are equal to

the wave phase velocity [73].
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Chapter 4

Temperature Measurement Experiments

4.1 Introduction

In this chapter we consider the temporal evolution of T (r, t) for different experimental

configurations. The purpose of these experiments is two-fold; the first is to demonstrate and test

the multi-shot radial temperature profile measurement technique, and when available compare the

results with the established single-shot r = 0 TCP measurement technique. The second purpose is

to determine plasma manipulation techniques that create radial temperature gradients optimized

for studying radial heat transport. The experiments are presented in order from low magnetic

field to high magnetic field. Interpretation of the results requires a discussion of some expected

heating and cooling mechanisms for electron plasmas.

At low magnetic field, the plasma expands rapidly due to asymmetry-induced transport

from intrinsic external trap asymmetries, that are assumed to to be time independent in the lab

frame. Here, external asymmetries cause asymmetric (but reversible) particle orbits, which are

made irreversible by random eletron-electron collisions. If there are no other time-dependent

heating or cooling mechanisms, then the Hamiltonian of the system is time independent; in which

case the total energy of the plasma is conserved. As the plasma expands, the self-potential φp of
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the plasma is reduced, decreasing the total electrostatic energy. The decrease in the electrostatic

energy is compensated for by an increase in the plasma thermal energy through Joule heating.

Therefore the radial expansion converts electrostatic energy Hφ into thermal energy HT , but the

total energy HTot will remain constant. These terms are calculated as energy per electron and are

given by

HTot = Hφ +HT (4.1)

Hφ =
1
N

∫
dV
|E2|
8π

=
1

2N

∫
2πrdrdz n(r,z)eφ(r,z) (4.2)

HT =
1
N

∫
dV

3
2

nT =
1
N

∫
2πrdrdz

3
2

n(r,z)T (r) (4.3)

where E is the electric field. Experimentally, n(r,z) and φ(r,z) are numerical solutions to the

Boltzmann-Poisson equations (Eq. (3.3) and Eq. (3.4)) given the measured Q(r) and T (r). Here,

T (r) is determined using the technique presented in Chapter 3.

Internal electron-electron interactions also cause measurable inward and outward particle

fluxes, although these conserve the total angular momentum Pθ ∼ 〈r2〉. Radial fluxes are transport

due to particle diffusion and this is macroscopically described as viscosity acting on shears in the

rotation profile. The global thermal equilibrium is a constant temperature, shear-free state [74].

When there is shear in the rotation profile, viscous drag between the shear layers results in forces

in the θ -direction which in turn causes radial drift-velocity fluxes that reduce the shear. These

viscosity driven fluxes also result in local Joule heating and cooling.

Conservation of Pθ by viscous transport is in contrast to transport due to external asym-

metries which can torque on the plasma and cause changes in Pθ . In practice, the observed radial

fluxes are a combination of asymmetry-driven transport plus viscous fluxes. However, the strength

of asymmetry-driven transport can be unambiguously identified by tracking changes in 〈r2〉.

Finally we consider temperature changes due to axial compression and expansion. For
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Table 4.1: Integrals for radial expansion due to intrinsic external asymmetries showing thermal
energy HT , electrostatic energy Hφ and total energy HTot per particle at Bz = 2 kG, L∗p = 48 cm.

Confinement Time 〈r2〉 HT Hφ HTot
[s] [cm2] [eV ] [eV ] [eV ]
0.5 0.713 0.81 12.03 12.84
1.0 0.724 0.94 11.86 12.80
1.5 0.735 1.19 11.73 12.92

the experiments reported in this chapter we do not actively compress or expand the plasma,

but, the plasma can be compressed by the confinement potentials when the self-potential of the

plasma decreases due to radial expansion [75]. The length of the plasma is determined by an

equilibrium between the outwardly directed electrostatic pressure from the plasma self-potential,

the outwardly directed plasma thermal pressure, and the inwardly directed electrostatic pressure

from the confinement potentials. As the plasma expands radially, the self-potential of the plasma

decreases and a new, shorter equilibrium length is achieved as the power supplies maintaining the

confinement potentials do work to compress the plasma to the new equilibrium length. For the

experiments reported in this section the change in the length during radial expansion is of the

order δLp/Lp < 2%, and so the work done by the power supplies is taken to be negligible.

4.2 Radial Expansion from Intrinsic External Asymmetries

As a first example of the temporal evolution of T (r, t), we present measurements at three

confinement times, tc = 0.5 s, 1.0 s and 1.5 s, where no external perturbations are applied and the

magnetic field is B = 2 kG. For these measurements, the plasma is confined between electrodes 1

and 10 giving a confinement length of Lc = 52.5 cm and an effective plasma length of L∗p = 48

cm. Electrodes 2-9 and all of the sectors of electrodes 4 and 7 are grounded. Fig. 4.1 shows

the measured Q(r, t) and T (r, t) profiles from which Hφ , HT and 〈r2〉 are calculated and given in

Table 4.1.

During the evolution from 0.5 s to 1.5 s, Hφ decreases by ≈ 3% and HT increases by
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Figure 4.1: Temperature (a) and z-integrated density (b) profiles taken at confinement times of
0.5 seconds (black), 1 second (red) and 1.5 seconds (green). For visual clarity, the density profile
at 1 second is omitted but would reside between the density profiles at 0.5 and 1.5 seconds. The
radial temperature profile fit is obtained at each dot, and the the solid lines are visual guides.
Here Bz = 2 kG and L∗p = 48 cm.
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Figure 4.2: Voltages applied to sectored electrodes 4 and 7 to create an electrostatic tilt
asymmetry.

≈ 50% while HTot remains constant within 1%. This experiment highlights a characteristic feature

of nonneutral plasmas which is that the electrostatic energy is much larger than the thermal energy

and therefore small fractional changes in the potential energy can result in large fractional changes

in temperature.

During the expansion HTot is conserved within the measurement accuracy of the exper-

iment, indicating that external heating and cooling mechanisms are negligible for early times

with Bz = 2 kG. The conservation of energy shows that there is a clear conversion of electrostatic

energy into thermal energy during the expansion. Furthermore, the increase in 〈r2〉 indicates that

there is plasma expansion caused by intrinsic external asymmetries.

The Joule heating from expansion is largest at the radial edge of the plasma where the

radial electric field is largest. The relatively uniform T (r) at 1.5 s indicates that the local heating

is small compared to the radial heat transport rate, such that the temperature increase at the edge

of the plasma is spread throughout the plasma.

4.3 Radial Expansion from Applied Asymmetries

Now we apply asymmetric perturbations in the form of an "electrostatic tilt" to enhance

the radial expansion rate, which in turn increases the amount of Joule heating. The plasma is

confined between electrodes 1 and 10 with all other electrodes grounded. Initially all of the
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Table 4.2: Integrals for radial expansion due to a sin(θ) asymmetry applied for a variable time.
The total confinement time is 0.5 seconds and Bz = 2 kG, L∗p = 48 cm.

Tilt Duration 〈r2〉 HT Hφ HTot
[s] [cm2] [eV ] [eV ] [eV ]

0.15 0.976 2.75 10.51 13.26
0.20 1.052 3.10 10.25 13.35
0.25 1.123 3.39 9.91 13.30
0.30 1.212 3.73 9.60 13.33

sectors of electrodes 4 and 7 are grounded, but 30 ms after the plasma is injected into the trap

we apply voltages to some of the sectors, as shown in Fig. 4.2. These are calculated so as to

best approximate sin(θ), given the individual sector areas. The electrostatic tilt is applied for a

specific duration between 150-300 ms, and then all of the sectors are returned to ground. The

plasma is further held until tc = 0.5 s, at which time we measure Q(r) and T (r).

Fig. 4.3 shows the measured Q(r) and T (r) profiles from which Hφ , HT and 〈r2〉 are

calculated and given in Table 4.2. The tilt asymmetry results in a large temperature gradient across

the plasma which indicates that the rate of expansion is fast compared to the radial heat transport

time scale. Furthermore we observe that the thermal energy per particle HT increases with

increased tilt duration but the total energy of the plasma remains constant within 1% throughout

the experiment indicating that the total energy is conserved while the electrostatic potential energy

is converted into thermal energy. We note that at low magnetic fields, rapid expansion from

asymmetry-induced transport can create large temperature gradients which are optimal for heat

transport studies.

4.4 Cooling due to Cyclotron Radiation

For the next set of temperature measurements we increase the magnetic field to B = 9 kG

and we measure the temperature profile at four confinement times, tc = 3.5 s, 4.5 s, 6 s and 7.5 s.

The plasma is confined between electrodes 4 and 8 giving a confinement length of Lc = 17.5 cm
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Figure 4.3: Temperature (a) and z-integrated density (b) profiles taken at a confinement time
of 0.5 seconds with a sin(θ) electrostatic asymmetry applied for 150 ms (black), 200 ms (red),
250 ms (green), 300 ms (blue). Joule heating is strongest at the edge of the plasma and the
large temperature gradient persists because the plasma is expanding fast compared to the heat
transport time scale. Here Bz = 2 kG and L∗p = 48 cm.
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Table 4.3: Integrals for cooling due to cyclotron radiation. Here Bz = 9 kG and L∗p = 13 cm.

Confinement Time 〈r2〉 HT Hφ HTot
[s] [cm2] [eV ] [eV ] [eV ]
3.5 0.768 1.98 13.57 15.55
4.5 0.763 1.63 13.66 15.29
6.0 0.762 1.21 13.61 14.82
7.5 0.766 0.90 13.76 14.66

and an effective plasma length of L∗p = 13 cm. Electrodes 1-3, 5-7, 9-10 and all of the sectors of

electrode 7 are grounded and no external asymmetries are applied. Fig. 4.4 shows the measured

T (r) as well as the time dependence of HT . At a magnetic field of B = 9 kG the expansion rate

is dramatically reduced which reduces the rate at which electrostatic energy is converted into

thermal energy from Joule heating. The reduction of the expansion rate is evident in the constancy

of 〈r2〉 over time and the lack of change in the Q(r, t) profiles over time (not shown).

The dominant effect is a significant cooling of the plasma due to cyclotron radiation. The

predicted cyclotron cooling time at this magnetic field is τr = 4.78 s. An exponential fit (shown

in Fig 4.4(b)) to HT as a function of tc gives a measured cyclotron cooling time of τr = 4.96 s

which is within 5% of the predicted value. During the evolution, Hφ remains constant within the

measurement accuracy of the experiment and therefore HTot decreases due to the drop in HT from

cyclotron radiation.

In addition to measuring T (r, t) we have also measured the temperature at r = 0 using the

collector plate to obtain TCP(t). The TCP(t) measurement is performed by rotating the collector

plate to block the axial path of the ejected electrons and then measuring the voltage induced

across an RC circuit connected to the collector plate. The on-axis temperature is determined from

the escaping charge signal using the simplified E92 technique with finite-length corrections that

include modifications discussed by H06 and corrections due to adiabatic axial expansion. The

results of the on-axis temperature measurement method are denoted by the square symbols in

Fig 4.4(a). The error bars represent the standard deviation calculated from approximately 10
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Figure 4.4: (a) Radial temperature profiles T (r, tc) (circles) and TCP(tc) (square) measurements
taken at confinement times of 3.5-7.5 sec with a magnetic field B = 9 kG. (b) HT (tc) (squares)
with an exponential fit yielding a cyclotron cooling time of τr = 4.96 s.
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repeated measurements. Comparison of the TCP(t) results with the T (r)(t) profile in the vicinity

of r = 0 cm show that there is good agreement between the two techniques.

4.5 Separatrix-Crossing Dissipation

In this section we present an example of separatrix-crossing dissipation which causes

radially localized heating within the plasma column and is therefore an excellent candidate for

creating temperature gradients to study radial heat transport. Generally speaking a separatrix is a

division in two regions of phase space where the behavior in the two regions can be markedly

different. The classic example in plasma physics is the separatrix between trapped and passing

particles that occurs in the potential of a large ampitude plasma wave [76]. In many plasma

physics devices, separatrices can arise from electric and magnetic fields produced either by the

plasma or by external sources. In nonneutral plasmas, trap separatrices are created by applying

external electric and magnetic perturbation that create locally trapped populations of particles.

Experiments on nonneutral plasmas utilizing trapping separatrices have resulted in studies of

chaotic particle transport [77, 78] and novel trapped particle modes [79, 80].

Here we demonstrate collisional heating that arises from the application of an electrostatic

squeeze to the center of the plasma column while simultaneously oscillating the plasma column

axially through the squeeze potential. Recent theory [81] and experiments [82] have characterized

the heating that arises from separatrix-crossing dissipation when the plasma column is repeatedly

forced through the squeeze potential. This type of heating is colloquially referred to as "sloshing

through a squeeze" and some of the experimental parameters have inherited names from this

colloquialism which are useful descriptors.

The conceptual model of sloshing through a squeeze is shown in Fig. 4.5. We begin with

a quiescent plasma confined between two electrodes with the rest of the electrodes grounded. We

then apply a squeeze potential to the axial midpoint of the plasma with a voltage of, Vsq, which is a
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negative potential for electrons but would be positive for positive nonneutral plasmas. Depending

on the strength of Vsq, the axial velocity space distribution function at any given radius will be

divided into trapped and passing particles. The passing particles have sufficient kinetic energy that

they can surmount the electrostatic barrier created by Vsq whereas the trapped particles do not have

sufficient energy to overcome the barrier and are therefore trapped on either side of the squeeze.

We then force the plasma column through the squeeze potential by synchronously increasing the

confinement potential on one confinement electrode while decreasing the confinement potential

on the other confinement electrode. Oscillating the confinement potentials in this manner causes

the plasma to shift axially.

The oscillation of the end confinement potentials is calibrated in such a way so that the

overall length of the plasma columns remains unchanged (See Appendix B). For the passing

particles, the length of their bounce orbit remains unchanged during the sloshing; however

the bounce orbits of the trapped particles experience compression and expansion during the

sloshing of the plasma column as conceptually shown in Fig. 4.5. The result is a discontinuity

in the particle distribution function which is relaxed by collisions as particles go from trapped

to untrapped. The collisions result in irreversible heating of the plasma column that is largest

where the thermal energy of the plasma is approximately equal to the energy barrier created by

the squeeze separatrix. Therefore by increasing the voltage of the squeeze potential we can move

the peak of the heating profile closer towards the radial center of the plasma. The sloshing is

characterized by a frequency of the axial sloshing, fsl , a voltage amplitude of the sloshing, Vsl ,

and a duration for the sloshing oscillations, tsl . The squeeze potential is applied synchronously

with the start of the axial sloshing and the squeeze is applied for the same duration as the sloshing.

The experiment is conducted at Bz = 12 kG and the plasma is confined between electrodes

2 and 10 giving a confinement length of Lc = 38.5 cm and an effective plasma length of L∗p = 34

cm. Electrodes 3-9 are grounded for the duration of the experiment except for electrode 6.

Electrode 6 is initially grounded but then at the appropriate time, Vsq is applied to this electrode.

66



Before applying the squeeze and sloshing we measure the radial density and temperature profile

which are shown as the black curves in Fig. 4.6. We then apply separatrix-crossing dissipation

to heat the plasma by applying a squeeze to electrode 6 and then we slosh the plasma through

the squeeze with a sloshing frequency of fsl = 100 kHz, a sloshing amplitude of Vsl = 40 V and

we slosh the plasma for a duration of tsl = 125 ms (12,500 cycles). After the sloshing cycles

are complete we remove the squeeze potential and measure the radial temperature profile. We

perform the experiment three times at squeeze voltage of Vsq =-10, -25 and -35 V.

Fig. 4.6 shows the measured Q(r) and T (r) profiles at each Vsq. We observe that for the

smallest squeeze potential Vsq =-10 V, the heating is largest at the radial edge of the plasma

which is expected since the electrostatic barrier does not penetrate deep into the plasma. For

an intermediate voltage of Vsq =-25 V, the heating is localized to an intermediate radius in the

plasma column. For a large squeeze voltage of Vsq =-35 V, the squeeze potential is approximately

equal to the on-axis plasma potential and the plasma is almost cut in half. The heating from

the separatrix-crossing dissipation at Vsq =-35 V is largest at the radial center of the plasma

and we observe that a large temperature gradient has been created. The temperature gradient

from the large squeeze is an ideal initial condition for studying radial heat transport. Although,

studies of separatrix-crossing dissipation are interesting in of themselves, in the next chapter on

heat transport experiments we use separatrix-crossing dissipation as a method for creating large

temperature gradients at high magnetic field.
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Figure 4.5: Conceptual model of manipulations performed to apply radially localized heating
due to separatrix-crossing dissipation.Typical voltages are Vc =−100 V, Vsl ≈ 40 V, and Vsq ≈
−30 V.
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Figure 4.6: Heating from separatrix-crossing dissipation. Temperature (a) and z-integrated
density (b) profiles for three different squeeze voltages. The "No Heating" data is the initial
condition before the squeeze and sloshing is applied. The sloshing amplitude and frequency are
the same for all cases.
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Chapter 5

Measurement of Cross-Magnetic Field

Thermal Diffusivity

5.1 Overview

In this chapter we present measurements and analysis of radial heat transport in a pure

electron plasma. Measurement of radial heat transport is made possible by the development of the

method presented in Chapter 3 for obtaining accurate radial temperature profiles. Furthermore, the

exploration of possible heating and cooling mechanisms in Chapter 4 has identified asymmetry-

induced expansion as a mechanism for creating large radial temperature gradients at low magnetic

field and separatrix-crossing dissipation for creating temperature gradients at high magnetic field.

The formation of these temperature gradients are necessary for studying diffusive heat transport.

Our measurements show that the heat transport is governed by a convection-diffusion

equation that includes source terms consisting of Joule heating and cyclotron cooling. The

diffusive component of the heat transport is shown to be well described by a local Fick’s law

equation and analysis of the diffusive heat flux allows for an accurate calculation of the thermal

diffusivity which is then compared to two theoretical predictions for the thermal diffusivity.
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The first prediction of the diffusivity is calculated from considering classical short-range

collisions, which are defined by an impact parameter up to the cyclotron radius, b < ρ < rc. The

second prediction for the thermal diffusivity is calculated from including long-range collisions

with impact parameter up to the Debye length, rc < ρ < λD. The relative importance of classical

short-range collisions versus long-range collisions depends on the relative sizes of rc and λD. For

neutral plasmas, we must consider the relative sizes of both the ion cyclotron radius rci and the

electron cyclotron radius rce compared to the electron Debye length λDe.

The significant majority of neutral laboratory plasmas, astrophysical plasmas and fusions

plasmas are in the regime where λDe < rci,rce in which case short-range collisions dominate.

Long-range collisions are important when the length scale ordering is reversed, i.e. rc < λD.

Regions of the interstellar medium and well as some neutral laboratory and fusion plasmas can

be in the regime where rce < λDe < rci in which case long-range collisions are important in the

collisional transport properties of the "electron channel". Long-range collisions may become

increasingly important in fusion studies as future tokamaks strive for larger magnetic fields and

higher temperatures. Nonneutral plasmas, including electron, positron and ion plasmas, are

naturally in the regime where rc < λD, and this makes these systems ideal for studying long-range

collisional transport.

The prediction for the classical thermal diffusivity scales as χc ∝ nB−2T−1/2 whereas the

long-range thermal diffusivity scales as χL ∝ T−1/2 (See Table (1.1)). A striking aspect of the

long-range thermal diffusivity is that χL is independent of both magnetic field and density. Our

experiments are performed over a wide range of magnetic fields, i.e. 1 < Bz < 13 kG giving a

predicted 103 < χL/χC < 105.

Over this range, the plasma dynamics exhibit qualitatively different behavior. At high

magnetic field, B > 4 kG, the plasma expands slowly leading to a negligible Joule heating rate

but there is significant cyclotron cooling. At low magnetic fields, B < 4 kG, cyclotron cooling is

small but the plasma expands rapidly resulting in a large Joule heating rate. The measured thermal
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diffusivity is found to be in excellent agreement with the diffusivity predicted from long-range

collisions and we verify the magnetic-field-independence of the thermal diffusivity.

As indicated in Table (1.1), long-range heat transport is not expected to be enhanced in the

high rigidity regime, that isR> 1. Previous experiments on collisional transport in nonnenutral

plasmas have measured an enhanced radial transport for particle diffusion and viscosity in the 2D

bounce-averaged regime where the plasma rigidity is large, R> 1. The conceptual reason for

the enhanced transport coefficients is that at high rigidity, particles bounce axially many times

before completing a drift orbit around the center of charge. Therefore two particles on different

magnetic field lines that are separated up to a distance of the Debye length can undergo multiple

correlated collisions before being sheared apart by rotation which leads to an enhancement of the

radial particle and momentum transport.

Experiments in the 2D bounce-averaged regime on particle diffusion and viscosity are in

qualitative agreement with the theoretical perspective however quantitatively there is disagreement

especially regarding the enhancement of viscosity. The same theoretical perspective that leads to

enhanced particle diffusion and viscosity coefficients in the 2D bounce-averaged regime expects

that there is no enhancement to the thermal diffusivity. However, the previous measurements of

thermal diffusivity on pure ion plasmas were performed in the low rigidity regime,R< 1, and

therefore the thermal diffusivity was not measured in the high rigidity regime. The experiments

detailed in this chapter are performed over a range of rigidities from 1 < R < 60 and are

the first measurements of heat transport in the high rigidity 2D bounce-averaged regime. Our

measurements confirm the theory perspective; unlike the enhancement that is exhibited for particle

diffusion and viscosity, our measurements indicate that the thermal diffusivity is independent of

the plasma rigidity and no enhancement is observed.
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Figure 5.1: Inter-particle short-range collisions occur for impact parameters up to the cyclotron
radius b < ρ < rc and can scatter perpendicular and parallel energy. Long-range collisions occur
for impact parameters up to the Debye length rc < ρ < λD and cause the exchange of parallel
energy only.
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5.2 Background

We previously we have mentioned the difference between transport due to classical

short-range collisions and long-range collisions which is succinctly embodied in Table (1.1).

We now discuss these types of collisions in detail and their application to heat transport. The

two different types of collisions are shown conceptually in Fig. 5.1. Classical short-range

collisions have collisional impact parameters, ρ , that are between the distance of closest approach

and the cyclotron radius, that is b < ρ < rc. Theory treats the short-range collisions as local

Boltzmann collisions which scatter the velocity vectors of the particles causing rc-size diffusive

steps and randomization of thermal energy. These collisions are typically dominant when λD < rc.

However, when rc < λD, then long-range collisions with impact parameters up to the Debye

length, rc < ρ < λD, become the dominate collisional transport mechanism. During a long-range

interaction, the mutual electric field E12 between the particles causes E×B drifts in (r,θ), leading

to enhanced particle diffusion and viscosity. Also, E12 leads to a sharing of axial kinetic energy

between particles, causing the thermal diffusivity χL of interest here.

The classical thermal diffusivity is given by

χc = νeer2
c (5.1)

≈ (9.06×10−4 cm2 s−1)

(
T

1 eV

)−1/2( Bz

1 kG

)−2( n
107 cm−3

)
×
(

1+0.10 ln
[(

T
1 eV

)3/2( Bz

1 kG

)−1])

Classical collisions can exchange energy in both the perpendicular and the parallel degrees of

freedom.

Long-range collisions on the other hand can only exchange energy associated with the

parallel degree of freedom. During the long-range collisions the cyclotron action is a preserved
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adiabatic invariant because the particles execute many cyclotron orbits in the time it takes for

a long-range collision to occur. Referring to the equation for the cyclotron action, Eq. (2.34),

the constancy of the cyclotron action in a uniform magnetic field implies that the perpendicular

velocity and hence the perpendicular energy remains constant. The long-range thermal diffusivity

is given by

χL = 0.49 (nvb2) λ
2
D (5.2)

≈ (0.236 cm2 s−1)

(
T

1 eV

)−1/2

Since the experiments are performed over a wide range of magnetic fields where the

dynamics vary considerably, it is useful to compare the expected time scales for thermal diffusion

to the other relevant dynamical time scales such as the cyclotron cooling time scale and the

radial expansion time scale. The temperature gradients that are created from asymmetry-induced

expansion and separatrix-crossing dissipation span the entire radius of the plasma and have

a thermal gradient length scale, L−1
T = (1/T )(∂T/∂ r), that is approximately LT = 0.5 cm.

The thermal diffusive time scales are then given by τC = L2
T/χC for short-range collisions and

τL = L2
T/χL for long-range collisions.

The thermal diffusion time scales are compared with other dynamical time scales in

Fig. 5.2 where we have used the empirical result for ν〈r2〉 (Eq. (2.26)) with Va = 1 V, T = 1 eV

and Lp = 35 cm. At low magnetic field Bz ≈ 1 kG the radial expansion time ν〈r2〉 is comparable

to τL, so the plasma expands rapidly on the time scale for thermal diffusion to relax temperature

gradients. At large magnetic field Bz ≈ 10 kG, the expansion time is slow, but the cyclotron

cooling time τr is now comparable to τL.
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Figure 5.2: Time scales governing the dynamics as a function of the magnetic field Bz and
plasma rigidity R. Times scales and R are evaluated at T = 1 eV, n = 107 cm−3, Lp = 35
cm and LT = 0.5 cm. τL and τC are the thermal diffusion time scales due to long-range and
short-range collisions, respectively. ν

−1
⊥‖ is the temperature anisotrophy relaxation time scale,

ν
−1
〈r2〉 is the radial expansion time scale, and τr is the cyclotron cooling time. At low magnetic

fields τL ∼ ν
−1
〈r2〉 whereas at high magnetic fields τL ∼ τr, and at all magnetic fields τL < τC.
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5.3 Heat Transport Model

We describe the heat transport using fluid equations consisting of the density continuity

equation and the Convection-Diffusion equation [83]

Continuity
∂n
∂ t

+∇ · (nvvv) = 0 (5.3)

Convection-Diffusion
∂

∂ t

(
3
2

nT
)
+∇ ·

(
3
2

nTvvv+ΓΓΓχ

)
= qs (5.4)

where vvv is the fluid velocity, qs represents the sources and sinks of thermal energy and we

identify the particle flux as Γm = nvvv in Eq (5.3). The continuity equation Eq.(5.3) arises from

the conservation of particles, and the equation does not include any source or sink terms; if

appropriate, these could take the form of a source of electrons from ionization of the background

gas or a sink of electrons from loss of particles from the trapping region. The conservation of the

total number of particles is verified within the accuracy of the experiment.

The second term on the left-hand side of Eq. (5.4) is the divergence of the heat flux. The

heat flux consists of two terms; a convective heat flux and a diffusive heat flux. The convective

heat flux, given by 3/2nTvvv, accounts for the transport of energy that is carried by a plasma

fluid element as it moves with velocity vvv. The second term is the diffusive heat flux ΓΓΓχ which

represents the flow of heat down a temperature gradient due to particle collisions causing random

exchanges of energy. The convective heat flux is relevant where there is bulk fluid flow of the

plasma, whereas the diffusive heat flux is applicable whenever there is a temperature gradient

within the plasma.

We have represented the energy density at each point in the plasma as the thermal energy

density 3
2nT , and we have neglected the energy density from the bulk flow of the fluid element.

For nonneutral plasmas with densities that are far from the Brillouin density limit, the kinetic

energy is negligible compared to the thermal and electrostatic energies [84]. That is, the kinetic
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contribution to the total energy can be neglected in the same fashion that the kinetic component

of the canonical angular momentum is neglected as in Eq. (2.24).

In many studies of nonneutral plasmas, particularly at high magnetic field, the time scale

for plasma expansion ν
−1
〈r2〉 is large compared to the time scale of the dynamics that are being

studied, i.e. the plasma does not expand radially on the time scale of the dynamics of interest.

In this situation, the plasma is well described by E×B drift dynamics which is incompressible,

∇ ·vvv = 0. However, for the experiments that we perform at low magnetic field, ν
−1
〈r2〉 is comparable

to the predicted long-range diffusive heat transport time scale, τL, and therefore the diffusive

transport of thermal energy occurs on a similar time scale as the convective heat transport (See

Fig 5.2). Therefore the dynamics are not incompressible due to the radial expansion of the plasma.

We do assume that the plasma is azimuthally symmetric, and that there is no axial fluid

flow. Futhermore we assume that there is no heat flux in the axial or azimuthal directions. The fluid

velocity is then vvv = (vr(r),vθ (r),0), the diffusive heat flux is ΓΓΓχ = (Γχ(r),0,0). Eqs. (5.3-5.4)

then become

Continuity
∂np

∂ t
+

1
r

∂

∂ r
(rnpvr) = 0 (5.5)

Convection-Diffusion
∂

∂ t

(
3
2

npT
)
+

1
r

∂

∂ r

(
r

3
2

npT vr + rΓχ

)
= qs (5.6)

where we represent the density as np which is the axially averaged density (Eq. (2.5)). The

transport equations given by Eq. (5.5) and Eq. (5.6) describe the radial flow of particles and heat.

To calculate the thermal diffusivity, we proceed with the ansatz that the diffusive heat flux is

locally described by a Fick’s law equation [83]

Γχ =−κ∇T ≡−5
2

npχ
∂T
∂ r

(5.7)

where κ is the thermal conductivity defined as κ ≡ 5
2npχ [24]. The validity of the assumption
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that the diffusive heat flux can be represented by Fick’s law will be verified during the analysis of

the heat transport.

In order to calculate χ using Eq. (5.7) we are required to calculate the temperature gradient

∂T/∂ r and the diffusive heat flux Γχ . Calculating the temperature gradient can be accomplished

by taking radial derivatives of the measured temperature profiles. We derive an equation for Γχ

by integrating Eq. (5.6).

Γχ(r) =−
3
2

npT vr +
1
r

∫ r

0
r′dr′

{
− ∂

∂ t

(
3
2

npT
)
+qs

}
(5.8)

The last terms left to specify are vr and qs. We calculate vr by taking the integral of the

density continuity equation which gives

vr(r) =
Γm

np
=−1

r

∫ r

0
r′dr′

∂np

∂ t
(5.9)

As previously stated, qs represents the sources and sinks of thermal energy and it consists of two

terms, Joule heating and cyclotron radiation,

qs ≡ q j +qr (5.10)

where q j is the Joule heating rate and qr is the cyclotron cooling rate. The Joule heating rate is

given by

q j = jjj ·EEE = enpvrEr (5.11)

where jjj is the current density and Er is the radial electric field calculated from Poisson’s equation.

q j > 0 which causes the temperature of the plasma to increase. The magnitudes of vr and Er

increase monotonically with radius and therefore we expect the Joule heating rate to increase

with radius until it drops off abruptly at the radial edge of the plasma due to the drop off in np.
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The cyclotron cooling rate is given by

qr =
3
2

np

(
∂T
∂ t

)
τr

=−3
2

np
T
τr

(5.12)

where (∂T/∂ t)τr indicates the time derivative of the temperature due to cyclotron cooling and is

given by Eq. (2.20). The cyclotron radiation reduces the energy associated with all three degrees

of freedom, ν
−1
⊥‖ < τr, which accounts for the 3/2 factor in Eq. (5.12).

5.4 Measurements of Cross-Magnetic-Field Heat Transport

In this section we discuss the density and temperature measurements from which the ther-

mal diffusivity is determined. Experiments are performed at magnetic fields of Bz = 1,4,9,12 and

13 kG. Referring to Fig. 5.2, there is a wide range of dynamics that occurs over the experimental

range of magnetic fields. Therefore the methods used to create reproducible profiles vary as do

the confinement times.

Accurate temperature measurements require excellent shot-to-shot reproducibility. In

our experimental device, the shot-to-shot variation is < 1% for low magnetic fields Bz ≤ 2

kG. However, the shot-to-shot variations in np(r) are larger, at high magnetic fields apparently

because the flows are more rigorously incompressible 2D E ×B dynamics with less rc-scale

smoothing. Thus, at high magnetic field, curve fitting is performed to smooth the data and obtain

the derivatives required to evaluate the thermal diffusivity using equations Eq. (5.7) and Eq. (5.8).

The details of the curve fitting will be discussed at it arises.

5.4.1 Low Field Magnetic Field

We now describe heat transport measurements at a magnetic field of Bz = 1 kG, where

cyclotron cooling is negligible but radial expansion and thus Joule heating is significant. The

plasma is confined between electrodes 1 and 10 with electrodes 2-9 grounded giving a confinement
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Figure 5.3: Density evolution at Bz = 1 kG. The plasma expands rapidly, resulting in an increase
of the plasma radius and a decrease in the central density. Time steps between density profiles
are 100 ms. Arrows show direction of temporal evolution.

length of Lc = 52.5 cm and an effective plasma length of L∗p = 48 cm. No conditioning of the

plasma profile is required; the plasma is simply injected into the trap and the ubiquitous m = 1

Diocotron mode that accompanies the end of the injection process is feedback damped within the

first few milliseconds.

For the large plasma length of this experimental configuration, the rigidity is low in which

case the radial expansion time scale is comparable to the thermal diffusive time scale ν
−1
〈r2〉 ∼ τL

(See Fig. 5.2) . Therefore we expect that the localized Joule heating that results from the fast

radial expansion will form radial temperature gradients that will not be immediately relaxed by

thermal diffusion. Therefore we do not need to apply any external asymmetries as was the case in

Sec. (4.3) where an electrostatic tilt was applied to induce fast radial expansion and create large

temperature gradients. For the current experimental configuration we simply rely on the intrinsic

trap asymmetries to induce rapid radial expansion and form temperature gradients.

The density np(r, t) and temperature T (r, t) evolutions are shown in Fig. 5.3 and Fig. 5.4
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Figure 5.4: Temperature evolution at Bz = 1 kG. The temperature of the plasma increases due
to Joule heating which is stronger at the radial edge, resulting in the large temperature gradient.
Arrow shows direction of temporal evolution.

respectively. Note that in determining np(r, t) we have used a Boltzmann-Poisson solver to

determine n(r,z, t) from the experimentally measured z-integrated density profiles, Q(r, t). We

then calculate the plasma lengths using Eq. (2.12) and finally we calculate the plasma density

np(r, t) using Eq (2.5).

The lowest curve in Fig. 5.4 exemplifies the grid spacing (circles) at which the temperature

is measured using the technique detailed in Chapter 3; the solid lines in the graphs are visual

guides, not curve fits. We perform the first density and temperature measurements at a confinement

time of tc = 250 ms and then we measure the density and temperature profiles every 100 ms until

the final confinement time at tc = 1250 ms.

The profiles show that the plasma expands significantly, and the temperature of the plasma

increases strongly during the expansion. Furthermore we observe that there is a large temperature

gradient that persists throughout the time evolution, and thereby provides an excellent experimen-

tal data set for calculating the thermal diffusivity. Note that the temperature measurement is not
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Figure 5.5: Evolution of the mean-square radius at Bz = 1 kG. The plasma expands radially
resulting in an increase in the mean-square radius, 〈r2〉. The solid line is a linear fit to the data
and is used to calculate an average expansion rate of ν〈r2〉 = 0.78 s−1.

attempted for np . 105 cm−3, so the radial extent of the measured temperature profiles increases

as the confinement time increases.

Fig. 5.5 shows the mean-square radius during the evolution, and we observe that the

increase in the mean-square radius is approximately linear. A linear fit to the time evolution of

〈r2〉 (solid line) gives an average expansion rate Eq (2.25) of ν〈r2〉 = 0.78 s−1 which is roughly

consistent with the time scaling shown in Fig 5.2 for ν〈r2〉.

Fig. 5.6 shows the total number of particles calculated using Eq. (2.4), and the solid line

is a linear fit which yields a particle loss rate of ∂N/∂ t = −2.3× 107 s−1. The total number

of particles decreases by 1% over the duration of the experiment, barely above the shot-to-shot

variations in our density measurements at this magnetic field. The small change in the total

number of particles can be reasonably neglected, and we use the continuity equation without any

source terms, Eq. (5.5).

Fig. 5.7 shows the energy balance during the expansion, where we have plotted the total
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Figure 5.6: Evolution of the total number of particles at Bz = 1 kG. We observe a slight decrease
of 1% of the total number of particles during the full evolution of the experiment. The solid line
is a linear fit to the data and gives a loss rate of ∂N/∂ t =−2.3×107 s−1.

Figure 5.7: Evolution of the total energy per particle, Htot , thermal energy per particle HT and
electrostatic energy per particle Hφ .
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Figure 5.8: Radial temperature derivative determined by performing a polynomial fit to T (r, t)
and then taking the derivative of the polynomial with the condition that ∂T ∂ r = 0 at r = 0.
Arrow shows direction of temporal evolution.

energy per particle HTot , the electrostatic energy per particle Hφ , and the thermal energy per

particle HT . As expected, Hφ drops due to the decrease in the plasma potential while HT increases

due to Joule heating but HTot remains constant throughout the evolution to an accuracy of 2%.

We then conclude that there is no transfer or removal of energy to or from the plasma from

external sources. We are then confident that the total number of particles and the total energy are

conserved during the evolution and we can proceed to calculate the thermal diffusivity using the

model presented in Sec. (5.3).

For temporal derivatives, the data is sufficiently smooth that we use finite difference

equations to evaluate ∂n/∂ t and ∂ ((3/2)nT )/∂ t. In evaluating the radial temperature derivative

we fit a 5th order polynomial to the T (r, t) profiles and enforce the boundary condition that

∂T/∂ r = 0 at r = 0 due to symmetry. The polynomial fit is then used to calculate ∂T/∂ r at each

time step; T (r, t) retains its original values and is not smoothed using the fit. Fig. 5.8 shows the

calculated profiles for ∂T/∂ r.
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Figure 5.9: Temporal evolution of the radial velocity. Arrow shows direction of temporal
evolution.

Fig. 5.9 shows the calculated profiles for vr using Eq. (5.9). The calculations for vr is

stopped at the same radial extent as the associated temperature profile, since the low density

values at large radii causes vr to grow rapidly and the result is unreliable. The radial electric

field is calculated from Poisson’s equation and is shown in Fig. 5.10. As the plasma expands, the

plasma potential decreases and subsequently the magnitude of the radial electric field decreases

as well.

With the radial profiles for vr(r, t), Er(r, t) and np(r,T ), we now calculate the Joule heating

rate, q j(r, t), using equation Eq. (5.11); and the results of the calculation are shown in Fig. 5.11.

The Joule heating rate is largest near the outer radius of the plasma and there is no Joule heating

near the center of the plasma. Despite the lack of Joule heating at the center of the plasma

the temperature at the center of the plasma increases as seen in Fig. 5.4. The increase of the

temperature at the center of the plasma is due to the diffusion of heat which flows from larger

radii to smaller radii because of the positive temperature gradient.

The final term to calculate before we can calculate the diffusive heat flux is the convective
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Figure 5.10: Radial electric field calculated from Poisson’s equation and the density profiles np.
Arrows show direction of temporal evolution.

Figure 5.11: Joule Heat rate at Bz = 1 kG. The heating rate is largest at the outer radii due to
the increase in the radial particle velocity and the radial electric field at the edge of the plasma.
Arrow shows direction of temporal evolution.
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Figure 5.12: Convective heat flux at Bz = 1 kG. The largest convective heat flux occurs near the
radial edge of the plasma due to the large radial velocity and higher temperature at larger radii.
Arrow shows direction of temporal evolution.

heat flux. We calculate the convective heat flux by multiply the energy density by the radial

velocity, and the results of this calculation is shown in Fig. 5.12. We now have all of the

components required to calculate the diffusive heat flux, Γχ , using Eq. (5.8), the results of which

are presented in Fig. 5.13.

Before proceeding to calculate the thermal diffusivity we must validate the applicability

of the Fick’s law equation for Γχ . That is, small convective cells in (r,θ) could "mix" the heat

radially, even without causing a net vr characteristic of simple convection. We verify Fick’s

law by observing the proportionality between the diffusive heat flux and the radial temperature

gradient. However the diffusive heat flux is not simply proportional to the radial temperature

gradient because the thermal conductivity can have density and temperature dependence, and

the radial profiles do not have constant density nor constant temperature. Referring to the

theoretical predictions for χC and χL we see that both diffusivities scale with temperature as

T−1/2. Furthermore, we note that χC scales with density as n1 and that χL is independent of
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Figure 5.13: Diffusive heat flux at Bz = 1 kG. Arrow shows direction of temporal evolution.

density. If we proceed with the prediction that the measured thermal diffusivity is dominated by

long-range collisions, then we can express Fick’s law in the form Γχ ∝ T−1/2n1(∂T/∂ r). We

can then define the scaled diffusive heat flux as ΓχT 1/2n−1 which we expect to be proportional to

the temperature gradient.

To verify the Fick’s law relation we have plotted the negative of the scaled heat flux and

the temperature gradient at a confinement time of tc = 650 ms as shown in Fig. 5.14. Furthermore

we have normalized the scaled heat flux and the temperature gradient to their respective maximum

values to highlight the proportionality between the two quantities. The proportionality between the

scaled heat flux and the temperature gradients is well-demonstrated in Fig. 5.14 giving credibility

to the use of Fick’s law to represent the diffusive heat flux.

When calculating the thermal diffusivity we restrict the analysis in radius to those radii in

which the temperature gradient and the heat flux have the largest magnitude. This improves the

signal-to-noise ratio and enables a more accurate calculation of χ using equation Eq. (5.7). The

vertical dotted lines in Fig. 5.14 show the radial limits of the analysis region, i.e. we calculate the
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Figure 5.14: Scaled diffusive heat flux (solid) and temperature gradient (dashed) at Bz =
1 kG. Both quantities are normalized to their respective maximum values to highlight the
proportionality between the two quantities.

thermal diffusivity only using the radial points between the vertical dotted lines.

As an alternative verification of the applicability of Ficks’ law, we plot, in Fig 5.15, the

scaled heat flux versus the radial temperature gradient for all confinement times and for all radii in

the analysis region, that is, in the region between the two vertical dotted lines in Fig. 5.14. Once

again, we expect to see a linear relationship between the scaled heat flux and the temperature

gradient. We perform a linear fit to the data in Fig. 5.15, and the fit is not constrained to pass

through the origin. Nevertheless, we see that the linear fit does pass very close to the origin. If

there was a non-zero intercept this could indicate that there is a non-diffusive heat flux that has

yet to be accounted for.

We now proceed with the final step for calculating the thermal diffusivity by using Eq. (5.7).

We then average over time at each radius and plot the average along with its standard deviation

as the error bars at each radius in Fig 5.16. The diamonds represent points that are within the

useful analysis region while the circles represent points outside of the analysis region that will be
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Figure 5.15: Scaled heat flux versus temperature gradient at Bz = 1 kG, the points represent
all of the time steps at the subset of radii that are used to calculate the thermal diffusivity. The
scaling is informed by the theoretical predictions and the scaling parameters are chosen so that
the heat flux is proportional to the temperature gradient. The solid line is an unconstrained linear
fit.
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Figure 5.16: Thermal diffusivity as a function of radius at Bz = 1 kG. The points (circles
and diamonds) represent the scaled diffusivity at that radius averaged over the time steps; the
error bars represent the standard deviation associated with averaging over the time steps. The
diamonds show the radial points that are averaged to obtain a single value for the diffusivity for
this magnetic field. χL ·T 1/2 is the scaled long-range thermal diffusivity prediction.
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excluded in the final calculation for the thermal diffusivity. The theoretical prediction for the long

range thermal diffusivity is shown by the dashed line in Fig 5.16. We observe that the useful data

points indicated by the diamonds are approximately a factor of 2 lower than the prediction. We

obtain a single value for the thermal diffusivity for the magnetic field of Bz = 1 kG by averaging

the thermal diffusivities at all of the time steps and for all of the radii in the analysis region. The

final result gives χ ·T 1/2 = 0.147±0.036 cm2 eV1/2 s−1, which is again about a factor of 2 lower

than the predicted long-range thermal diffusivity χL ·T 1/2 = 0.236 cm2 eV1/2 s−1.

5.4.2 High Magnetic Field

We now describe the five heat transport experiments performed at larger magnetic fields

of Bz =4, 9, 12 and 13 kG, with two of the five data sets being taken at Bz =13 kG. For all these

experiments, the initial temperature gradients were produced by sloshing the plasma column

through an applied squeeze separatrix region, causing strong heating near the radial center (See

Sec. (4.5)).

At these magnetic fields, the radial expansion time scale is much longer than the thermal

diffusion time scale, so there is negligible radial expansion during the time it takes for collisional

diffusion to relax radial temperature gradients within the plasma. This simplifies the analysis

since there is no change in the density profile, ∂n/∂ t = 0, and therefore there is no radial velocity,

i.e. vr = 0. Consequently, the Joule heating rate is negligible. However at these larger magnetic

fields, the cyclotron cooling rate is more important, and for the highest magnetic fields tested, the

cyclotron cooling rate is comparable to the expected long-range thermal diffusive time scale (See

Fig. 5.2). Therefore we include cyclotron cooling in our heat transport model as a source term in

qs.

There are several practical difficulties that arise when conducting heat transport experi-

ments at higher magnetic fields. Firstly, the shot-to-shot reproducibility is not as good at high

field as it is at low field. The origins of the decreased shot-to-shot reproducibility is not entirely
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understood, but is attributed to the constrained E ×B drift relaxation with very little viscous

smoothing. Typically the reproducibilty increases with longer confinement times (10-50 sec); the

reason being that there is more time for diffusion and viscosity to smooth the initial irregularities

in the density profile that arise from the injection process. Recalling from Chapter 3 that each

temperature profile requires ≈70 experimental cycles (dumps at different VH) then, if each experi-

mental cycle takes ≈ 50 seconds, a single temperature profile requires about an hour. A complete

heat transport experiment consisting of 10 temperature profiles then takes approximately 10−12

hours of continuous running. We do not observe a coherent monotonic drift of the experimental

parameters over the full duration of any given heat transport experiment. However there are

fluctuations of the plasma parameters that cause an increase in the error associated with the

temperature profiles and we estimate that the temperature profiles have an error of 10%.

Furthermore, the initial plasma profile at high magnetic field often contains a large density

spike near r = 0 cm. The density spike is approximately an order of magnitude higher in density

than the typical density of the rest of the plasma profile and the density spike has significant shot-

to-shot variation ≈ 5%. The large density spike arises from the turbulent relaxation of the initially

filamented density inherited from the spiral filament. The spiral structure is highly unstable to

Kelvin-Helmholtz instabilities and the resulting turbulent evolution results in a large density spike

at r = 0. To remove the density spike, we either apply a strong azimuthally-symmetric squeeze

potential to induce radial transport and flatten the density spike or we eject the density spike by

briefly reducing the confinement barrier to allow some electrons to escape. When ejecting the

particles from the center of the plasma, we are careful to not reduce the confinement barrier so

much so that a hole is created in the profile leading to an unstable distribution. Because of the

reduction of the shot-to-shot reproducibility and the long duration requirement for a complete

heat transport experiment, we require more substantial smoothing of the temperature profiles than

was required at Bz = 1 kG.

To create the initial temperature gradients the plasma column is axially oscillated through
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Figure 5.17: Density profile for heat transport experiment at Bz = 13 kG

a squeeze potential to create radially localized heating near the radial center of the plasma column

[81, 82]. An initial temperature profile is shown in Fig. 5.18.

Here we describe one of the heat transport experiments at Bz = 13 kG which exemplifies

the five heat transport experiments performed at higher magnetic fields. The plasma is confined

between electrodes 2 and 10, giving a confinement length of Lc = 38.5 cm and an effective

plasma length of L∗p = 34 cm. The plasma is injected into the trap and the profile is shaped and

conditioned so that it is relatively close to a Gaussian shape without a density spike near r = 0.

After the conditioning, the plasma is given enough time for cyclotron radiation to cool the plasma

to the wall temperature, Tw = 0.03 (i.e. room temperature). With the plasma at a nearly uniform

temperature of Tw we apply separatrix-crossing dissipation to the plasma at a time of t = 49.875 s.

For the separatrix-crossing dissipation parameters, a Vsq =−30 V squeeze is applied to electrode

6 at the axial midpoint of the plasma column. The squeeze is applied for a duration of tsl = 125

ms, during which time the plasma is sloshed though the squeeze by oscillating the voltage on the

confinement electrodes at fsl = 100 kHz with an amplitude of Vsl = 40 V.
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Figure 5.18: Temperature profile evolution at Bz = 13 kG. Profiles are shown at confinement
times of tc =50.05, 50.10, 50.15, 50.25, 50.40, 51.00 s. Arrows show the direction of temporal
evolution.

The slosh and squeeze are both concluded at a time of t = 50.000 s, and the resulting

temperature profile is peaked on axis with cooler temperatures at larger radii. We then measure

the temperature profile using the technique presented in Chapter 3. We measure the temperature

profile at confinement times of tc = 50.050, 50.075, 50.100, 50.125, 50.150, 50.175, 50.200,

50.250, 50.300, 50.400, 50.600, 50.800 and 51.000 seconds. The density profile is unchanged

within the measurement error, and a typical density profile is shown in Fig. 5.17. The temperature

profile evolution is shown in Fig 5.18, where for purposes of visual clarity we have only shown 6

temperature profiles.

We smooth the temperature profile in radius and in time using 3rd and 5th order poly-

nomials respectively. Once again we apply the constraint that ∂T/∂ r = 0 at r = 0 due to radial

symmetry. In Fig. 5.18 the original temperature profiles are plotted with circles, and the profiles

after they have been smoothing in radius and time are shown as solid lines.

We verify that there is negligible radial expansion by plotting 〈r2〉 in Fig. 5.19. We observe
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Figure 5.19: Calculated mean-square radius at each confinement time at Bz = 13 kG

Figure 5.20: Total number of particles at Bz = 13 kG. The≈ 5% fluctuations in the total number
of particles is associated with the reduced shot-to-shot reproducibility at higher magnetic field.
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Figure 5.21: The total energy per particle, HTot , and the thermal energy per particle, HT ,
decrease due to cyclotron radiation while the electrostatic energy per particle, Hφ , remains
constant.

no coherent trend in 〈r2〉 during the duration of the heat transport experiment. Furthermore, we

observe no coherent trend in Ntot as seen in Fig. 5.20, which indicates that we are not losing

particles and we are not gaining particles during the evolution. However, both 〈r2〉 and Ntot

fluctuate about 5%, which we attribute to the reduced shot-to-shot reproduciblity at high magnetic

field.

Since there is no change in the density profile, the electrostatic energy per particle Hφ

is constant. However, cyclotron cooling causes a significant decrease in the thermal energy per

particle HT , as well as in the total energy HTot . From Fig. 5.21 we see a slow decrease in HT

and HTot while there is no change in Hφ above the shot-to-shot error. Without Joule heating, the

source term in Eq. (5.8) consists solely of cyclotron cooling given by Eq. (5.12).

The inclusion of the cyclotron cooling term requires a measurement of the cyclotron

cooling time, τr, which we accomplish using the m = 1 Diocotron mode frequency fd . This

measurement is accomplished by secondary experiments unrelated to heat transport where
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Figure 5.22: Time evolution of the mθ = 1 Diocotron frequency as the plasma cools towards
room temperature. The Diocotron mode is excited to low amplitude at 100 ms. The frequency
initially decays exponentially due to cyclotron cooling and then linearly due to a slow radial
expansion.

we excite a m = 1 Diocotron mode and measure the temporal evolution of the frequency. The

frequency of the m = 1 Diocotron mode exhibits a temperature dependence as shown in Eq. (2.41).

The frequency fd also depends on Rp and NL, therefore changes in either of those parameters

will also cause changes in fd . However at high magnetic fields, Rp changes slowly compared

to changes in T from cyclotron cooling. Furthermore, NL changes very slightly due to changes

in T because the length of the plasma decreases slightly as the plasma cools. Therefore, on the

time scale of cyclotron cooling, the changes to fd are solely attributed to changes in T . We can

determine the cyclotron cooling time by measuring the exponential decay of the m = 1 Diocotron

mode as the plasma cools. An example of the temporal evolution of the m = 1 Diocotron mode is

shown in Fig. 5.22 where the black line shows the measured Diocotron frequency and the red line

is a fit that consists of an exponential term plus a linear term to account for the cyclotron cooling

and the slow radial expansion. The cyclotron cooling time is then determined from fit parameters.

The m = 1 Diocotron mode is used to determine τr at magnetic fields of Bz =9, 12 and
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Figure 5.23: Cyclotron cooling times measured from the time evolution of the mθ = 1 Diocotron
frequency. The solid line is the predicted cyclotron cooling time from Eq (2.19). Error bars
represent the standard deviation from multiple experimental cycles.

13 kG. The results of these measurements are shown in Fig. (5.23) where the solid line is the

predicted cyclotron cooling time from Eq. (2.19). We observe agreement within 10% of the

predicted rate with our measured cycltron cooling time being systematically larger than the

prediction as is typically seen in Penning-Malmberg trap experiments [52]. The measurement of

the cyclotron cooling time is not performed at Bz = 4 kG because the radial expansion time is

comparable to the cyclotron cooling time, i.e. there is non-negligible Joule heating during the

cyclotron cooling process. However, the cyclotron cooling time at a magnetic field of Bz = 4 kG

is approximately τr ≈ 24 s from Eq. (2.19), which is much longer than the 1 second duration of

the heat transport experiment. The cyclotron cooling rate is negligibly small for the experiment

that is conducted at Bz = 4 kG and an experimentally measured rate for the cyclotron cooling

rate is not required. With the measured cyclotron cooling time we calculate the rate of cyclotron

cooling using Eq. (5.12), the results of which are shown in Fig. (5.24).

With the cyclotron cooling rate determined we now proceed to the calculation of the
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Figure 5.24: Cyclotron cooling rate at Bz = 13 kG shown at confinement times of tc =50.05,
50.10, 50.15, 50.25, 50.40, 51.00 s. Arrow shows the direction of temporal evolution.

diffusive heat flux using Eq. (5.8). Since the density is unchanged during the measurement, the

time derivative is given by (3/2)∂ (npT )/∂ t = (3/2)np(∂T/∂ t) and the radial velocity is vr = 0

so there is no convective term. The time derivative is calculated from the polynomial fits to the

temperature evolution. The diffusive heat flux is shown in Fig. 5.25, where the positive heat flux

indicates an outward flow of heat consistent with the negative radial temperature gradient.

The temperature gradients are shown in Fig. 5.26. The magnitude of the temperature

gradient is large immediately after the end of the separatrix-crossing dissipation but then the

temperature gradient decreases as temperature equilibrium is achieved.

Again, we verify the applicability of Fick’s law to describe the diffusive heat flux. In

Fig. 5.27 we have plotted the negative of the scaled heat flux and the temperature gradient at

a confinement time of tc = 50.15 s and have normalized each of the profiles to their respective

maximum values to highlight the proportionality between the two quantities.

As before, the radial region where the thermal diffusivity is calculated is shown by the

vertical dashed lines in Fig. 5.27. Furthermore, we will not use the last two time steps at tc = 50.80
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Figure 5.25: Diffusive heat flux at Bz = 13 kG shown at confinement times of tc =50.05, 50.10,
50.15, 50.25, 50.40, 51.00 s. Arrow shows the direction of temporal evolution.

Figure 5.26: Temperature gradient at Bz = 13 kG shown at confinement times of tc =50.05,
50.10, 50.15, 50.25, 50.40, 51.00 s. Arrow shows the direction of temporal evolution.
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Figure 5.27: Scaled diffusive heat flux (solid) and temperature gradient (dashed) at Bz =
13 kG. Both quantities are normalized to their respective maximum values to highlight the
proportionality between the two quantities.

and tc = 51.00 to calculate the thermal diffusivity, since the temperature gradients and the heat

flux are small. Note that this issue did not arise in the heat transport experiment at Bz = 1 kG

because the continuous Joule heating maintained a large temperature gradient and large heat flux

at all times throughout the experiment.

Fig. 5.28 shows the scaled heat flux versus the radial temperature gradient for all of the

confinements times and radii used in the calculation of thermal diffusivity. The solid line is

an unconstrained linear fit, and we see that the data is well represented by a linear relationship

between the scaled heat flux and the temperature gradient. We attribute the small nonzero y-

intercept offset due to measurement error rather than representing a non-diffusive heat flux that

has not been accounted for.

The calculated thermal diffusivity at each radius is shown in Fig. 5.29, the error bars

represent the standard deviation from averaging over the time steps. The theoretical prediction

for long-range thermal diffusivity is shown as the dashed line in Fig 5.29.
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Figure 5.28: Scaled heat flux versus temperature gradient at Bz = 13 kG, the points represent
all of the time steps at the subset of radii that are used to calculate the thermal diffusivity. The
scaling is informed by the theoretical predictions and the scaling parameters are chosen so that
the heat flux is proportional to the temperature gradient. The solid line is an unconstrained linear
fit
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Figure 5.29: Thermal diffusivity as a function of radius at Bz = 13 kG. The diamonds represent
the scaled diffusivity at that radius averaged over the time steps; the error bars represent the
standard deviation associated with averaging over the time steps. The radial points are averaged
to obtain a single value for the diffusivity for this magnetic field. χL ·T 1/2 is the scaled long-range
thermal diffusivity prediction.

We obtain a single value for the thermal diffusivity for the magnetic field of Bz = 13 kG

by averaging the thermal diffusivities at all of the usable time steps and for all of the radii in the

analysis region. The final result gives χ ·T 1/2 = 0.122±0.020 cm2 eV1/2 s−1, which is a factor

of 2 lower than the predicted long-range thermal diffusivity χL ·T 1/2 = 0.236 cm2 eV1/2 s−1.

The previous analysis at a magnetic field of Bz = 13 kG is typical for the heat transport

experiments performed at Bz =4, 9, 12 and 13 kG. At each magnetic field, a final thermal

diffusivity is determined by averaging over the usable range of radii and time steps.

The thermal diffusivity determined for each magnetic field, including the low magnetic

field data at Bz = 1 kG, is compiled and presented in Fig 5.30. The error bars represent the

standard deviation associated with averaging over the usable radii and time steps. The dashed

line represents the theoretical prediction for the long-range thermal diffusivity. The solid line

represents the theoretical prediction for the classical thermal diffusivity evaluated at a typical
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Figure 5.30: Measured thermal diffusivity versus Bz. χL is the thermal diffusivity due to
long-range collisions and χC is the thermal diffusivity due to classical short-range collisions.

density of np = 107 cm−3. In general we observe a factor of 2 agreement between the data points

and the prediction for the long-range thermal diffusivity. The experiments also demonstrate and

verify the magnetic-field-independence of the thermal diffusivity, which is in stark contrast to

the classical thermal diffusivity which decreases by two orders of magnitude over the range of

magnetic fields used in these experiments.

5.5 Conclusion

In conclusion we have measured the thermal diffusivity over a range of magnetic fields

from Bz = 1 kG to Bz = 13 kG. We model the heat transport using a Convection-Diffusion

equation where the diffusive heat transport is verified to obey a local Fick’s law equation. We

then calculate the thermal diffusivity using the temporal evolution of the density and temperature

profiles. Our measurements show that the thermal diffusivity is independent of the magnetic field
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and our measured values are within 50% agreement with the prediction of thermal diffusion due

to long-range collisions.
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Appendix A

Collector Plate Temperature Measurement

Corrections

In this appendix we discuss the necessary corrections for processing raw temperature

measurement data when measuring the r = 0 temperature using the "tail temperature" measure-

ment method, TCP. This method was developed at the University of California San Diego and is

described by Hyatt [49, 71], Beck [42, 50] and Egglesston [55]. The relative ease of use of this

method has promoted it to the standard temperature measurement technique in nonneutral plasma

studies.

Several correction factors need to be determined and applied to the raw data in order to

obtain accurate temperature results but the magnitudes of the corrections vary from device to

device (and from experiment to experiment within the same device). Hart et. al. [63] performed

temperature measurement experiments on an electron plasma confined in a Penning-Malmberg

trap where the length of the confinement electrode was smaller than Rw which results in significant

curvature of the ends of the plasma column and large correction factors for the raw temperature

measurements. Aoki et. al. [64] performed a similar analysis of temperature measurement but on

an electron plasma confined in a Penning trap which nominally has a harmonic axial potential
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Figure A.1: Example of the measured escape charge as the confinement barrier is reduced. The
gain of the signal amplifier circuit is intentionally set so that the signal saturates after the linear
region of ln(Nesc) in order to improve the signal-to-noise ratio for the data of interest. The fit to
the linear portion of ln(Nesc) is shown in red and yields a temperature of 2.8 eV.

well.

Following the method of Eggleston et al. [55], we reduce the confinement barrier created

by the eject electrode and measure the first 1-2% of escaping electrons which escape from the

vicinity of r = 0. Since we are only concerned with the behavior near r = 0, the following

equations are all evaluated at r = 0 and we omit the radial dependence. Assuming that the plasma

is Maxwellian, there is a simple relationship between the measured number of escaping electrons,

Nesc, and the confinement energy, Ec, given by

dln(Nesc)

dEc
=−1.05

T ′
(A.1)

We have indicated the temperature with a prime, consistent with the notation from Chapter 3,

because the temperature of the plasma when the first electrons begin to escape is lower than
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the temperature of the fully confined plasma due to the cooling that occurs during the adiabatic

expansion of the plasma column as the eject confinement barrier is reduced.

The basic measurement is the number of electrons which escape as the confinement barrier

is reduced in magnitude. That is, we use the collector plate to record the number of escaping

electrons as a function of the voltage applied to the eject electrode, Ve j, giving dln(Nesc)/d(qVe j).

However, the relationship in Eq (A.1) requires dln(Nesc)/dEc. Therefore we must determine the

relationship between the confinement energy at r = 0 and the eject electrode voltage, that is, we

need to determine dEc/d(qVe j). Furthermore we include a correction for the cooling that occurs

during the adiabatic expansion of the plasma which is given by the square of the ratio of the initial

length (fully confined length) to the length when electrons begin to escape.

We defined the term, ε = Lp(r)/L′p(r,Ve j), for the ratio of lengths where Lp(r) is the

length of the initial plasma and L′p(r,Ve j) is the length of the plasma as a function of the eject

voltage. The relationship between T ′ and T is T ′ = ε2T . Eq (A.1) then becomes

T =−1.05
ε2

dEc

d(qVe j)

(
dln(qNesc)

d(qVe j)

)−1

(A.2)

We evaluate Ec by neglecting the axial dependence of the confinement energy in Eq. (3.2) and

then we evaluate the second term in Eq. (3.2) at zmid which is the axial center of the plasma

column, located far from the confinement electrodes. The derivative of Ec is then given by

dEc

d(qVe j)
=

d(qφ)

d(qVe j)

∣∣∣∣
z=zmax

− d(qφ)

d(qVe j)

∣∣∣∣
z=zmid

(A.3)

We will calculate dEc/d(qVe j) using Eq. (A.3) which requires the model presented in Chapter 3

in order to calculate qφ as a function of the eject electrode voltage.

Several simplifications to Eq. (A.3) are often made, so that the analysis does not require

the calculated (r,z) spatial distribution of qφ . Firstly, it is assumed that the potential at zmid is

solely from the plasma potential φp, with no contribution from the electrode potentials φc, so that
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qφ(z = zmid) = qφp(z = zmid). Furthermore, because we only analyze the first 1-2% of particles

that escape from the trap, the assumption is made that φp is constant so that the second term

in Eq. (A.3) is zero. As for the confinement barrier, it is assumed that the potential at zmax is

entirely attributed to the electrode potential, qφ(z = zmax) = qφc(z = zmax), therefore the first

term in Eq. (A.3) can be calculated as a derivative of the solution to Laplace’s equation rather

than Poisson’s equation because the plasma component to the potential has been neglected.

We solve Laplace’s equation to determine α , which we define as the ratio between

the confinement potential at r = 0 and the potential at r = Rw, so that φc(r = 0) = αVe j. Then

Eq. (A.3) ultimately reduces to dEc/d(qVe j) = α . For the eject electrodes used in our experiments

which have a radius of Rw = 3.5 cm and a length of 7 cm, we have α ≈ 0.87 indicating that the

magnitude of the confinement barrier at r = 0 is 13% less than qVe j at the wall. The benefit of

the simplifications are that dEc/d(qVe j) = α depends only on the geometry of the eject electrode

and does not depend on the plasma parameters. With these simplifications, dEc/d(qVe j) is easily

determined before experiments are executed, greatly simplifying the numerical post-processing

to obtain the temperature. For the geometry of the electrodes used in CamV, where the length of

the electrode is larger than Rw, the simplifying approximations to Eq. (A.3) are often reasonable

assumptions, as we will see.

Now we return to the full evaluation of Eq. (A.3), which must be accomplished numerically

using the model presented in Chapter 3. We demonstrate the calculations on the configuration

where the plasma is confined between electrodes 1 and 10 giving a confinement length of

Lc = 52.5 cm so that the effective length is L∗p = 48 cm and the magnetic field is Bz = 2 kG.

In Fig. A.2 we plot qφ(z = zmid) and in Fig. A.3 we plot qφ(z = zmax). From the plot of

qφ(z = zmid), it is seen that qφ(z = zmid) is nearly constant in the range from −50≥Ve j <−40

V which lends credibility to the previously discussed simplification where it is assumed that

d(qφp(z = zmid))/d(qVe j) = 0 for the initial escaping particles. For Ve j > −35 V the potential

drops off rapidly due to the increasing number of escaping electrons; and this is the reason that
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the TCP temperature measurement method is limited to analysis of only the first 1-2% of escaping

electrons.

To obtain the derivatives required for evaluating Eq. (A.3), we do linear fits in the

range −50 < Ve j < −45 V as indicated by the solid lines in Fig. A.2 and Fig. A.3. From the

fits we obtain d(qφ(z = zmid))/d(qVe j) = 0.019 and d(qφ(z = zmax))/d(qVe j) = 0.835. If the

potential at z = zmax were entirely due to the confinement electrode with no contribution from

the plasma potential then we would expect d(qφ(z = zmax))/d(qVe j) = 0.87 as calculated from

the Laplace solution. However the calculated d(qφ(z = zmax))/d(qVe j) is slightly less than

0.87, which indicates that the plasma contribution to qφ(z = zmax) is non-negligible. Using

Eq. (A.3) we then obtain dEc/d(qVe j) = 0.816 as shown in Fig A.4. Therefore we see that there

is a decrease in dEc/d(qVe j) when using the full model solution for qφ compared to the result

dEc/d(qVe j) = 0.87 obtained from the simplifications of neglecting the qφ(z = zmid) term and

using Laplace’s equation.

All that remains is to determine the axial expansion correction which is shown in Fig. A.5.

We average over ε2 in the range from −50 <Ve j <−45 V to obtain ε2 = 0.943. Note that for

Ve j >−35 V, ε2 begins to increase, ultimately becoming greater than one which would indicate

axial compression and possibly heating of the particles due to the compression. As discussed in

Chapter 3, the length of the plasma begins to shrink when the density becomes very small and it

is not clear whether or not this increases the temperature of the plasma due to the decrease in the

length of the plasma. However, this effect only occurs when the density has become negligible

small and ignoring any possible heating associated with a decrease in the length of the plasma

does not affect the temperature calculation because even if this heating is included it is a small

effect.

The total correction factor to be applied to the raw data is then (1/ε2)dEc/d(qVe j)= 0.866.

We have calibrated all of our TCP measurements using the method presented in this Appendix. The

correction factors for the data shown in Fig. 3.8 are presented in Fig. A.6. The solid line in Fig. A.6
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Figure A.2: Plot of the on-axis potential at the axial center of the plasma. The solid line is a
linear fit to the data in the range −50 <Ve j <−45 V.

represents the correction obtained from using the simple relationship dEc/d(qVe j) = α = 0.87

with no correction for adiabatic expansion. The majority of the data points are narrowly scattered

around 0.87. The reason for this is that the correction due to the full numerical calculation of

dEc/d(qVe j) using Eq. (A.3) results in a correction factor that is less than 0.87. However, the

adiabatic expansion correction slightly compensates the dEc/d(qVe j) correction so that the net

result is that the total correction factor is very nearly 0.87 for most experimental configurations of

CamV.
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Figure A.3: Plot of the on-axis potential at zmax which is the axial position where the maximum
confinement barrier is located. The solid line is a linear fit to the data in the range −50 <Ve j <
−45 V.

Figure A.4: Plot of the on-axis confinement energy. The solid line is a linear fit to the data in
the range −50 <Ve j <−45 V.
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Figure A.5: Plot of the on-axis adiabatic expansion coefficient. ε2 < 1 initially due to axial
expansion as the confinement barrier is reduced. Later, ε2 > 1 as the significant reduction in the
plasma potential causes the plasma length to shrink axially.

Figure A.6: Plot of the correction factor for adjusting the raw TCP measurements. The solid line
at 0.87 represents the Laplace solution correction without the adiabatic cooling correction for an
electrode with radius 3.5 cm and length 7 cm.
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Appendix B

Separatrix-Crossing Dissipation

Calibration

In this appendix we discuss the oscillation of the confinement potentials when heating the

plasma column using separatrix-crossing dissipation (See Sec. (4.5) and Fig. 4.5). Separatrix-

crossing dissipation is accomplished by applying a squeeze potential to the axial center of the

plasma and then oscillating the plasma column axially back and forth through the squeeze potential.

The plasma column is repeatedly forced through the squeeze by oscillating the potentials applied

to the confinement electrodes.

The squeeze potential creates a separatrix in the plasma that separates between trapped

electrons and passing electrons. Due to the axial sloshing of the plasma column, the lengths of

the orbits of trapped electrons are repeatedly compressed and expanded whereas the lengths of

the orbits of passing particles experience no compression or expansion. A discontinuity is thereby

created in the electron distribution function, due to the compression and expansion of the trapped

electron portion of the distribution function.

Collisions between the trapped and passing electrons relax the discontinuity, causing

irreversible heating which is maximal near the radius where the separatrix energy is equal to the
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thermal energy. By varying the strength of the squeeze potentials we can control the location of

the peak heating rate which makes separatrix-crossing dissipation a useful method for creating

gradients in the radial temperature profile.

Critical to the heating process is that the passing electrons must experience minimal

compression or expansion during the sloshing of the plasma column through the squeeze. However

simply increasing the potential on one confinement electrode and decreasing the potential on

the other confinement electrode by the same amount will result in an unwanted expansion of

the plasma column. Therefore a nontrivial oscillation waveform must be used to oscillate the

confinement potentials.

For this discussion we assume that both of the confinement electrodes are at Vc =−100 V

in the unperturbed state, and so an increase in the confinement potential means that the voltage is

getting closer to ground. We will calibrate the oscillation of the confinement potentials when no

squeeze potential is applied to the plasma.

If we raise the confinement potential on one of the confinement electrodes then the plasma

will expand axially towards that confinement electrode. Conversely, if we lower the confinement

potential then the plasma will be pushed away from that confinement electrode. To achieve

the best results from separatrix-crossing dissipation we are required to increase the voltage on

one confinement cylinder and decrease the voltage on the other confinement cylinder in such a

way that the plasma column is shifted axially along the trap but without changing the plasma

length. Performing this manipulation is complicated by the nonlinear axial dependence of the

confinement potentials. This can be seen from the vacuum potential solution for two half-infinite

cylindrical electrodes where z = 0 is the boundary between the electrodes and one electrode is

grounded and the other is at Vc; the potential within the grounded electrode is given by

φc(r,z) =Vc

∞

∑
i=1

exp(− j0i z/Rw)J0( j0i r/Rw)

j0iJ1( j0i)
(B.1)

where J0 and J1 are Bessel functions of the first kind and j0i is the ith zero of J0. Simply increasing
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the voltage of one of the confinement electrodes by a certain amount and then decreasing the

voltage on the other confinement electrode by the same amount will result in an expansion of the

plasma column because of the nonlinear z-dependence of the electrode potential as exhibited in

Eq. (B.1).

We prevent the plasma from expanding by using a waveform that is a pure sine wave

when decreasing the potential (pushing the plasma) and is a modified sine wave when increasing

the potential (expanding the plasma). The modified portion of the waveform is a sine wave with

a quadratic modifier that reduces the amplitude of the signal and generates a waveform that is

continuous with a continuous first derivative so that there are no discontinuities that could excite

plasma waves. The oscillations of the inject electrode potential, Vin j, and the eject electrode

potential, Ve j, are given by the following waveforms

Vin j(t) =


Vc−Asin(2π fslt) 0≤ t ≤ tsl/2

Vc− Asin(2π fslt)
1+ηsin2(2π fslt)

tsl/2≤ t ≤ tsl

(B.2)

Ve j(t) =


Vc +

Asin(2π fslt)
1+ηsin2(2π fslt)

0≤ t ≤ tsl/2

Vc +Asin(2π fslt) tsl/2≤ t ≤ tsl

(B.3)

where A is the amplitude of the signal, fsl is the frequency of the oscillation, tsl = 1/ fsl is the

period of the oscillation, and η is a calibration factor that has yet to be determined. When η = 0

the waveform reverts to a pure sinusoid. However, when η 6= 0 the waveform is a pure sinusoid

when the potential decreases (pushing the plasma) and a modified sinusoid when the potential

increases (pulling the plasma).

We define the slosh voltage as Vsl =Vpp/2, where Vpp is the peak-to-peak voltage, and

we can derive a relationship between A and Vsl ,
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Figure B.1: Waveforms of the oscillations applied to the confinement electrodes to translate
the plasma axially without changing the plasma length. The voltage before the oscillations are
applied is Vc =−100 V. Note the asymmetry in the oscillation; the increase in the voltage is less
than the decrease in the voltage which is due to the difference between pulling and pushing the
plasma.
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Vpp =
A

1+η
+A (B.4)

A = 2Vsl

(
1+η

2+η

)
(B.5)

Fig. B.1 shows the inject (solid line) and eject (dashed line) potentials using the waveforms given

by Eq. (B.2) and Eq. (B.3) with Vsl = 30 V, η = 0.47 and A = 35.7 V .

Determining the calibration term η requires a diagnostic that gives a measurement of

changes in the length of the plasma column when we oscillate the voltage applied to the confine-

ment potentials. The calibration is accomplished by applying the waveforms given by Eq. (B.2)

and Eq. (B.3) to the confinement potentials and then varying η until there is minimal change in

the length of the plasma during the oscillation of the confinement potentials.

The frequency of the mθ = 1 Diocotron mode serves as our length change diagnostic

because of the dependence of the frequency on the line density, NL. When the plasma column is

compressed or expanded then NL will increase or decrease accordingly. Therefore a diagnostic

that measures changes in NL can be used to determine if the plasma is being compressed or

expanded. We consider the Diocotron mode frequency given by

fd ≈
ceNL

πBzR2
w
=

ceN
πBzLpR2

w
(B.6)

where we have neglected the finite-length correction terms. In practice, there are several correc-

tions to Eq. (B.6) that account for finite-length effects as well as a nonlinear shift to the mode

frequency when the amplitude of the mode, D, is large as given by Eq. (2.41) [60, 59]. The

nonlinear correction term is mitigated by exciting a low amplitude Diocotron mode, D/Rw ≈ 0.01,

such that the nonlinear shift is small and therefore negligible. Furthermore, we perform the η

calibration on a large aspect ratio plasma, Rw/Lp� 1, that has cooled to the wall temperature

due to cyclotron radiation. In this scenario the finite-length corrections are a 10% modification to
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Eq (B.6) and the finite-length corrections can be neglected for the purposes of the calibration of

η .

When the finite-length effects are small, normalized changes in the length of the plasma

are approximately proportional to normalized changes in the mθ = 1 Diocotron frequency as

δ fd

fd
≈−

δLp

Lp
(B.7)

which gives a useful relationship between changes in the plasma length and changes in the mθ = 1

Diocotron frequency. Usage of the mθ = 1 Diocotron frequency to determine length changes is

shown in Fig. B.2 where the eject electrode potential is oscillated using Eq. (B.3) but the inject

electrode is held at Vc =−100 V. Since only one of the confinement electrodes is oscillated we are

guaranteed that the length of the plasma is changing which is observed as a subsequent oscillation

in the mθ = 1 Diocotron frequency.

Referring to Fig. B.2, at t = 0 we inject the plasma into the confinement region and we

excite a low amplitude Diocotron mode using one of the sectors of electrode 4. The mθ = 1

Diocotron mode induces a voltage on the other sectors of electrode 4 and we select one of those

sectors where we amplify and digitize the voltage signal. We then perform a Fourier transform to

the signal to determine the temporal evolution of the mode frequency. Initially, the injected plasma

has a temperature of T ≈ 2 eV but the plasma eventually cools down to the wall temperature

due to cyclotron radiation. The cooling is reflected in the exponential decrease in the mθ = 1

Diocotron frequency between t = 0 and t = 10 s in Fig. B.2. At t = 20 s we oscillate the potential

of the eject electrode using the waveform given by Eq. (B.3) with two full cycles at Vsl = 30

V, fsl = 0.5 Hz and η = 0.47; the inject electrode is held fixed at Vc =−100 V and no squeeze

potential is applied. The modulation of the plasma length results in a modulation of NL which in

turn results in a modulation of the measured mθ = 1 Diocotron frequency as seen in Fig. B.2.

Calibrating the values of η for different Vsl involves applying the potential oscillations to

both the inject and eject electrodes and then varying the value of η until the change in mθ = 1
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Figure B.2: Time evolution of mθ = 1 Diocotron Frequency, fd . At t = 0 the plasma is injected
into the trap and a low amplitude, D/Rw ≈ 0.01, mθ = 1 Diocotron mode is excited. At t = 20
seconds we oscillate the voltage on one of the confinement electrodes with two cycles at
fsl = 0.5 Hz with amplitude Vsl = 30 V. The modulation of the confinement potential results in
the compression and expansion of the plasma which appears as an increase or decrease in fd
due to the change in line density.
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Table B.1: Calibration coefficient for separatrix-crossing dissipation.

Slosh Voltage Vsl η

[V ] [−]
2.5 0.01
5 0.05

7.5 0.10
10 0.14

12.5 0.17
15 0.20
20 0.30
25 0.38
30 0.47
35 0.635
40 0.74

Diocotron frequency is minimized. Table (B.1) lists the value of η for a range of Vsl values where

η was calibrated using measurements of the mθ = 1 Diocotron frequency as discussed in this

Appendix.
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Appendix C

Symbols and Notations

This appendix lists symbols and notations used in this dissertation. All equations use cgs
units with temperature in energy units.

********** Fundamental Quantities **********

(r,θ ,z) Cylindrical coordinate system centered on the trap axis
e Elementary charge
q Signed charge. q = −e for electrons and q = e for singly

ionized ions
me Electron mass
c Speed of light in vacuum
BBB Bzẑzz Axial magnetic field
Bx,By Perpendicular alignment fields
φ Total electrostatic potential
φc Confinement potential
φp Plasma potential
EEE −∇φ Electric field
Er Radial component of the electric field
Tw 0.03 eV Wall temperature
T‖ Parallel plasma temperature
T⊥ Perpendicular plasma temperature
T 1

3T‖+
2
3T⊥ Plasma temperature

TCP r = 0 Temperature measured using the collector plate
T ′(r,VH) Eq. (3.6) Temperature after adiabatic expansion
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********** Density and Particle Number **********

Q2(r,θ ,z) Eq. (2.2) z-integrated density
Q(r) Eq. (2.3) θ -averaged z-integrated density
Qexp(r,VH) θ -averaged z-integrated density measured at each VH
Qmod(r,VH ,T ) Model predicted θ -averaged z-integrated density at each VH
n(r,θ ,z) 3-dimensional plasma density
n(r,z) θ -averaged density
np(r) Q(r)/Lp(r) (θ ,z)-averaged density
nc(r) Q(r)/L∗p Approximation for (θ ,z)-averaged density
ntr(r,z,VH ,T ) Trapped particle density
nesc(r,z,VH ,T ) Escaping particle density
N Eq. (2.4) Total number of particles
Nesc Number of escaping electrons
NL N/L∗p Line density

********** Lengths **********

ρ Collision impact parameter
b e2/T Distance of closest approach
rc v/2π fc Cyclotron radius
rci,rce Ion and electron cyclotron radii (neutral plasma)
λD,λDe

√
T/4πne2 Debye length

Rw 3.5 cm Wall radius
D m = 1 Diocotron mode amplitude
〈r2〉 Eq. (2.10) Mean-square radius
Rp

√
2〈r2〉 Plasma radius

Lc Confinement length
Lp Eq. (2.12) Plasma length calculated using density weighted average
L∗p Lc−4.5 cm Plasma length estimate
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********** Rates and Times **********

νc nvb2 Classical collision rate
fc eBz/2πmec Cyclotron frequency
ωp

√
4πne2/me Plasma frequency

fb v/2Lp Axial bounce frequency
fE −cEr/2πrBz E×B drift rotation frequency
νee Eq. (2.15) Electron-electron collision rate
ν⊥‖ Eq. (2.17) Perpendicular-to-parallel relaxation rate.
ν〈r2〉 Eq. (2.25) Expansion rate
fm Eq. (2.40) Infinite-length Diocotron mode frequency with mode number

m
fd Eq. (2.41) Finite-length m = 1 Diocotron mode frequency
fsl Slosh frequency for separatrix-crossing dissipation
tc Confinement time
τr Eq. (2.19) Cyclotron radiation time
τb 1/ fb Axial bounce period
τE 1/ fE E×B drift rotation period
τL L2

T/χL Time scale for long-range diffusive heat transport
τC L2

T/χC Time scale for short-range diffusive heat transport
τRC RC circuit time constant
tsl Slosh duration for separatrix-crossing dissipation

Note that ω = 2π f for all frequencies

********** Energies, Momenta and Velocities **********

(vr,vθ ,vz) Velocities in cylindrical coordinates
vz0 Maximum axial velocity
Pθ ≈−(eBz/2c)〈r2〉 Canonical angular momentum
p⊥ mev⊥ Perpendicular angular momentum
pθ mevθ r Azimuthal angular momentum
pz mevz Axial particle momentum
v

√
T/me Thermal velocity

v⊥ Perpendicular velocity
E‖ (1/2)mev2

z Parallel kinetic energy
Ec Confinement energy
HT Eq. (4.3) Average thermal energy per particle
Hφ Eq. (4.2) Average electrostatic energy per particle
HTot HT +Hφ Average energy per particle
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********** Transport Quantities **********

qs Sources and sinks of thermal energy
q j Eq. (5.11) Joule heating rate
qr Eq. (5.12) Cyclotron cooling rate
LT ≈ 0.5 cm Thermal gradient length scale
Γm Eq. (5.9) Particle flux
Γχ Eqs. (5.7), (5.8) Diffusive heat flux
χ Measured thermal diffusivity
χC Eq. (5.1) Classical short-range thermal diffusivity
χL Eq. (5.2) Long-range thermal diffusivity
κ (5/2)nχ Thermal conductivity
jjj Current density
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********** Miscellaneous **********

R fb/ fE Plasma rigidity
J

∮
pzdz Axial bounce adiabatic invariant

µ ′ Cyclotron adiabatic invariant
µ Electron magnetic moment
Φ Drift-orbit adiabatic invariant
σ Eq. (2.42) Geometric factor characterizing the nonlinear shift of fd
Pbg Pressure of background gas
α TCP temperature measurement correction factor
ζ Eject voltage ramp rate
ε Ratio of plasma lengths
Vc −100 V Confinement voltage
Ve j Eject electrode voltage
VH Hold voltage for temperature measurements
Vtrim VH−3 V Trim voltage when ramping to VH
VA Acceleration voltage
Vb Filament bias voltage
Vf Filament AC voltage
I f Filament AC current
R f Outer radius of filament
Vsl Slosh voltage for separatrix-crossing dissipation
Vsq Squeeze voltage for separatrix-crossing dissipation
R Resistor in collector plate measurement circuit
C Capacitor in collector plate measurement circuit
Cb Blocking capacitor
zmax Axial location of the peak confinement barrier from the eject

electrode
zmid Axial midpoint between the inject and eject electrodes
J0,J1 Bessel Function of the first kind
j0i j01 = 2.405 ith Bessel root of J0.
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