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Abstract of the Dissertation

Experimental Studies of Relaxation of Two-Dimensional

Turbulence in Magnetized Electron Plasma Columns
by

Xiao-Per Huang
Docior of Philosophy in Physics
University of California, San Diego, 1993
Dr. Charles F. Driscoll, Chairman

Freely evolving E x B drift turbulence has been studied in magnetized elec-
tron columns, which follow the same (r,8) dynamics as 2D incompressible fluids.
Experimentally, plasma columns are confined inside conducting cylinders in a uni-
form axial magnetic field, and are measured with two density (vorticity) diagnostics:
a multi-collector array and a phosphor screen/CCD camera.

An initially hollow column undergoes unstable diocotron mode growth, vor-
tex formation, and convective transport. This results in large-amplitude turbulent
fluctuations, and a monotonically decreasing density profile with sheared rotation. In
this thesis, quantitative measurements on the decaying 2D turbulence are presented,
and detailed comparisons are made to theories of 2D relaxation. -

The entire free relaxation process lasts several hundred column bulk rota-
tions, and can be roughly divided into three phases. Phase I is characterized by
the rapid filamentation and mixing of turbulent density clumps (electron surpluses)

and shallow holes (deficiencies) in the shearing background rotation. Phase II is
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dominated by the remaining elongated medium-size holes, which are prograde and
thus can survive the background shear. These holes consolidate into azimuthally
symmetric configurations through mutual interactions such as occasional merger. In
Phase I1I, these coherent holes slowly drifi radially outward and are finally axisym-
metrized with respect to the column center, giving the meta-equilibrium state of the
2D relaxation.

The meta-equilibrium column persists for about 10* rotations, before eventu-
ally decaying away due to 3D dissipation. Between the initial and meta-equilibrium
states, the number of electrons (circulation), angular momentum, and energy are
well conserved, while the enstrophy and mean-field entropy vary significantly. The
measured meta-equilibrium radial profiles exhibit close agreement with the minimum
enstrophy vortices predicted by the “seiective decay ” hypothesis. In contrast, predic-
tions of maximum entropy theories differ substantially from the experimental data.
Small-amplitude (~ 2%) shot-to-shot variations in the meta-equilibrium profiles have

also been observed, reflecting the random motions involved in the relaxation.
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Chapter 1

Introduction and Overview

1.1 Introduction

Turbulent flows occur in a wide variety of physical systems, ranging from
earth’s atmosphere to hot fusion plasmas confined in thermonuclear reactors {33, 92].
Although there is no rigorous scientific definition of turbulence, a turbulent flow must
exhibit randomness in both spa.cé and time, excitations of many degrees of freedom,
and extensive mixing of fluid elements. Due to the complexity of the nonlinear inter-
action, a comprehensive physical picture of turbulence is still elusive, and it rerains
“the last great unsolved problem of classical physics,” as was dubbed by Richa,}"d
Feynman. Turbulence appears to behave differently from one system to another,
depending on the flow dynamics involved, as well as on the initial and boundary
conditions. Scientific research has been concentrated on finding universal properties
that can provide a clear physical understanding of the observed phenomena [66).

Under certain conditions, a three-dimensiona! physical system can be mod-
eled by neglecting one of the spatial degrees of freedom. For example, geophysical
phenomena such as mesoscale oceanic and atmospheric flows are approximately two-
dimensional, due to the effects of earth’s rotation and the relatively small vertical
extent of the flows [72]. In addition, the macroscopic behavior of strongly magne-

tized plasmas is often 2D-like, due to the “stiffening” effect of the confining magnetic




field [42]). Other 2D flows include thin liquid films, cryogenic superfluids, and self-

gravitating disk galaxies [41].

The 2D dynamics of incompressible fluids has been studied for over a hun-
dred years [41]. In the inviscid limit, a 2D flow is simply the advection of scalar
fluid vorticity; for this reason, 2D turbulence exhibits some intriguing features quite
different from its 3D counterpart. For example, as the turbulence evolves, the ki-
netic energy of the flow tends to condense into large 2D vortices, rather than being
transferred to small spatial scales. Freely evolving 2D turbulence is of particular
interest, since the lack of external forcing eliminates unwanted complications. Re-
cently, insights on free turbulence relaxation have been obtained through extensive
analytical and computational studies, partially motivated by the availability of high
performance computers. The laboratory experiments are relatively few [93], how-
ever, mainly because it is difficult to devise a well-diagnosed experimental systern
with low dissipation and a high degree of two-dimensionality.

Research on non-neutral plasma physics began in the ea,rly‘ 1960s when col-
lective effects were explored in electron beam experiments [15]. In the past twenty
years, non-neutral plasmas confined in traps have been intensively studied both ex-
perimentally and theoretically. Many properties of magnetically confined pure elec-
tron plasmas have been elucidated; and experiments on trapped pure ion, positron,
antiproton plasmas are also making rapid progresses. A wide range of applications
are possible [77], such as laser-cooled pure ion plasmas for the next generation of
ultra-high precision clocks [97].

A magnetically confined pure electron plasma column can be considered as
“two-dimensional” when the electron axial bounce motion is much faster than the
guiding-center E x B drift in the (r,#) plane perpendicular to the magnetic field.

In this regime, the column 2D dynamics is governed by the Euler equation for 2D



incompressible inviscid fluids, with the e]ect'l‘ou density heing proportionaj to the
scalar vorticity. With low dissipation and accurate diagno.stics, these magnetized
electron ‘columns provide excellent opportunities to study 2D Euler dynamics and
turbulence. Here, the flow vorticity (density) can be directly measured with high
speed and precision, allowing detailed quantitative comparisons with theoretical pre-
dictions.

In this thesis. I present experimental studies on the turbulent evolution of
initially hollow electron colummns confined in a Malmberg-Penning trap. After the
creation of unstable initial configurations, columns are then completely isolated in
the trap, without any forcing or damping from the outside. Therefore, the free
evolution studied here is entirely driven by its own intrinsic dynamics. The initial
hollow column is unstable to Kelvin-Helmholtz shear instabilities, called diocotron
modes in the plasma literature. These instabilities and their saturation dynamics
have been studied by Driscoll et al. {23, 19], and by other groups (80, 73]. Here, 1
will concentrate on the late-time relaxation period of the free evolution, emphasizing
results obtained from the new CCD camera density diagnostics. The camera enables
the identification of coherent density holes as the prominent feature in the relaxation
process.

The initial instabilities and turbulence cause large-scale transport, but no
plasma loss. Figure 1.1 shows a series of radial density profiles measured by a single
mobile probe at various times { taken from [51]}. Each small horizontal bar represents
density of an individual shot measured at that particular radius, and the solid curve
is the average constructed from many shots starting from essentially the same initial
conditions. During early times (¢ = 0, 100 gs, and 150 us), the hollow column
exhibits growing shot-to-shot noise on its radial profile, reflecting the growth of

unstable diocotron mode(s). At ¢ = 200 gs, the noise has very large amplitude
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Figure 1.1: Many-shot radial density profiles at various times.
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and the average profile is no longer hollow, due to the inward convective transport
and turbulent fluctuations. By t =2 ms, the column has relaxed to a monotonically
decreasing density profile, with most of the noise decayed away. This thesis examines
the free relaxation of this turbulence, i.e., the dynamics between ¢ =200 gs and 2ms

as shown in Figure 1.1. The questions can be summarized as the following:
e How does the turbulence decay away in this system?

e What determines the final relaxed density distribution?

1.2 Overview of Dissertation

In Chapter 2, I discuss the experimental device {named V’) on which this
research has been performed. The V' apparatus was one of the original enlarged
cylindrical Penning traps, now called Malmberg-Penning traps, which are utilized
to magnetically confine non-neutral plasmas. The apparatus and the measurement
diagnostic methods are described in detail. I also review the basic properties of
trapped pure electron plasmas, with emphasis on the confinement behavior. Finally,
several specific experimental techniques are discussed, which are used to create de-
sired initial plasma conditions.

In Chapter 3, I review the theory of nondissipative two-dimensional E x B
drift dynamics in magnetically confined electron columns. The E x B drift equations
are the Euler equation for 2D incompressible inviscid (ideal) fluids. The vorticity of
the electron flow is seen to be proportional to the electron density, and the total num-
ber of electrons is the total circulation of the flow. Further, the electron boundary
conditions are equivalent to free-slip fluid boundaries. I also comment on the effect of
dissipation and three-dimensionality to the ideal 2D dynamics. Theoretical insights
on 2D turbulence phenomena are surveyed, with emphasis on the global conserva-

tion laws. Also considered is the Reynolds decomposition formalism that separates



2D turbulence into constituent mean background flow and turbulent fluctuations.
Several experimental measurement methods and data processing techniques are de-
scribed, including the CCD camera imaging of 2D densify distribution, and ensemble
averaging over many evolutions. The coarse-graining effect of finite-size collectors is
analyzed in detail as well.

In Chapter 4, I present experimental measurements on the free relaxation
process of 2D E x B drift turbulence in magnetized electron columns. The tur-
bulence arises as a result of shear-flow instabilities on the initially hollow density
distribution. These instabilities saturate with the formation of interacting nonlinear
vortex structures, and the turbulence then relaxes after the inward convective trans-
port establishes a globally stable, albeit turbulent column. The relaxation leads to
a long-lived, quiescent 2D meta-equilibrium, which then decays due to 3D “viscous”
particle transport. These features are illustrated by measurements from both single-
shot CCD camera images and from ensemble averages using the multi-collector array,
such as the fluctuation level and two-point correlations.

1 find that the entire relaxation process lasts several hundred column bulk
rotations, and can be roughly divided into three phases. Phase I is characterized
by the rapid filamentation and mixing of turbulent density clumps (electron sur-
pluses) and shallow holes (deficiencies) in the shearing background rotation. Phase
11 is dominated by the remaining elongated medium-size holes, which are prograde
(rotating in the direction of the shear) and thus can survive in the rotational back-
ground, and are settling into symmetric configurations through mutual interactions
such as occasional merger. In Phase III, these coherent holes slowly drift radially
outward and are finally axisymmetrized with respect to the column center, giving
the axisymmetric meta-equilibrium state of the 2D relaxation.

I demonstrate that as a result of the longevity of the deep density holes, the
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observed noise decay time is 10-50 times slower than predicted by simple “passive
tracer” mixing. The quasi-stability of the individual holes is quantitatively under-
stood by the Moore-Saffman model based on the equilibration of an elliptical vorticity
patch in a background flow with uniform shear. The tendency for the holes to set-
tle into symmetric configurations in the column is explained by intuitive stability
arguments on the hole-hole and hole-background interactions. The decline of the
fluctuation level at late times, which apparently reflects the outward drift and final
axisymmetrization of the density holes, can be approximated with an exponential
decay. | present experimental measurements showing the dependencies of the fluc-
tuation decay rate on radial position, on column axial length, and on magnetic field
are all weak. These scalings are all consistent with 2D E x B drift dynamics.

In Chapter 5, I consider the relaxed meta-equilibrium state of the 2D tur-
bulence, presumably reached through nearly inviscid, nonlinear interactions of the
tu;‘bulent flow. I show that this 2D meta-equilibrium persists for over 10* column
bulk rotations, until 3D dissipation drives the system toward its final thermal equi-
librium. Quantitative experimental measurements of the meta-equilibrium state are
presented, for comparison with theoretical predictions of point vortex and continuous
fluid maximum entropy theories, and with minimum enstrophy models. I devetop an
analytical “restricted” minimum enstrophy model appropriate to the experimental
constraints of density being non-negative and monotonic in radius.

I find experimentally that the number of electrons (circulation), angular mo- |
mentum (angular impulse), and electrostatic energy (kinetic energy) are all well
conserved during the evolution from the initial to the meta-equilibrium states. In
contrast, less robust invariants, such as the enstrophy and mean-field entropy, vary
significantly, apparently due to “viscous” dissipation or measurement coarse-graining

of structures at the fine scales generated by the turbulence. I also find that the mea-



sured meta-equilibrium density (vorticity) profiles exhibit close agreement with the

predictions of the restricted minimum enstrophy model, while differing substantially
from maximum entropy predictions. Small-amplitude (~ 2%) shot-to-shot variations
are observed in the meta-equilibrium profiles, apparently because the relaxation dy-
namics magnifies the shot-to-shot variations in the initial state. The gradual decay of
the meta-equilibrium state caused by the microscopic “viscous” effects and external
particle transport is briefiy discussed.

In Appendix A, I describe the collector calibration procedure. In Appen-
dices B — D, I present several theoretical and mathematical results that are used
in the main text. Finally, frequently used symbols and notations are listed in Ap-

pendix E.




Chapter 2

Experimental Setup

2.1 Overview

In this chapter, I discuss the experimental device (named V') on which this
investigation has been performed. The V' machine was one of the original enlarged
cylindrical Penning traps, now called Mlalmberg-Penning traps, which were developed
by Malmberg and his colleagues to study confined non-neutral plasmas [49, 16].

In the last two decades, many properties of pure electron plasmas confined in
these traps have been carefully studied and characterized both experimentally and
theoretically [51, 69]; furthermore, experimental techniques to manipulate and mea-
sure these plasmas have been perfected, paving ways for investigating more complex
behaviors in such systems. Here, [ do not atiempt to cover all the aspects of these
experiments; rather I give a brief review of those that are directly related to the
theme of this thesis, i.e., experimental studies on the relaxation of two-dimensional
E x B drift turbulence.

In Section 2.2, I describe the machine apparatus and the measurement di-
agnostic methods. Section 2.3 is devoted to a review of basic properties of trapped
pure electron plasmas. Finally in Section 2.4, several experimental techniques is

discussed, which are used to create desired plasma initial conditions.
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Figure 2.1: Basic configuration of a Malmberg-Penning trap.

2.2 Experimental Apparatus

2.2.1 Malmberg-Penning Traps

Figure 2.1 shows a simplified schematic of the experimental confinement de-
vice. A series of concentric conducting cylinders (radius R,, = 3.05 c¢m) are enclosed
in ultra-high vacuum (< 107 torr) and immersed in a uniform background axial
magnetic field B = B,z. These cylindrical electrodes are electrically isolated from
each other and can be independenily biased from outside the machine. Plasmas
are formed from electrons emitted by a negatively biased spiral tungsten filament
shown at the left of the illustration. Experiments typically run in cycles of inject-
manipulate-hold-dump actions at repetition rates up to 60 Hz, providing possibilities
for high-speed data acquisition.

At the beginning of each cycle, the injection cylinder on the left is temporarily

grounded, allowing the electrons to enter the confinement cylinder at the center. This
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electron cloud is then trapped by biasing the injection cylinder at a large negative
confinement voltage —V;, typically around —150V. The dump cylinder on the right is
generally biased at the same confinement voltage —V. during this injection/trapping
process, so that the column can not escape axially to the right. The axial confinement
of the column is thus assured by the large energy barriers provided by the end
cylinders. The unneutralized space charges produce a strong repelling electric field
E, generating rotational E x B drift motion in the column [12]. The column is
therefore radially confined by the balancing Lorentz v x B force, where v is the
E x B drift velocity [14].

The density and terﬁperature of these electron clouds are such that they
are typically in the plasma state, i.e., coherent collective interactions, rather than
individual particle eftects, dominate the dynamics of the system [12]. Various ex-
perimental and theoretical studies have established the unique confinrement property
of these plasmas, which is reviewed in detail in the next section. These plasmas
can typically be confined for a few seconds [50}, or about 10° E x B bulk rotations,
providing ample time to perform a variety of high-quality plasma experiments. For
turbulence experiments on initially hollow columns, one generally first obtains qui-
escent stable plasmas, then creates the unstable hollow initial conditions by ejecting
some electrons from the central region of these columns. This technique is described
in Section 2.4.

At time t after the creation of hollow initial conditions, the z-averaged elec-
tron density can be measured by grounding the dump cylinder, letting the column
escape axially onto the positively biased density diagnostics at the right in Fig-
ure 2.1. Since this axial “streaming-out” process is typically much faster than any
2D drift motion in the perpendicular (r,8) plane, the column essentially preserves its

9D siructure, allowing accurate 2D density measurements [64]. This dump/diagnose
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process s inherently destructive in nature, i.e., one can not follow the temporal evo-
lution of a particular column, since it has to be destroyed in order to carry out the
measurement. In this thesis, two kinds of 2D density diagnostics are used: an end-
plate multi-collector array and a phosphor screen/CCD (Charge Coupled Device)
camera. I discuss these diagnostics in the following sections.

The whole cycle (called a plasma shot) can be repeated time after time, gen-
erally with a high degree of reproducibility. For example, the creation of the initial
hollow columns has shot-to-shot variations in measured density less than 0.5%. If
an evolution does not involve instabilities, one can follow the evolution accurately
utilizing the reproducibility of the system. An example is the off-axis dynamical equi-
librium state {(nonlinear ! =1 diocotron mode) investigated by Fine [27]. However,
if the evolution under study is intrinsically unstable, such as in chaos or turbulence,
statistical approaches must be employed, since one can not reproducibly foliow a
given evolution for long times. Chapter 3 deals with this issue extensively.

An independent diagnostic method, which is non-destructive in nature, in-
volves measuring image charges induced on wall electrodes at various axial positions
of the apparatus [27, 60]. As shown in Figure 2.1, azimuthally partitioned “sector”
probes are used to detect and drive waves in the confined electron plasmas. These
sectors can also be biased electrostatically to change the boundary conditions at the
wall [67]. In addition, the total electric charge within a particular cylinder can be
independently determined by measuring the image charges when a column 1s injected
or dumped. This “Gauss’ law” method is used to obtain the number of electrons
per unit length Ny at the axial midpoint of a column, and can therefore be used to

obtain the axial length L, of the column.
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Figure 2.2: Endplate multi-collector array density diagnostic.
2.2.2 Multi-Collector Array Density Diagnostic

One 2D density diagnostic method, which has been the traditional choice,
utilizes the endplate multi-collector array shown in Figure 2.2. The conducting
endplate, which is biased at +90 V, has nine collimator holes (diameter 2R¢o =
0.40 cm), with electrically isolated Faraday cups behind each hole. Six collectors,
CO0 — C5, line up along § = 0 at positions B; = 0.54 x j cm; collector C2, C2*,
C2*, C2~ are located on a circle of radius R; = 1.08 cm with 90° azimuthal angular
separation. In addition to the fixed collectors, a mobile collector Cr {(diameter 2Rc, =

0.20 cm) can be positioned at any location along an arc of radius 5.85 cm, which lies
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approximately on the § = 0 line near the cylindrical axis.

This configuration enables one to measure thé density at ten different posi-
tions at any time during the evolution. The voltage induced by the electrons collected
on each collector is then amplified and processed, giving ten independent data chan-
nels. The whole measurement process is controlled by a microcomputer, with the
density data read and stored electronically for further analyses.

For cross-field E x B drift motions studied here, one can generally neglect
3D density variations such as axial waves and column end shapes [19]. Here, this
2D assumption implies that a trapped electron column is treated as a section of an
infinitely long column without any axial variations. The 2D density n can then be
calculated from the charge @; on collector Cj, the calibrated cross section Ac; (see

Appendix A for details), and the column axial length L:

Q,
n(r;,8;) = eACJ-TL , (2.1)
idep

where (r;,6;) is the central position of collector Cj. The axial length L, is determined
through the relation

L, , (2.2)

I
==

where N, is total number of electrons in the trap as measured on the entire endplate,
and Ny is the number of electrons per unit length at the axial midpoint of the column
determined from the wall image charges as described above.

Alternatively, L, can be obtained self-consistently by solving the 3D Pois-
son equation, using the measured electron parallel temperature T} and radial profile
@.(r) [27]. Note that this method assumes that the density distribution is axisym-
metric, and that electrons on each magnetic field line are in parallel equilibrium.
Normally, these two methods yield answers within 5% of each other, especially in
columns with L, 3> Ap, since the Debye length Ap is a rough measure of the length

of the column end region.

o
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Since the collectors have finite sizes, the measured density is necessarily the
average value of the real density distribution over the cross sections of the collectors.
When the density distribution has only large-scale structures, the collectors should
be able to resolve all the features of the distribution. However, in cases where fine-
scale structures are present, the averaged density may deviate from the real density
af the collector center. In Chapter 3, I will present a detailed evaluation of this
coarse-graining effect of the finite-size collectors. The basic conclusion is that a
collector of radius R¢ can only resolve structures with scale-length 2 3Kc, with any
finer distributions being averaged out. Despite its limitations, the multi-collector
array density measurement still has the advantages of being easy to calibrate and

free from dump-induced distortions, offering a reliable way of measuring the density.

2.2.3 Phosphor Screen/CCD Camera 2D Density Imaging

The multi-collector array gives density readings at only ten positions for each
shot, insufficient to construct & snapshot of the 2D density distribution. As part of
the testing procedure for a next genera.tion. Malmberg-Penning trap, a phosphor
screen/CCD camera density diagnostic was installed on the V' machine, permitting
the imaging of the complete n(r,#) from a single plasma shot {30].

Figure 2.3 is a simplified scheﬁatic of this new diagnostic system. Here,
the endplate is replaced wifh a phosphor screen coated with a thin layer (thickness
~ 0.15 um) of aluminum, with an effective imaging area ~ 1.80 cm in radius. The
purpose of the aluminum coating is to block the stray light generated by the filament
source at 1800° K. The screen is positioned about 15¢cm away from the dump cylinder.
A series of thin metal plates {accelerating plates), with the first one grounded, are
connected in series by 10 M2 resistors, with the last one attached onto the aluminum
coating of the screen. The screen is biased at a high positive voltage {normally

~ 15 kV). These plates create a smooth potential gradient, so that exiting electrons
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Figure 2.3: Phosphor screen/CCD camera density imaging system.

experience an axial acceleration to 15keV over the entire 15 cm distance, minimizing
the distortions on the 2D density disiribution {63, 29].

Tests indicate that the intensity of the fluorescent light generated by the
high energy electron impacts is locally proportional to the number of electrons col-
lected per unit area. The 2D light intensity distribution is then imaged, through a
transparent view-port, by a CCD camera located outside the vacuum chamber and
focused on the phosphor screen. A conventional optical filter further reduces the
reddish filament light, without degrading the green-blue phosphor fluorescent light
signal. Results show that after aluminum blocking, optical filtering, and numerical
subtraction, the “noise” due to the background stray light is typically less than 1%

of the light signal induced by the electrons {30].
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Presently, the dominant error in measuring n(r, ) is a repeatable 15% gain
variation over the phosphor screen surface, probably caused by slight differences in
the thickness of the aluminum coating. This problem is overcome by a 2D gain
calibration procedure. Here, one measures a reproducible axisymmetric electron
column with both the calibrated mobile collector Cr, as shown in Figure 2.3, and
the phosphor screen/CCD camera. Any variations of the camera image from the
measured radial profile are thus asspmed to be caused by this error, and can be

corrected using a 2D gain function associated with each location (r,8).

2.3 Basic Properties of Trapped Pure Electron
Plasmas

This section is devoted to the description of a few relevant plasma param-
eters and the fundamental confinement property of trapped pure electron plasmas.
The wall radius R,, of the conducting cylinders is 3.05 cm; the axial length of the
confinement cylinder(s) can vary from 3.05 cm to 113 cm by using various cylinder
configurations [16]. The background axial magnetic field B, may be set from 50 G
up to 700 G, although most of the experiments considered here have B, = 400 G.
The ba.ckground neutral pressure is always kept below 1 x 10~° torr, ensuring that
the electron-neutral collision is negligible [50].

While the axial length L, of a trapped column is set by the lfength of the
confinement cylinder(s), its radius is determined by the applied conditions on the
source filament [16]; the half-peak-density radius R, ranges from 0.5 cm to 2.5 cm,
while columns with larger than 2.5¢m radius are generally in contact with the cylinder
wall. For columns studied in this thesis, the electron density n is generally less than
5 x 107cm™, and the electron temperature T is typically around 1 eV. The average

electron gyroradius Ry is around 50 um (at B, ~ 500 G), and the plasma Debye
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length Ap is approximately 2.5 mm {for n >~ 1 x 107 ¢ii™?); both are much smaller
than the column dimensions R, and L,. This fact indicates that these columns are
indeed in the plasma state, and that the electrons are closely tied to the magnetic
field lines, except for guiding-center drift motions.

The average electron axial bounce frequency v, ~ 1 MHz (for L, ~ 20 ¢cm),
which 1s much faster than the column bulk E x B rotation frequency w /27 ~ 100kHz,
suggesting that the column is basically 2D like [69]. In addition, the electron-electron
like particle collision time 7., is about 10 ms, making the relatively “fast” drift
dynamics under consideration essentially collisionless [37).

The electron injection process is now a well controlled experimental opera-
tion, enabling one to obtain various quiescent electron plasma columns with a high
degree of reproducibility. These plasmas can be manipulated to be on-axis and
macroscopically stable, with axisymmetric, monotonically decreasing density pro-
files. The confinement property of these plasmas has been the subject of extensive
studies for many years. Theoretically, if there were no field errors that break the
cylindrical symmetry, these columns would be confined indefinitely, due to the con-
servation of the total canonical angular momentum of the electrons [68, 69]. Con-
sequently, the experimentally observed outward particle transport must be due to
microscopic effects caused by the field errors in the trap.

Malmberg and Driscoll investigated the plasma confinement behavior in the
'V’ machine [50, 21]. They characterized the confinement time, 7p,, as the time it
takes for the central density to drop by a factor of two, and measured the dependence
of 7, on the axial length L, and the magnetic field B,. The result is summarized in
Figure 2.4, where graph {a) shows measured density profiles for a particular column
(L, = 20cm, B, = 507 G) at early times (t =3ms), and near 7, ({ =5s), with graph

(b) showing 7, versus the ratio L,/B, for many different columns. Over six orders

o
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Figure 2.4: (L,/B.)"? scaling of confinement time in V’. (a) Density profiles at
t =5ms and t =55 =~ 7,: (b) confinement time 7, versus L,/B. from many
experumnents.

of magnitude in confinement time 7, the data approximately follow the empirical

scaling law, as represented by the dashed line in Figure 2.4(b),

LP -2 Bz 2 9
mm 2105 (5 ) (5 a) (23)

Therefore, for a 20 cm long column in a 500 G magnetic field, the confinement time
Tm 15 roughly 10s. It is clear from Equation (2.3) that shorter columns with stronger
magnetic field tend to stay longer in the V' dévice.

Another apparatus (named EV) was later built with special care to minimize
various field errors. The new device shows a twenty-fold improvement in confinement,

with the same L,/B, dependence [20]. This suggests that the observed transport is
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indeed caused by trap imperfections, through an unknown common mechanism of
“anomalous” external transport.

A very short column may be confined long enough so that it can first reach its
3D thermal equilibrium through internal {angular momentum conserving) transport
(75, 22, 25]. For the 2D E x B drift dynamics, both the internal and external
transports are considered as dissipation. The 1-10 second time scale associated with
these dissipative effects indicates that they are quite negligible compared to the ExB
drift motions on the 1 ms time scale, thus making the 2D fast dynamics effectively

inviscid. I will come back to the question of dissipation in Chapter 3.

2.4 Experimental Manipulation of Columns

In this section, iwo relevant experimental procedures are discussed: a proce-
dure to create unstable hollow columns; and techniques to detect, drive, and feedback

control various modes in the trap.

2.4.1 Creation of Hollow Columns

Experiments on 2D E x B drift dynamics typically start with the creation'
of various stable or unstable initial conditions, which then evolve freely without
further intervention from the outside. Many interesting initial distributions have
been created from near thermal equilibrium stable columns, among them, the multi-
column configurations [60], thin annular distributions [80, 73|, and hollow columns
[19]. This work is mainly concerned with the evolution of hollow columns, especially
the relaxation of turbulence after the initial stabilities.

Figure 2.3 is a schematicillustrating the procedure to create a hollow column.
First, an on-axis, quiescent column with monotonically decreasing radial density
profile is obtained (top). Second, the negative bias on the filament is converted to

positive 20V, and the confinement voltage —V, on the injection cylinder is temporar-
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ily raised to the ejection voltage —V. {generally between ~10V to —2 V), allowing

electrons from the central region of the column to escape axially and be absorbed
by the filament (middle}. Finally, after about 10 us, the injection cylinder is ramped
back down to —V/, isolating the column again from the filament (bottom}. A hollow
column is therefore obtained and starts its free evolution. Note that the closing of
the ejection pulse is designated as t =0 for the subsequent evolution.

Shown in Figure 2.6 are the radial profiles of the plasma density and poten-
tial before and after the ejection process, which are constructed by using the mobile
collector Cr from many reproducible shots. Just before hollowing, the column has
peaked density and potential radial distributions, shown as dashed curves in Fig-
ure 2.6 (a) and (b) respectively. The ejection voltage is marked as the dot-dashed
line in Figure 2.6 (b), with =V, o~ —6.5V in this case. After hollowing (solid curves),
the density profiie is clearly hollow, with the central density dropping by more than
a factor of five, and the poteniial profile is approximately flat near the center, at a
level slightly above —V,. This is consistent with the physical picture that all the elec-
trons with total energy higher than eV,, which is the sum of potential and kinetic
energy, have escaped from the column to the filament. Similarly, hollow columns
with various “width” and “depth” can be created by using different initial stable
columns and ejection voltage —V..

This ejection process is well controlled and repeatable experimentally. From
shot-to-shot, the reproducibility of the pre-ejection column is normally better than
0.2%: after ejection, the hollow profiles typically varies less than 0.5%, apparently
mainly due to the reduction in the amplitude of the density itself. This high degree
of reproducibility of the unstable initial conditions makes it possible to carry out the

ensemble averages discussed in Chapter 3.
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Figure 2.6: Radial profiles of the density and potential before and after hollowing.
(a) Density n; (b) potential ¢, with the ejection potential —V, ~ —6.5 V shown as
the dot-dashed line.
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2.4.2 Detection and Control of Modes in Non-Neutral
Plasmas

One of the most fundamental properties of plasmas is thal they support
coherent oscillations, or modes. In particular, many modes in these magnetically
confined non-neutral plasmas have been investigated and characterized both experi-
mentally and theoretically [16, 75, 34].

The simple electron plasma modes are the column compression-rarefaction
motions along the parallel axis, which were first studied in Malmberg-Penning traps
by deGrassie and Malmberg [17]. These plasma mode(s) are normally excited to some
extent by the ejection process that creates a hollow column. Generally speaking,
the plasma mode frequencies are greater than 5 MHz for the density range I am
considering here, much faster than the 2D E x B drift motion; therefore, any axial
variations caused by this mode are averaged out over the slow 2D E x B drift time
scale. Furthermore, these oscillations are quickly damped after the initial excitation,
typically within 500us, presumably through interaction with the “resonant” electrons
which convert the wave energy into particle kinetic energy — a fundamental process
called Landau Damping [12]. Consequently, plasma mode(s) does not appear to
interfere with the column 2D drift motions in the (r,8) plane.

Another class of oscillations are the diocotron modes, which are associated
with the E x B drift motions in the (r,#) plane perpendicular to the magnetic field.
Each mode is characterized by its azimuthal mode number I, where the mode density
perturbation varies as exp(:/#). For example, the ! =1 diocotron mode for a stable
column is simply the column center-of-mass motion when it is shifted off-axis. The
column executes a circular orbit around the cylindrical axts, due to interaction with
the image charges on the wall. This mode is very stable and observed to last up

to 10° column bulk rotations [27]. The diocotron modes can be detected using a
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sector probe described in Section 2.2. In addition, a feedback circuit can be utilized
to amplify the detected mode signal, shift its phase, and then apply the processed
signal back on another sector probe, making the mode either grow or damp in its
amplitude [27].

Generally speaking, when a hollow column is created, the diocotron modes
are also being excited. While the amplitude of { > 2 modes are normally small, the
robust [ =1 mode can have a moderate amplitude, corresponding to a center-of-
mass displacement of approximately 1 mm. Interestingly, I find that the amplitude
of this { =1 stable mode remains roughly constant during the turbulent evolution
of hollow columns I have studied, even though there exists no rigorous theoretical
proof that it is a constant of motion. If this mode is not damped, the measured late-
time fluctuations will be dominated by this coherent center-of-mass orbital motion,
masking the interesting dynamical effects. This complication can be eliminated by
carefully growing the ! =1 mode with the right amplitude and phase prior to the
ejection, so that the center of mass of the hollow column begins and always remains
on axis throughout the free evolution. A negative feedback circuit can also be turned
on, to ensure that the { =1 mode does not grow later.

One can also intentionally excite ! 2> 2 modes in electron columns before
hollowing, creating initial conditions with perturbations having a preferred I sym-
metry. For example, a [ =2 diocotron mode (Kelvin mode) can be excited through
feedback growth, resulting in an evolution dominated by the I =2 instability. Note
that unlike / =1 center-of-mass mode, { > 2 diocotron modes are generally damped

by the resonant electrons through the 2D spatial Landau damping [9, 16].



Chapter 3

Fundamentals of 2D E x B Drift
Turbulence

3.1 Overview

In this chapter, I review the nondissipative two-dimensional E x B drift
dynamics in magnetically confined electron columns. The same dynamics can also
be readily applied to various pure ion systems. The isomorphism with the Euler
dynamics that governs 2D incompressible inviscid (ideal) fluids is discussed in detail.
I also examine the boundary conditions for the trapped columns, and comment on
the effect of dissipation and three-dimensionality to the ideal 2D dynamics.

Theoretical insights on 2D turbulence phenomena are surveyed, with em-
phases on the global conservation laws and the Reynolds decomposition formalism
that separates the 2D turbulence into constituent mean background flow and turbu-
lent fluctuations.

I also describe experimental measurement methods and data processing tech-
niques, including CCD camera imaging of the 2D deﬁsity distribution, and ensemble
averaging over many evolutions. The coarse-graining effect of finite-size coliectors is

analyzed in detail as well.
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3.2 2D E x B Drift Dynamics

In classical mechanics, a charged particle in a magnetic field B executes
circular gyromotion around its guiding center with angular velocity w, = ¢|B|/me,
where g and m are the charge and mass of the particle respectively, and c is the speed
of light in vacuum. For a collection of particles of the same species with temperature
T, the average radius of this gyromotion is called the gyroradius or Larmor radius
'12], Ry = c(2mkpT)?/q|B|, with kg being the Boltzmann constant.

Under typical circumstances, the pure electron plasmas studied here typi-
cally have gyroradius R; ~ 50 um; therefore, electron cross-field movements are
quite limited, except for the drifting motions of their guiding centers. Among the
various cross-field guiding-center drift motions [12], the E x B drift with velocity

¢E x B/|B|? is dominant, since zeroth-order space charge field E is large, and
magnetic field B is uniform and well aligned with the cylindrical axis.

When certain conditions are satisfied (see following discussions), an electron

column can be treated as 2D-like, i.e., as a section of an infinitely long axially uniform

column, and its (r, #) fluid motion can be approximately described by the 2D E x B
dynamics. Here, one substitutes the density of electrons with the density of their
guiding centers, since the gyroradius is much smaller compared to the typical spatial
scale of the dynamical structures; furthermore, all other non-E x B drift motions are
assumed to be negligible. The dynamics of this E x B “guiding-center” flutd can be

summarized by the drift-Poisson equations {44, 69]

on c n 2 |
\.éz+v.vﬂF0, v_—EVgﬁxz, V¢ = 4dren (3.1)

where n(r,8,t), v(r,0,1), and ¢(r,8,1) are the 2D electron density, fiuid velocity, and

electrostatic potential respectively, with —e being the electron charge.
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3.2.1 Conditions of Applicability

The ideal 2D} drift dynamics in Equation (3.1) is obviously a highly simplified
description of the true 3D plasma system. It is a good approximation of the real

dynamics only when the following conditions are satisfied:

(a) the background magnetic field is uniform and in good alignment with the axis

of the conducting cylinders;

(b) the temporal and spatial scales of the gyromotion of individual particles are both

much smaller than those of the fluid motion under consideration;

(c) the axial length of the column is large compared to the plasma Debye length Ap,

so end effects are relatively unimportant;

(d) the electron axial bounce frequency +; is much faster than the E x B drift motion

in the (r,8) plane;

(e} the time scale of the fluid motion under study is much shorter than the like-

particle collision time and external transport time.

Here, conditions (a) and (b) ensure that the E x B guiding-center drift ap-
proximation is valid for the cross-field plasma fluid motion. In a typical experiment,
B, is about 500 G, with relative field errors less than 1074, providing a uniform ax-
ial background field; the gyrofrequency w./2x is thus on the order of 1.5 GHz, and
Ry ~ 50 pm (for T =~ 1 eV}, making these two conditions well satisfied.

Conditions (c) and (d} are necessary in order to achieve two-dimensionality.
The column axial lengths L, are normally between 20 cm and 50 cm, while the
plasma Debye length Ap = (kpT/4rne?)t ~ 2.5 mm; the average bounce frequency
T = (%)%/QLP ~ 1 MHz, whereas the bulk E x B rotation frequency is around

100kHz. Therefore electron columns are quite 2D-like under these typical conditions.
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Finally, condition (e) is required in order to justify neglecting dissipation
mechanisms. For these plasmas, the electron like-particle collision time 7., is longer
than 10 ms and the external transport time scale is seconds, making the E x B
drift dynamics basically nondissipative, except perhaps for columns with fine-scale

distributions.

3.2.2 Analogy with Ideal 2D Fluid Dynamics

9D incompressible, homogeneous (uniform density and temperature) Newto-

nian fluids follow the Navier-Stokes equation in the (x,y) plane

dv 0 1
—_—=( Vv = ——VPy 4+ v Vv, 3.2
o (81‘ +v-V}iv . + vm VoV (3.2)

* where d/dt is the material derivative along the trajectory of a fluid element with
velocity v(z,y,t), pm is the specific mass of the fluid, Py, is the pressure, and vy 1Is
the fluid molecular kinematic viscosity.

When the incompressibility condition ¥V - v = 0 is satisfied in 2D, the fluid
velocity v can be rewritten in term of a scalar stream function ¥(z,y,t), with
v =2 x V. Consequently, at each moment, contours of the stream function corre-
spond to the 2D flow stream lines [71]. The fluid vorticity {(z,y,t) is also a scalar in
9D, defined as { =% -V x v=V2¥. From Equation (3.2), the vorticity equation
for the 2D fluid can be derived,

d
8—5 +v- V(= vV, (3.3)

a(V?Y)
at

Provided that the following sufficient conditions are met, the vorticity dy-

+ (2 x V) V(V2E) = 1, V40

namics is the complete description of a 2D flow, i.e., once the distribution of the
vorticity ¢ is set, the stream function ¥, velocity v, and pressure P, are all deter-

mined through the Green function of the system [82},
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(1) the region occupied by the fluid is bounded and singly connected;
(i1} the normal component of the velocity is given at the boundary.

Note that conditions (i) and (ii) are generally satisfied in the electron column exper-
iments under the 2D approximation, as shown later in the section.

In the inviscid limit, vy, =~ 0, Equation (3.3) becomes the Euler equation,

B¢ ~
StV V=0, (3.4)

which describes the simple advection of fluid vorticity { along stream lines [82].
The convective \;elocity v is determined by the distribution of { and the boundary
conditions.

Levy first pointed out that there exists a mathematical isomorphism between
the nondissipative 2D E x B drift dynamics in non-neutral plasmas and the Euler
equation that governs ideal 2D fluids [44]. As can be seen clearly from Equation (3.1),
the fluid stream function ¥ is directly proportional to the electrostatic potential ¢,
with U = c¢/B,; and the scalar vorticity { is directly proportional to the electron
density n, with ( = dwecn/B,. As shown in Figure 3.1, the motion of a magnetized
electron column confined in a conducting cylinder with density distribution n{r,f)
is completely analogous to a uniform density fluid in a free-slipping cylindrical tank
with the vorticity distribution ((r,8} = 4ween(r,8)/B,. ‘

The significance of this analogy is two-fold: first, 2D fluid dynamics has
been studied extensively over the past one hundred years, rendering many results
directly applicable to the E x B drift dynamics; second, owing to the inherently low
collisionality and high degree of two-dimensionality, magnetized electron columns are
excellent test-beds for the study of the 2D Euler dynamics. In addition, the electron
columns are easy to manipulate and can be measured with high degree of accuracy

and resolution.
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Electron Column Ideal Fluid
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Figure 3.1: Analogy between electron E x B drift motion and ideal 2D fluid flows.
3.2.3 Boundary Condition

Boundary conditions are needed in order to fully describe the flow dynam-
ics in the entire 2D domain. In the experiments performed for this thesis, there is
no central conducting wire in the V' machine, as is the case for some other non-
neutral plasma devices [80}; consequently, the region occupied by an electron column
ts always bounded and singly connected, satisfying the vorticity completeness con-
dition (i}. Generally speaking, except for small portions being used as receivers and
transmitters of waves, all the confinement cylinders are electrically grounded with
¢( Ry, 0) = 0, ensuring that the 2D boundary is everywhere parallel to the equipo-
tential (stream function) contour. This also implies that the E x B drift velocity
does not have a normal component at wall, as a result, no electrons can E x B drift

out of the confinement region under this boundary condition.



Other houndary conditions have been applied by Notte ¢f al to study the
stationary density distribution in an asymmetric trap [67]. Here, sector probes ex-
teﬁding over the entire column axial length are biased to electrostatic voltages up to
100 V, giving a piecewise equipotential boundary condition, which also satisfies the
vorticity completeness condition (ii).

In conventional fluid experiments, there normally exists a complicated “vis-
cous boundary layer” near the wall regions, due to the “no-slip” boundary condition
where the fluid velocity must remain the same as that of the wall [71]. In Malmberg-
Penning traps, electrons are normally far away from the cylinder wall at all times,
so one can avoid considering the complex particle-wall interactions. Here, the flow
velocity is well defined at the wall even when the electrons are absent, giving a true

free-slip boundary.

3.2.4 1Ideal 2D Invariants

Under the nondissipative 2D E x B drift dynamics, the following integrais

(called ideal 2D invariants) are conserved:

e number of particles

Ny = /dzxn(x,t) ,
¢ angular momentum

B, R, Np
Py = (Lol p, = e [ (B~ ey,

s electrostatic energy
1
Hy, = (e!N2YHy = —-g-/dzx o(x,t)n(x,t) = g[dzx |E(x,1}|?,

¢ mth moment of density

2o = INPIR) 2 = = [ X[t m=2,3,4,....
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Here Py, Hy, and Z,, represent the corresponding dimensionless invariants normal-
ized by using R, B,, and Ny. Since Ny is well conserved in the experiments (see
Appendix A), typically varying less than 2%, this choice of using N, for normal-
izations is justified, and these dimensionless invariants will be used in the following
chapters.

Let the dimensionless spatial coordinate be r = x/R,.. One can define char-
acteristic density and potential as ng = Np/R? and ¢y = eNy. Therefore, the di-

mensionless ideal invariants can rewritten as
Bo= [dra-r)>),
o
1 ¢.. n
H, = = f ()2,
o= e

Zo = -l—fdzr(-”-)m .
™m no
Generally speaking, a global integral of any function of density n, F = [ d®r f(n)
is also an ideal invariant. An important example is the dimensionless mean-field
entropy S = — [ d®r(n/no) In(n/ne) , which is also conserved.
Employing the analogy to the 2D Euler flow discussed earlier, the following
correspondence between ideal invariants of the E x B drift dynamics and those of

the Fuler dynamics can be listed:

Ny «  total circulation T,
Ps < angular impulse A,,
Hs «— kinetic energy £,

Zn +  mth moment of vorticity;

in particular, Zo corresponds to enstrophy (1 = %fd‘zx 2.

As 1n any other physical systems, invariants of the evolution play an impor-
tant role in the behavior of these 2D-like electron columns. When the evolution
does not involve turbulent motions, these infinite number of invariants are strictly

conserved, putting strong constraints on the possible cross-field motions.
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3.2.5 Dissipation and 3D Effects

The ideal 2D E x B drift dynamics neglects the axial degree of freedom
and the effect of dissipation. An electron column in the experimental situation is,
of course, a three-dimensional object, and its 3D nature inevitably influences the
dynamics to some degree. In addition, even though this system is highly inviscid
at large scales, various kinds of dissipation still play a role in the turbulence energy
and enstrophy balance, due to their enhanced effectiveness at the fine scales [95].
Current knowledge of these non-ideal effects is far from complete; here, | summarize
some qualitative understandings that appear to be relatively sound.

Any non-ideal effects not included in Equation (3.1) can be treated as dissipa-
tion in a general sense. For example, the column internal transport to its 3D thermal
equilibrium has been studied experimentally by Driscoll [22], and theoretically by
" Dubin and O’Neil [25]; they found that the dominant transport can be attributed to
non-iocal, resonant 2D E x B “collisions”, which arise due to the “granular” nature
of the relatively low-density electron column. The time scale for this dissipation is
typically on the order of 10° bulk rotations for a quiescent column [22].

Other microscopic dissipation mechanisms include finite-gyroradius effect
[42], 3D particle collisions [37], and the external anomalous transport [50], etc. In
addition, a systematic error associated with changes in column end shape can happen
when there is significant amount of 2D density redistribution during the evolution of
a column; for example, the end shape of a hollow column is relatively flat compared
to that of a peaked column, resulting in an apparent deviation from the ideal 2D dy-
namics in the z-averaged density measurement. Finally, the finite ratio of bounce to
rotation frequency 277, /w results in some 2D density “smearing”, in that electrons
with unequal parallel kinetic energies tend to drift at slightly different angular ve-

locity due to column axial variations and end confinement voltages, causing density
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to spread in the §-direction [63, 74].

If one is concerned only with the fast E x B drift dynamics and large-scale
phenomena, the effects of all these imperfections are generally quite small and can
be safely neglected. One such example is the off-axis dynamical equilibrium state
of large-amplitude ! = 1 mode, which was treated successfully with the 1deal 2D
dynamics [31, 28].

In a turbulent flow where fine-scale motions are excited, however, these ef-
fects are presumably non-negligible, which tend to smooth out the fine-scale features
quickly. Since these “viscous” effects are not well understood, it may seem doubt-
ful that the turbulent phenomena in this system can be studied in any meaningful
fashion; experimentally, however, this does not present any serious problems when
the smallest scale the diagnostic can resolve is larger than the scale-length at which
dissipation is impbrtant. This is because the influence on the large-scale dynamics
by motions at the “dissipative scale” is quite weak [41], i.e., two columns, having
identical large-scale but different fine-scale density distributions, will evolve to ap-
proximately the same large-scale distributions at later times, at least in the statistical
sense. Physically, it reflects the fact that the column space charge E field is largely
determined by the mean-field (large-scale) density distribution; in other words, the
fine-scale structures are averaged out when Poisson equation is integrated to obtain
the E x B drift velocity, limiting their influence on the large-scale flow.

In numerical simulations, to facilitate computations, investigators often use
the so-called “hyper-viscosities”, which artificially cause dissipation to appear as
(=1)P"',V%#¢, p = 2,3,..., in Equation (3.3), instead of the physical molecular
viscosity vm with p = 1; they have found that flows at large scales are hea.r]y in-
(Iiependent. of the nature of viscosity as long as it is small compared to the inviscid

interactions [56, 3]. Therefore, the existence of small but finite dissipation appears
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to act only as a “drain” for the conserved quantities at the dissipative scale, and does
not influence the large-scale dynamics. For this reason, these systems are referred to
as “effectively inviscid” by Batchelor [4]. Experiments on relatively short electron
columns in moderately high magnetic fields indicate that the fast E x B dynamics

studied here is indeed effectively inviscid {19, 60).

3.3 General Properties of 2D Turbulence

The detailed dynamics of turbulence involves many degrees of freedom with
disparate temporal and spatial scales, making it complicated and difficult to formu-
late [47]). Consequently, dynamical theories that have been proposed are generally,
to certain degree, speculative and controversial in nature. Here, I only discuss some
universal properties of 2D turbulence that either have been tested in experiments or

numerical simulations, or are generally held to be true.

3.3.1 Robust and Fragile Invariants

During unforced turbulent evolutions characterized by the generation of fine-
scale structures and strong mixing, some of the ideal invariants discussed in Sec-
tion 3.2 can change significantly. These fragile invariants vary due to dissipation
at fine scales and coarse-graining associated with the measurement processes. In
contrast, other invariants are well conserved even in the presence of dissipation and
coarse-graining, and these are called robust invariants.

In the absence of particle-wall interactions and field errors, Nz, and Py are
robust invariants, since the internal dissipation does not affect the column particle
number or total angular momentum [69]. In addition, electrostatic energy H; 1s
nearly conserved when the dissipation acts on fine scales and is small in magnitude
[5]. This is apparently due to the weak dependence of potential ¢ on the fine-scale

density distribution. The conclusion can be illustrated in the case of molecular
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viscosity. Using the analogy with the 2D Euler flow, from Equation (3.3), one can

derive the decay rate of the electrostatic energy Hg,

ar

el —8retumZ; . (3.5)

Since Z, is bounded, i.e., it can not go to inﬁnfty, the decay rate of energy approaches
zero as viscosity vy, goes fo zero.

Whenever the evolution creates fine-scale structures, the robust invariants
are the only true invariants of the experimentally measured density distribution,
since the coarse-graining effect of the finite-size collectors would still cause apparent
dissipation even if the dynamics were ideal.

The higher moments of density Z,, and entropy S are all fragile invariants.
Take Z, as an example, its fragility can be understood by considering the case of

molecular viscosity. From Equation (3.3), one gets

%3 = —med2x [Vn|2. (3.6)

Since the density gradient Vn is intensively amplified as a turbulent evolution pro-
ceeds, the integral on the right hand side of Equation (3.6) tends to increase to large
values. As a result, even in the limit of small viscosity vy, the decay rate of the

enstrophy can still be finite [5], causing enstrophy to decrease.

3.3.2 Transfer of Energy and Enstrophy in Spectral Space

Another way to understand the behavior of ideal invariants is to consider
the spectral transfer of the two quadratic integrals: energy and enstrophy. Here, for
simplicity, I use a periodic 2D square domain with unit area. The potential ¢(x,1)

can be written in terms of its Fourier components,

$(x,t) = ) dk(t) exp(ik - x),
k
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where

i(t) = / d¥x b(x, 1) exp(—ik - x) .
The energy and enstrophy can then be written as sums of all the contributions in
Fourier spectral space,

Hao(t) = > Hakl(t) < 3 [k lew(), (3.7)
K

k
Zo(t) = D Z(t) o Ek: |k[*|fx(t)]* , (3.8)
k

where components of energy and enstrophy for wavenumber k are related by
Zox(t) o [k[*Hgc(t) - (3.9)

Generally speaking, when a flow is turbulent, distributions of energy and
enstlrophy among various scales in spectral space are being dynamically altered by
the intense nonlinear couplings. By examining the energy and enstrophy balance
for elementary triad interactions in 2D turbulent flows, Kraichnan demonstrated
that statistically speaking there is a net transfer of energy from fine scales to large
scales: in contrast, the net transfer of enstrophy is from large scales to fine scales [39].
This nonlinear coupling between different spatial scales is cruciat for determining the
robustness of the ideal invariants. Normally, appreciable dissipation occur only at fine
scales, the fact that net energy transfer is from fine scales to large scales verifies that
energy is indeed a robust invariant during a turbulent evolution; whereas significant
amount of enstrophy decays away apparently due to the spectral enstrophy transfer

from large scales to fine scales.

3.3.3 Reynolds Decomposition of Turbulent Flows

The idea that a turbulent flow can be theoretically decomposed into a slowly
varying mean flow and rapidly changing random fluctuations may be traced back to

da Vinci, before Reynolds put forward a rigorous definition (see [47] and references
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therein). The mean flow can be regarded as the average over the fast time scales,
whereas the fluctuating part is the instantaneous deviation from the mean flow.
For turbulent electron columns coﬁﬁned in conducting cylinders, the mean
fiow can be taken as the time-average over the column rotation period, which is
approximately equivalent to the #-average, as represented by the symbol <>. The
instantaneous turbulent flow can therefore be decomposed as the following,
n(r,0,t) =<n(r,t)> +a(r,6,1)
v(r,8,t) = w(r, t)r@ + ¥(r,0,1) ~(3.10)
B(r,0,t) =<@(r,1)> +¢(r,8,1),
where the mean flow is assumed to be axisymmetric and slow-varying, with the mean

angular velocity w(r,t) satisfying the relation

dTec

B:i"2

f dr' v’ <n{r',t)> | (3.11)

From Equation (3.1), the dynamics of the mean flow and fluctuations can be

summarized as the following coupled equations,

d<n> Od<on>
+

> 2, (3.12)
dn 0 . g . 0
df (Bt +w%+ V)n (Bt -]-'Urg) <n>, (3.13)
with
v = Efnﬁ XV, V= dmed . (3.14)

In this view of the turbulent flow, the axisymmetric background is changed
gradually by the flux < &, > due to the fluctuations. The fluctuating component
is not axisymmetric in general, and its evolution is determined by the nonlinear
convective coupling, {w#; + V- V)&, and the source term due to the interaction
with the vorticity of the mean flow, (az + U‘"a ) <n>. These equations lay the

foundation for further developments of theories on dynamics in cylindrical geometry,
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e.g., the passive tracer model neglects the effects of the fluctuating velocity v, leading

to a simple equation:

0

d

Furthermore, it is often convenient to express the fluctuating density n{r, 8,1)

in terms of its azimuthal Fourier components,

a(r,8,t) =3 al(r,t) exp(ilf), (3.15)

with the understanding that whenever the equations are complex, the physical den-
sity is the real part of the expressions. The complex Fourier component #{(r,t)
18
; 1 P .
70 (r, 1) = — f 4t (7,0, ) exp(—ild') .
27 Jo

This is especially convenient when deaiing with normal modes of the electron column.

3.3.4 Coherent Structures in Decaying 2D Turbulence

Earlier theories of 2D} turbulence have mainly concentrated on the spectral
analysis of the flow field, where the phase information of Fourier modes are gener-
ally assumed to be unimportant [41]. However, more recent numerical simulations
[56, 6, 7, 84] and some laboratory experiments [81, 13, 93] have demonstrated that
the so-called “coherent structures” play a dominant role in the decaying 2D turbu-
lence. These structures are spatially localized, robust blobs of vorticity (vortices)
co-existing with seemingly structureless turbulent background; the late-time dynam-
ics of turbulent relaxation can often be characterized by the mutual interactions
between these coherent vortices [11, 55].

Furthermore, as part of the effort to understand the giant vortices in outer

planets, investigations have shown that coherent vortices can also exist prominently

in shearing flows [52, 90, 53]. Here, the mean shearing background breaks the sign
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symmetry of the cohefent vortices, and only those vortices that rotate in the same
sense as the background shear (prograde vortices) can survive in the mean flow.
The dominance of these coherent structures indicates that the phase informa-
tion of the Fourier modes is crucial to the understanding of 2D turbulence (2, 3, 57],
and that the elementary excitations of the flow are these coherent vortices existing

in real space, rather than the Fourier modes in spectral space.

3.4 Diagnosing 2D Turbulence

3.4.1 Collector Measurement and Coarse-Graining Effect

As described in Chapter 2, 2D density distributions can be measured at
ten different locations for a single-shot using the endplate collector assembly. The
diameter 2Rco of the nine fixed collectors is 0.40 cm; whereas the diameter 2Rc, of
the mobile collector Cr is 0.20 cm, and it can be placed at any radial position along
8 ~ 0°.

The collector density measurement can be easily calibrated, and has the
advantages of being fast, accurate, and reliable. When used to measure turbulent
distributions, the main limitation of these collectors is their finite spatial resolution.
Since the measured charge is necessarily the spatial average over the cross section of
a collector, one can not resolve density structures that are smaller than the size of the
collector. Therefore, measuring a physical 2D turbulent flow using these collectors
is similar to seeing a picture through a slightly unfocﬁsed camera. This convolution
effect by the finite-size collectors is commonly referred to as “coarse-graining”.

One can study this coarse-graining effect on a more quantitative level. Let’s
again consider the periodic 2D square domain with unit area (this is justified on
the ground that coarse-graining only affects scale-lengths much smaller than the

cylinder radius); here, n(x) = ¥_nkexp(tk - x) is the real density distribution being
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Figure 3.2: Collector coarse-graining effect on Fourier component k with 2D
wavenumber amplitude .

measured, where ny is the Fourier transform of n(x). The measured density n. as

seen by a circular collector centered at x with diameter 2Rc is (see Appendix D)

ne(X) =

1
— | d&*x
:rrch./c x n(x +

> niexp(ik - x)
k

> ng exp(ik - X)[2
X

2
?TRC

x')

1

Ji{ Relkl)

Relk| -

R T
] © dlx'] |x] ] d6' exp(ik - x')
o] 0

(3.16)

Thus, the attenuation factor for the Fourier component with wavenumber amplitude

k= |kl is

ge(k) =

2J1(Rck)
Rck

(3.17)



This attenuation factor g.(k) is plotted as a function of (Rck/27) mn IMig-
ure 3.2. As expected from physical intuition, for large-scale components (wavelength
27 /k > Rc), the measurement of density is not affected by the collector radius Rg;
whereas for fine-scale components (wavelength 2x/k < Rg ), the collector averages
out most of their contributions to the measured density. In essence, the collector
acts like a “low-pass” filter for the spatial scales of the 2D density distribution, with

sensitivity of 50% for structures with wavelength ~ 3R¢.

3.4.2 Single-Shot Imaging

The phosphor screen/CCD camera diagnostic allows 2D density imaging of
a single shot with high spatial resolution {(up to 512x512 pixels). This diagnostic is
still in the trial stage, and many subtle aspects, such as accurate calibration, image
distortion due to high voltage axial acceleration, and light diffusion in the optical
system have yet to be fully understood. Nonetheless, the ability to obtain single-shot
images of column 2D density distribution represents a great improvement over the
traditional collector (Faraday cup} diagnostic.

Due to the fact that the density diagnostics in Malmberg-Penning traps are
inherently destructive, many essentially identical plasmas must be created in order
to study the temporal evolution of dynamical processes. For evolutions that are
non-chaotic and highly repeatable in experiments, the camera setup is an excellent
2D demnsity diagnostic, containing all the information of the dynamics. For chaotic
or turbulent evolutions, however, one still has to resort to statistical analyses, since
the detailed dynamics of these processes are sensitive to arbitrarily small vartations
in the initial conditions. Fach particular image of the evolution is then just a sample

out of many possible dynamical states.
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3.4.3 Experimental Ensembles for Statistical Averaging

Devising an experimental ensemble to perform slatistical analyses requires
some explanations, since the meaning of ensemble averaging can be easily misinter-
pretted. The assumptions built into the theoretical ensemble described in Section 3.3
are not always automatically met in the experiments, so careful selection of ensemble
for statistical averaging is needed.

In Chapter 2, I described the experimental techniques used in the prepara-
tion of initial electron hollow columns. These columns are very reproducible exper-
mmentally, with shot-to-shot variations typically less than 0.5%, and have roughly
axisymmetric density distribution. Unstable diocotron modes will grow, resulting in
the onset of turbulence.

One simple statistical ensemble is to use all the shots measured at the time
t of the evolution. If the instabilities arise predominantly from random noise in
columns, this choice will satisfy the assumptions made in the theoretical Reynolds
decomposition of the mean flow and fluctuations. In the experiments, however, I
found that the instabilities generally grow out of reproducible asymmetric perturba-
tions created by the ejection process, rather than from random noise. Consequently,
the growing instabilities are initially phase locked with respect to t =0.

Figure 3.3 shows such an example of density versus time at radius R = 0.5cm,
# = 0 and & = 180°, during the early growth of the unstable I =1 diocotron mode
in a 20 cm long hollow column. The density evolution is constructed from many
shots, which clearly shows growing phase-locked oscillations (out of phase between
§ = 0 and @ = 180°), indicating that the mode is growing out of the same seeded
asymmetries created by the ejection process from shot-to-shot. The frequency of

the density oscillations is about 72 kHz, in correspondence with the sector probe

measurement of the unstable | =1 mode.
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Figure 3.3: Density versus time showing the initial growth of the unstable { =1
mode. {a) At R=0.5cm, 8 =0, (on C1); (b) at R = 0.5 cm, # = 180°, (on Cr).

To construct an ensemble that allows for meaningful Reynolds decomposition
as discussed in Section 3.3, I devise another statistical ensemble that randomly varies
the dump iime within one period of the dominant unstable mode. Here, one first
finds out the frequency of this primary unstable mode through measurements like
those shown in Figure 3.3, then a variable-time trigger generator is utilized to vary
the dump time randomly within / times the period of this mode (normally < 20 us).
This effectively scrambles the phase of the dominant unstable mode during the early
stage of the mode growth. In this case, the evolution time ¢ is designated as the

dump time for the halfway point of this period.
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Figure 3.4: Comparison between the phase-locked and phase-scrambled averaging.
(a) Mean density at R = 0.5 cm; (b) RMS fluctuation level at £ = 0.5 cm.
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Figure 3.4 shows the comparison of these two averages used to measure the
mean density and RMS (Root-Mean-Square) density fluctuation level (at B = 0.5c¢m)
of the same hollow column evolution. At early times, the phase-locked average yields
an oscillating mean density and small shot-to-shot RMS fluctuations, reflecting the
good shot-to-shot reproducibility of the initial hollow column. As expected, the
phase-scrambled average smoothes out the fast oscillations and gives a much higher
fluctuation level, which is simply 1/4/2 times the amplitude of the unstable mode.
This unstable mode continues to grow, and soon saturates to form nonlinear vor-
tices, causing rapid convective inward transport, which establishes a monotonically
decreasing mean radial profile and stabilizes the column (see Chapter 4). After the
radial transport, these two averages give essentially identically results, presumably
because all the initial phase information is lost at late times of the evolution.

The main emphasis of this thesis is on the turbulent relaxation of these
columns after the establishment of the mean radial profiles, so the two averages are
generally interchangeable. Without being specified otherwise, I normally use this
phase-scrambled average as the experimental ensemble, represented by the symbol

<>, to perform statistical analyses.

3.4.4 Fluctuations and Correlations

It is necessary to distinguish between the density readings measured on dif-
ferent plasma shots when the amplitude of the shot-to-shot fluctuations is large. At
time t of the evolution and for shot 7, the density measured by coliector Cj posi-
tioned at (r;,0;) is designated as n;(ry,8;,t). Let N, be the total number of shots
measured, one-point quantities as functions of time and location can be calculated

as the following:




Mean density

1\! Zn J’

$ =1
Fluctuation level

X 1§
<i(rgs 1) >eme = {5 Llnilrss 05, t) = <l 1)>14%,
5 i=1

Skewness

1 N p 3
Sk(?" t) = Ne.—1 Z:‘:l[nt(rn 9311)]
‘” <d(r;,1}>3 ;

Kurtosis
[n,(f;,,&-,t) ]‘1

K, (r;,t)= “‘1
(rs,1) ST TN

where 7:{r;,8;,1) = ni(r;,0;,t)— <n(r;,1) > is the density fluctuation. Futhermore,
all the measured one-point statistical information on Cj is contained in the probabil-
ity distribution function (PDF) p(n’,r;,t), where p.dn’ is the statistical probability
for the measured density n; to appear in the density range n’ — n’ + dn'.
Two-point correlation functions of the density fluctuations contain informa-
tion about the scale-lengths of tfle fluctuations in various directions. They are defined

as

N:—l Nél ﬁ,(?"J,G',t) ﬁi(rkagkst)

C'k = - -
3 <145 8) > rms <A(rky 1) > rms

El

where indices j, k represent collector Cj and Ck (or pixel j, k) at two different locations
(r;,0;) and (rg, 8;), with j,k =1, 0, 1, 2, 2%,2%,27, 3, 4, 5. Note that the position
of the mobile collector Cr is simply (r, 6).

According to Equation (3.15), the measured density fluctuation 72 can be
written in terms of its azimuthal Fourier components,

rﬂtzz )(r, ) exp(il6) ;

=0
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therefore, ensemble-averaged quantities are related to the Fourier component O (r, 1);

e.g., the fluctuation level is
<n(r,t) >rms= Z < [a¥(r, 1) >]2 (3.18)

and the correlation function is

2o < AW(r, ) 70(r;, ) > exp[sl(0 — 4;)]
(28, < [A0(r, )2 > T2 < [7#0(r;, )P >]7 7

Cnlr,0,1) = (3.19)

where component 2D is the complex conjugate of 7).
The ensemble-average measurement method can be tested on columns with

known fluctuations, such as a single stable diocotron wave with mode number [,
7(r,0,1) = V2 <A(r) >ms exp{ifl0 — wit +@i(r)}},

where ;(r) is the phase of mode . Here, the two-point correlation functions are

particularly simple,

Cjr(r,0) = exp{i[l{6 — 8;) + @u(r) — @r(ri)] } (3.20)

where (r;,4;) is the position of the fixed collector Cj.

Figure 3.5 shows the ensemble-average measurement using the phase-scrambled
ensemble on a column with a I =1 stable mode. Plotted in Figure 3.5(a) and (b) are
radial profiles of the mean density and fluctuation level respectively. The solid curve
in Figure 3.5(b) is the prediction by the linear theory of diocotron modes [44, 45, 19],

<) >ms ¢ —d < n(r)> /dr , where the overall amplitude is obtained by fitting at
R ~ 1.3 ¢cm, the point of steepest mean-density gradient. The measured fluctuation
level basically agrees with the linear theory.

The correlation functions Cy, and Cy-, are shown in Figure 3.5(c) and (d),
where the vertical dashed lines mark the locations of the fixed collector C2 (6, = 0)

and C2~ {#,- = —90°). For the stable { =1 diocotron mode, phase @;(r) = 0 for all
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radii; therefore, from Equation (3.20), one has
C1(6) = expli(0 — 8,)]

where 6 = 0 or 180° for the mobile collector Cr. For Cs,, the prediction is plotted
as the horizontal lines in Figure 3.5(c), and is verified by the measurement; For
Cy—,, theory predicts a zero correlation for all radii, while the measurement has a
30% discrepancy for § = 0, which is apparently caused by the slight misalignment
between the center of the column and that of the endplate. '

The same ensemble-average measurement is also carried out for the stable
! =2 mode, as shown in Figure 3.6. In this case, the linear theory predicts that the
fluctuation level satisfies <#(r)>msoc —rd<n{r)>/dr [19], which agrees quite
well with the data shown in Figure 3.6(b); in addition, from Equation (3.20) and

using 3(r) =0, the correlation functions take the form
Cjr(0) = exp(2(0 - 6;) ],

and is essentially confirmed by the measurement shown in Figure 3.6(c) and (d).
Note that here, Cs,(r) and C,-,(7) both go to zero at origin, for the reason that the
measured fluctuation level at R ~ 0 is dominated by random noise, since the mode

eigenfunction is close to zero.



Chapter 4

Measurements of 2D Turbulent
Relaxation

4.1 Overview

Experimental measurements on the free relaxation process of 2D E x B drift
turbulence in magnetized electron columns are presented and discussed in this chap-
ter. Starting from a hollow density distribution, the turbulence arises as a result of
diocotron instabilities and subsequent nonlinear vortex interactions, and then relaxes
after the convective inward transport establishes a globally stable, albeit turbulent
column.

Section 4.2 describes the characteristics of the overall plasma column evolu-
tion, which consists of early unstable mode growth and saturation, turbulence and
relaxation, meta-equilibrium, and 3D “viscous” particle transport. These features

are illustrated by measurements from both the single-shot CCD camera images and

" the ensemble averages. Correlation measurements on the initial hollow column with

a growing unstable mode and on the turbulent column are examined, complementing
the direct observations from the CCD images.

In Section 4.3, the 2D turbulent relaxation process is studied in detail. I find
that the entire relaxation lasts several hundred column bulk rotations, and can be

roughly divided into three phases: Phase I is characterized by the rapid filamenta-

a3
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tion and mixing of turbulent density clumps (electron surpluses) and shallow holes
(deficiencies) in the shearing background rotation; Phase II is dominated by the re-
maining elongated medium-size holes, which are prograde and thus can survive the
background shear, and are settling into symmetric configurations through mutual
interactions such as occasional merger; in Phase II1, these coherent holes slowly drift
radially outward and are finally axisymmetrized with respect to the column center,
bringing forth the meta-equilibrium state of the 2D relaxation.

As a result of the longevity of these deep density holes, the observed noise
decay time is 10-50 times slower than that of a simple “passive tracer” mixing. The
survivability of the individual holes is quantitatively understood using the Moore-
Saffman model based on the equilibration of an elliptical vorticity patch in a back-
ground flow with a uniform simple shear. The tendency for the holes to settle into
symmetric configurations in the column are explained by physically intuitive sta-
bility arguments on the hole-hole and hole-shear interactions. The decline of the
fluctuation level at late times, which apparently reflects the outward drift of the
density holes, can be approximated with an exponential decay. The dependences of
the e-folding decay rate on the radial position, on the column axial length, and on

the magnetic field are found to be weak; this consistent with the 2D E x B dynamics.

4.2 Characteristics of the Overall Evolution

General characteristics of the overall evolution of the initially hollow electron
columns are discussed in this section, for the purpose of providing background in-
formation for discussions on the turbulent relaxation period of the evolution. Two
plasma columns are used to illustrate these characteristics: the I =1 sequence has
a relatively deep initial hollow profile (nmax/n(r = 0) = 3.7) and large column

radius (R, ~ 2.2 cm, L, = 20 cm, and B, = 507 G}, dominated by the ! =1 dio-



cotron instability at early times; the [ = 2 sequence has a shallower initial profile
(Tmax/m(r =0} = 1.5) with smaller radius (R, ~ 1.6 cm, L, = 46 cm, B, = 422 G),
dominated by the { =2 diocotron instability.

A series of CCD camera images of the density n(r, ,1) are displayed as false-
color contour plots in Figure 4.1, showing the evolution dominated by the [ =2
instability. Here, the initial hollow column is seeded with a { =2 perturbation by
exciting stable I =2 mode (see Section 3.4) prior to the column hollowing, resulting
in an evolution initially driven by the I = 2 diocotron instability. Note that in
this case, no external damping is applied to the column after the creation of the
initial condition, so the slightly damped stable { =2 mode co-exists with the growing
unstable { =2 mode and the turbulent fluctuations {16, 19].

At t =30 ps, the unstable | = 2 diocotron mode has grown to a moderate
amplitude, and two large-size density blobs start to form as the mode approaches its
nonlinear saturation. After orbitting around for scveral rotations, these two blobs be-
gin to merge near the column center (t =145us). The merger convectively transports
electrons from outer radii to the column center, thus establishes a monotonically de-
creasing mean radial profile, which is globally stable. By t =230 us, the merger event
has basically completed, while turbulent structures. such as filaments and vortices,
have been generated in the column.

Following the formation of the column mean profile, these turbulent fluctua-
tions start to decay by going through three distinct phases of relaxation (¢ =230 us ~
5 ms), which are discussed in detail in Section 4.3. At t =5 ms, this 2D relaxation
process is essentially finished, with the column being completely axisymmetrized.
This meta-equilibrium column will be analyzed in Chapter 5, where I will show that
the measured meta-equilibrium state is well predicted by the minimum enstrophy

vortex resulting from “selective decay”.




Figure 4.1: CCD camera images of n(r,6.1) at a series of times of the | =2 evolution.
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Figure 4.2: Long-term temporal evolution of the central mean density < n(0,%) >
and fluctuation level <#(0,1) >mys (the { =1 sequence).

The overall column evolution can also be studied using the ensemble averages
described in Chapter 3. Figure 4.2 shows the evolution of the central mean density
<n(0,t} > and fluctuation level < #(0,¢) >ms of the { =1 sequence over 10 second
temporai span. At the early stage, the initial increase in the fluctuation level reflects

| similar unstable mode growth and saturation (I =1 in this case). The subsequent
ascend of the mean density underlies the convective inward transport; concurrently,
large-amplitude fluctuations are generated indicating the onset of the turbulence in
the column. The relaxation period of the evolution occurs approximately between
¢ =300 ps and 5 ms (corresponding to ¢ =230 us — 5 ms for the I =2 sequence), as
marked by the dashed vertical lines in Figure 4.2.

After t = 5 ms, the mean density and fluctuation level remain essentially
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unchanged for about 100ms, or 10* column bulk rotations, reflecting the fact that the
dissipation of the system is quite small. The measured long-lasting fluctuations (3-5
times greater than that of the initial state) are caused by the shot-to-shot variations
of the radial profile of the meta-equilibrium column (see Section 5.3). Eventually,
the meta-equilibrium column decays away in a few seconds, on the same time scale
associated with the microscopic “viscous” process which drives the column to its 3D
thermal equilibrium, and other mechanisms that transport electrons to the cylinder
wall. At 1 =5s, as the radial profile <n(r,t =5s)> indicates (shown in Figure 2.4),
signiﬁcant fraction of the electrons are lost to the boundary. These 3D dissipation

effects are beyond the scope of this work.

4.2.1 Correlation Measurements of Diocotron Instability
and Turbulence

Diocotron instabilities are equivalent to Kelvin-Helmholtz shear-induced in-
stabilities in fluid flows, and have been experimentally studied on magnetized elec-
tron annuli and hollow columns by many investigators [96, 18, 19, 80, 73]. Generally
speaking, according to Rayleigh’s stability criterion (see e.g., [46]), electron columns
with monotonically decreasing radial density profiles are stable against all 2D per-
turbations. For columns with non-monotonic radial profiles, however, there normally
exist unstable modes, which can grow exponentially to large amplitudes and change
the column density distribution as a result.

Detailed experimental investigation of the linear =1 and ! = 2 diocotron
instabilities on hollow columns that are similar to the ones used in this work were
carried out by Driscoll. For { =2 mode, general agreements with the 2D inviscid
theory has been found [19]; for { =1 mode, some subtle discrepancies with a theoret-
ically predicted mode having algebraic growth have been observed [18, 89]. Here, the

theory predicts that the / =1 unstable mode grows algebraically from ¢ =0, whereas

*
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the experimental measurement shows an essentially exponential growth, even though
the mode eigenfunctions are similar. This disagreement has been atiributed to the
small non-ideal effects that were entirely neglected in the 2D inviscid theory [86].

In Chapter 3, I have demonsfrated that ensemble-average measurements can
be utihzed to study the normal modes of stable electron columns. Here, 1 apply
this technique to analyze the unstable [ =1 diocotron mode of the hollow column.
Special care is taken to prepare the initial hollow column at ¢ =0, so that the stable
[ =1 (center-of-mass) mode is not present in the system (see Section 2.4).

Figure 4.3 shows the ensemble-average measurements of the initial hollow
column at ¢ =20us. The radial profiles of the measured mean density and fluctuation
level are plotted in (a) and (b) respectively, while the correlation function €, is
shown as a function of radius in (c). If one assumes that at 20 us (~ 2 bulk rotations)
after hollowing, most of the perturbations which are not part of the unstable mode
have phase mixed away, leaving only the single-mode perturbation in the hollow
column, then the measured fluctuation level should be directly related to the unstable

[ =1 eigenfunction 2"} (see Section 3.4),

1 ),

vzl

and the correlation function Cj.(r,#) should be .

< A(r) >ems=

Ojf(ra 9) = exp{ 3[(9 - 63') + p1(r) - ‘!9111(7‘_?')] } :

where (r;, 8;) is the position of the fixed collector Cj, and 1,(r) is the phase of the
eigenmode. Indeed, the ensemble-average fluctuation 1e§’el < #(r) >ms has a radial
dependence qualitatively the same with that of the measured { =1 eigenfunction
for a somewhat different hollow column [18]. Furthermore, the: correlation function

Ci-(r,8) shows that as the radius increases, the phase of the mode experiences a

sharp shift from 0 fo 7 at rpay, the radius at which the mean density has the peak
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Figure 4.3: Ensemble-average measurements of the ! =1 unstable initial hollow
column at ¢ = 20 us. {(a) Mean density radial profile; {b) fluctuation level; (c)
correlation function Cy, with the fixed collector Cl marked by the dashed line.
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value, and then shift again from 7 to around 27 near the edge of the column. This is
essentially the same mode phase behavior discovered experimentally by Driscoll [18].
These observations confirm that the measured perturbation at 20 us is dominated
by the single unstable I =1 mode.

Analogous to the [ =2 sequence shown in Figure 4.1, the unstable [ =1 mode
saturates to form a large-size blob. The subsequent nonlinear flow moves the large
density blob to the column center, creating a globally stable mean density profile, and
generates large-amplitude secohdary turbulent fluctuations, such as filaments and
vortices {see [19] for details). At ¢ =400 s, the column is qualitatively similar to the
[ =2 evolution at ¢ =230 us, as shown in Figure 4.1, characterized by a monotonically
decreasing mean density profile with large-amplitude turbulent fluctuations.

Figure 4.4 shows the ensemble-average measurements of the turbulent column
(the ! =1 sequence) at ¢t =400 us. The radial profile < n(r) >, plotted in (a), has
become monotonically decreasing; large-amplitude fluctuations (< 2 >ms / <1 >
~ 30%) are observed, as shown in (b), which are approximately 4 times greater
than that of the column at ¢ = 20 us. From the correlation functions Cs{r) and
Cy-,(r), plotted in Figure 4.4(c) and {(d), one can see that the measured large-
amplitude fluctuations are no longer dominated by a single global mode, since neither
Car(r) nor Cy—,(r) shows significant long-range coupling associated with a single-
mode perturbation, indicating that the column is indeed quite turbulent at this
time.

The excitation of turbulence in the column is transient in nature and soon
gives away to the stabilizing effect of the column background rotation induced by the

mean density radial profile. The column evolution then enters the relaxation period.
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Figure 4.4: Ensemble-average measurements of a turbulent column (I = 1) at
t =400 us. (a) Mean density radial profile; (b) fluctuation level; (c) correlation
function C,, with the fixed collector C2 marked by the dashed line; (d) correlation
function Cy-, with C2~ being —90° from C2.
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4.3 Measurements of the Relaxation Period

4.3.1 Background Rotation and Passive Tracer Decay

The existence of the column background rotation has a profound influence on
the relaxation of 2D turbulence in the system. Unlike 2D neutral turbulence studied
in computer simulations, the background rotation breaks the symmetry between plus
and minus vorticity distributions, and dominates the convective flow dynamics, as
will be illustrated in this section. During most of the relaxation period, the column
mean density prbﬁle, which induces the background rotation, experiences only small
and gradual changes. For example, for the [ =1 evolution, Figure 4.2 shows that
the central mean density < n{0)> increases by less than 10% between the turbulent
column at ¢ =400 s and the-meta—equilibrium state at £ = 5 ms. Therefore, the
properties of the background rotation can be studied at one particular time.

For the I =2 evolution at t = 1 ms, the radial profiles of the background
mean vorticity < ((r)>= 4rec < n{r)> /B, and rotational angular velocity w(r} are
shown in Figure 4.5{a), while their radial gradients are plotted in Figure 4.5(b). The
mean density < n(r)> is the f-averaged radial profile taken from the CCD camera
image averaged over 4 shots at f = I ms. The angular velocity w(r) is calculated from
<((r)>,

1
wir,) = ~ fo dr' ' <((r) >
which is the background rotational environment seen by the turbulent fluctuations
during the relaxation period. As shown in Fig;lre 4.5, the mean density profile i1s not
uniform, with a monotonically decreasing distribution. Consequently, the rotational

motion described by w(r) is sheared, characterized by the rotational shear rate

ri—: =< {(r)> —2w(r), (4.1)

which is zero at the column center and negative everywhere else. At R ~ 1 cm,
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Figure 4.5: Column background rotation at ¢ = 1 ms (the I = 2 sequence). (a)
Radial profiles of the mean vorticity < {(r) > and angular velocity w(r); (b) radial
gradients of < ((r)> and w(r).



the bulk rotation period is about 10gs, and the shear rate rdw/dr is about —2.7 x
10° s~!. Note that, in general, the convective velocity seen by any fuid element
is the combination of the background rotation and the convection due to all other
fluctuating structures.

If one assumes that the dynamical effect of the fluctuations a(r,6,1) is neg-
ligible, i.e., the fluctuating velocity v(r,8,t) is small compared to the background
rotation, the passive tracer mixing model can be constructed, which describes the
simplest kind of relaxation [76]. Here, 7 is treated as a conserved passive tracer that
is merely being convected by the prescribed background rotation w(r). Applying

v = 0 to the inviscid Equations (3.12) and (3.13), one gets
%—j + w(r)% =0, (4.2)
which determines the dynamics of the passive tracer distribution #(r,8,t).
According to Equation (4.2), for a rigid rotor column background rotation
w(r) = const, distribution 7 does hot change in the rotating frame. When the
gradient of w(r) is not zero, however, the differential rotation can break up the
original density variations through phase mixing, typically on the time scale of a
few column bulk rotations. Using the azimuthal Fourier decomposition described by
Equatons {3.15), the evolution of the density component #)(r,1) for modenumber [

is determined by Equation (4.2},
70(r, 1) = 59(r) exp[—ilw(r)At], (4.3)

where ﬁ((]")(r') is the Fourier component of the original density distribution 7(r, 8, %0),
with ¢¢ being the start of the relaxation and At =1 —to.

In this inviscid model, the phase mixing induced decay occurs when a finite-
size collector (diameter 2Rc) centered at (r;,8;) is used to measure the real density

distribution. Following the same procedure to derive collector coarse-graining effect
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in Section 3.4, one can show that the measured Fourier component n{"(r;,#} is

. . : 2.J1(xAt)
A0 (75, 1) 2 A, explitotry) i) 2220, (1.4
xit
and the characteristic mixing rate for component { is
Re dw
)= —l—"— 4.
X!(TJ) Rw d?" l"'} ? ( 5)

where I have assumed that the radial lengthscales of the original density variations
are larger than 3R¢ and that the linear Taylor expansion of w can be used over the
cross-section of the collector, i.e., w(r) ~ w(r;) + (dw/dr)|;, (r — ;).

It is clear from Equation (4.4) that the decay of the measured passive tracer
intensity is caused by the continuous transformation of structures with large radial
lengthscales into ones with fine radial lengthscales, which can not be detected by the
finite-size collector (see Section 3.4). Physically, this refiects the fact that a patch
of passive tracer in a background rotation is being sheared apart and “wrapped”
around as the time progresses, resulting in the creation of fine filaments which are
too thin to be discerned.

For collector radius Bc = Rco = 0.20 cm at B ~ 1 cm, and gradient
dw/dR ~ —2.7 x 10° s"'em™!, the ! = 2 passive tracer e-folding decay time is
T2 = 2.8/x2 = 30 us, or about 3 column rotations. This highly stmplified relaxation
model is seen to be a poor description of the experimental data in the following

discussions.

4.3.2 Phase I — Filamentation and Mixing

From CCD camera images of the [ = 2 evolution (shown in Figure 4.1), it
is observed that the early-time relaxation (Phase I) is characterized by the rapid
filamentation and mixing of the fluctuating turbulent density clumps (electron sur-

pluses} and shallow holes (deficiencies) which are generated by the merger of the two
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large-size density blobs. This phase lasts approximately 150 ps, or about 15 bulk
rotations. Images indicate thai the clumps and shallow holes are being sheared apart
into spiral-like thin filaments by the strong background differential rotation, which
has nearly finished its formation. This shear-induced filamentation has previously
been studied by Marcus in a computer simulation [52] and observed experimentally
by Sommeria et al. in a forced rotating fluid system. The spiral shape of the density
clumps being sheared apart may be the underlying dynamical reason for the observed
“peaks” and “dips” near R ~ 1.5 cm in the profiles of the correlation function Cs.
and Cy-, shown in Figure 4.4.

By ¢t =400us (see Figure 4.1), Phase [ of the relaxation is essentially complete,
with the turbulent density clumps and shallow holes having been filamented and
destroyed, leaving only a few medium-size deep density holes prominently visible in
the column. This marks the beginning of the Phase II of the relaxation. It is worth
noting that the turbulent filamentation and mixing in Phase I apparently cause

significant dissipation in the measured fragile ideal invariants of 2D E x B dynamics,

such as the enstrophy Z,, as will be discussed in Section 5.3. Similar dissipation is -

also observed in the merger of two isolated columns [60].

Let’s examine the decay of the ensemble-averaged fluctuation level and make
the comparison with the simple passive tracer model. Figure 4.6 shows the relaxation
of the mean density and the fluctuation level measured by a collector (diameter
2Rco = 0.40 cm ) positioned at R = 1 cm. At ¢ =300 ps, <n(lcm,?) >, plotted in
Figure 4.6(a), has basically reached a constant level, indicating that the background
rotation is well established at this time. Therefore, for this { =2 evolution, I =300 us
is designated as the theoretical starting time to for the passive tracer relaxation
model, shown as the solid curve in Figure 4.6(b). It is clear that the measured

fluctuation decay is very gradual compared to that of the passive tracer, typically
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Figure 4.6: The relaxation of the mean density < n > and the fluctuation level
<l >ms at B = 1 cm. (a) Mean density < n(lem,t) > versus time, and the PDF
p(n’,1cm, Ims) versus n’ (inserted graph), with the dotted line being <n > and the
bar being 2X < 7l > (b) the decay of the fluctuation level < #i(lcm,t) >y and
the prediction of the passive tracer model (for { =2).
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over 10 times slower at various column radii and for other evolutions. This suggests
that some fluctuating structures are nonlinear and self-coherent in nature, and do not
behave like passive tracers. Indeed, as shown in the inserted graph in Figure 4.6(a) ,
the measured PDF p(n’, lem, 1ms) (defined in Section 3.4) has a characteristic skewed
shape with a long low-amplitude “tail” on the small density side, indicating that
spatially-isolated deep density holes dominate the measured late-time fluctuations.

Both the CCD camera images and the ensemble-average measurements show
that the relaxing electron column can have long-lived density holes (i.e., regions of
negative relative vorticity) embedded in the background rotation, but not density
clumps {regions of positive relative vorticity). This observation can be quantita-
tively explained by an idealized model adopted from the original work by Moore and
Saffman [65, 38], which describes how an individual vorticity clump or hole behaves
under a shearing background rotation. This model treats the interior vorticity dis-
tribution of a clump or hole as an elliptical vortex {aspect ratio A,) with uniform
relative vorticity (, being embedded in a background rotation w(r). In addition,
the size of the vortex is assumed to be small compared to the radial length over
which w varies, so that near the vortex center r,, the linear Taylor expansion of the
background rotation can be used, i.e., w(r) ~ w(r,) + (dw/dr)|,, (r—ry}.

Here, the scaled shear rate ¢ of the background rotation w(r) is defined as

UETu%lrv /zva

which is the ratio of the vorticity in the background rotation and the relative vorticity
of the elliptical vortex (see Appendix B). Following the derivations of Moore and
Saffman [65], one can show that for certain values of o, the vortex can achieve stable
dynamical equilibrium with the background flow by orienting its major axis to the
8-direction (for ¢ > 0), or to the i-direction (for ¢ < 0). Let a be the elliptical

semi-axis in the #-direction, the equilibrium aspect ratio Aeq = a/b must satisfy the
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~3-2v2) <o <0

A (4.6)

<o <oo.

This prediction is plotted as the solid curve in Figure 4.7. For the background
rotation considered here, dw/dr < 0, therefore, o is positive for vorticity holes, i.e.,
hole rotates in the same direction as that of the background shear; whereas ¢ is
negative for vorticity clumps, i.e., hole rotates against the background shear. From
Equation (4.6), it is clear that in order for a clump to survive the adverse background
shear, it must be quite intense, i.e., |o| must not be less or equal than 3 — 2v2, or
alternatively,

&>~ 42V (@)

Experimentally, for a typical density profile during the relaxation, this necessary
condition generally can not be satisfied by a clump located inside the column. This
can be seen from the following example: for a parabolic background radial profile
<n{r)>=<n(0)> (1 —r?/rl) , it can be shown from Equation {4.7) that the abso-

lute density n, = #2,+ <n(r,)> of a clump at radius r, must fulfill the requirement

1 r2
—— ] - 9 2
<n{0)> ~ +(2+\/_) g’

Ty

which is impossible under 2D incompressible dynamics, since < n(0) > < nmax, where
Tmax 15 the peak density in the initial condition (see Section 5.3). In fact, if one
assumes that n, =<n(0)>, in order to survive the adverse shear in the background

rotation, the density clump has to go out of the column, with

Loy 24 V8.
To 2

In contrast, according to Equation (4.6), arbitrarily weak holes can survive

the background shear in principle, albeit with large aspect ratio Aoy, because density
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Figure 4.7: Model for the quasi-stability of density holes in a shearing background
rotation. Equilibrated aspect ratio A is plotted versus the scaled background rota-
tion shear rate o, from measurements (symbols) and from the theoretical prediction
(curve).

holes are prograde with respect to the shear. Of course, one would expect that when
a holes is too weak, it is simply filamented and axisymmetrized in the column. In
the experiments, I see holes with relative density depth 0.2 S #2,/ <n{r,}> < 0.4,
resulting in observed A, falling between 1.5 and 3.0.

Measurements of the aspect ratios of the observed density holes in CCD
camera images between ¢ =400 us and ¢ =4 ms are shown in Figure 4.7 as symbols.
Here, the scaled background shear rate o is calculated from the rotation profile
shown in Figure 4.5 and the difference between the central vorticity of the holes

and the mean vorticity at that radius. The aspect ratios A, is measured manually




from the images for one density contour of the holes, e.g., the blue-green transition in
Figure 4.1. Reasonable agreement between the measurement and the model is found,
validating the applicability of the model to these columns. Some discrepancies arise,
since the holes have a nonuniform interior density distribution, and since neither
deformation of the column core nor the influences of other holes is included in this

simple model.

4.3.3 Phase II — Interactions of Coherent Holes

During the Phase Il of the relaxation, columns with 3 or more medium-size
holes generally involve to having 2 holes located opposite to each other in 8 (for
the | =2 sequence). This can involve merger, or mutual advection causing 1 hole
to move outward and be destroyed by the background shear, or other processes. I
do not observe in-place dissipation of the individual holes, presumably because the
size of the holes are large compared to the dissipation lengthscale. The symmetric
two-hole configuration (“tripole”} appears to be particularly stable and long-lived.
On a somewhat longer time scale, the two holes tend to drift outward radially, where
they are finally sheared apart (Phase III).

Figure 4.8 presents a density hole “census” as a function of time. The number
of observed elliptical holes Npq is plotted versus {. Cross symbols represent 1mages
where the positions of the holes are irregular in 8, and circle symbols represent images
where the holes are symmetrically configured, i.e., they are at same r, and less than
410° deviation from symmetric § positions. Statistically speaking, at early stage of
the relaxation, there are more holes, and they are generally irregularly positioned.
As the relaxation progresses, Ny,. decreases, and the holes settle into symmetric
configurations (mostly tripoles). After t ~ 800 us , virtually all the images are in the
tripole configuration, as shown in Figure 4.1 (at 1000 ps}, with a large oval-shaped

core and two elliptical holes opposite in 8. This tripolar state likely reflects the early
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Figure 4.8: Observed number of holes in the column versus time, compiled from
about 200 CCD images between t = 400 pus and 10 ms, with crosses representing
irregularly located holes and circles representing symmetrically configured holes.

! =2 diocotron instability, in fact, dipolar configurations are normally observed for
columns with { =1 mode growth (not shown).

In Phase II, the main drive for relaxation appears to be the mutual inter-
actions between the holes embedded in the background rotation. For example, the
decrease in the number of density holes is due to binary holes mutual advection and
merger events. These hole merger events have been observed among the CCD cam-
era images during this phase of the relaxation. The dynamical bases for the merger
have not been established experimentally. However, two holes that are at slightly
different radial positions are convected at different angular velocity, thus, the hole

that is closer to the center will be able to catch up with the other and likely to merge,
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presumably within several rotations. Of course, they may alternately be so far apart
radially that they are unable to get into contact at all. It is worth pointing out that
compared to the case of two isolated vortices, the presence of the strong rotational
background seems to have profound influences on the merger dynamics of the holes
[53]: first, these holes take the elliptical shape with major axis in the #-direction and
aspect ratio of about 2, whereas two merging isolated vortices are deformed under
their mutual influence with their major axes pointing toward each other [83, 32};
second, two holes must also overcome the strong tendency of maintaining their az-
. imuthal orbita! motion in order for the merger to happen, or else they simply scrape
past each other [53].

Hole mutual interaction can cause the merger of two holes that are at the same

radii but separated by a short azimuthal angle (< 90°), as first suggested by Marcus

[53]). Since the mutual interaction between two neighboring holes tends to generate
rotation around their center of mass (see Appendix C), this small rotation perturbs
the radial positions of the two holes, enabling the trailing hole to move slightly
inward and the leading hole slightly outward, resulting in either the leading hole
being sheared apart by the background or their complete merger. This mechanism
is consistent with the fact that late-time columns normally have only 2 holes left (1
or 3 on rare occasions), which are always far apart in their # position. In principle,
there can also be some mechanism which makes the symmetric configuration to be
the most probable state.

One can understand the observed quasi-stability of the tripolar configuration
by noting that the elongated core tends to maintain the symmetric §-positions of
the 2 remaining holes (see Figure 4.1). Here, ] argue that for a hole, the dominant
interaction is with the deformed core rather than the other hole, since they are far

apart in this case. Core region acts like a vortex with positive vorticity at the center,




which adjusts its shape in response to the location of the holes. In the tripole case,
the core vortex takes an oval shape with it major axis oriented parallel to those of
the symmetrically positioned holes. The stability argument is the following: suppose
that the radial position of a hole is perturbed slightly inward, its orbital motion then
will speed up, allowing it to catch up with the other hole; however, this trend is
suppressed by the core, since its influence tends to move the hole outward radially,
slowing it down and restoring the symmetric configuration. The observed longevity

of the tripolar configuration {> 200 rotations} supports this stability argument.

4.3.4 Phase III — Hole Radial Drift and Axisymmetriza-
tion
In Phase III of the relaxation, the quasi-stable tripolar configuration is de-
stroyed by a slow outward drift of the holes. Figure 4.9 shows the radial position
Rhole of the hole centers versus time, measured from the CCD camera images. Most
of these images have two symmetrically positioned holes. These holes travels from
Bhole ™~ 1.0cm to Bpele ~ 1.5cm within about 5ms, giving an estimated drift speed of
0.1 cm/ms. The scattering of the data points reflects the shot-to-shot irreproducibil-
ity of this I =2 evolution. The cause of this outward motion is unknown at this
“moment. However, the experiments varying L, and B, suggest that this outward
drift is 2D E x B drift in nature. Note that holes that are strictly symmetric in 8-
position do not feel E field in the #-direction, and consequently have no radial drift
velocity. Therefore, any radial drift motions must come from asymmetric effects.
The outward radial drift apparently causes these holes to stretch in the az-
imuthal direction and to be axisymmetrized eventually. This is because that as a hole
moves outward radially, it should maintain its absolute density according to the 2D
dynamics; when the hole is no longer deep enough with respect to the background, it

is stretched apart and axisymmetrized by the shear in the background rotation. This
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Figure 4.9: Average radial positions of hole centers versus time, measured from
CCD images of the | = 2 sequence between t =500 us and 5 ms. The dashed line -
marks the radial extent of the column.

argument can be seen graphically from Figure 4.10, where the expected hole equi-
librium aspect ratio A, is plotted as a function of the radial position R, of the hole.
Here, I assume that the hole always has a uniform density of n, = 1.2 x 10 cm™
(similar to the ones shown in Figure 4.1 at 1000 gs), and that as the hole drifts out,
it remains equilibrated with the background rotation. At around R, ~ 1.4 cm (see
Figure 4.5 for the background rotation), Aeq becomes large, indicating large extension
in the azimuthal direction of the column. For example, in Figure 4.1 at ¢ =5000 us,
an azimuthally long-stretched hole 1s still visible near the column edge at lower left
corner, which is probably going to be completely destroyed soon.

The column axisymmetrization process can also be observed from the mea-




Figure 4.10: Theoretically expected hole aspect ratio A, versus its radial position
R,, for a hole with central absolute density n, = 1.2 x 106 cm™3.

sured two-pomt correlation functions. Here, I use the / =1 evolution as an example,
whose initial condition is shown in Figure 4.3. Using the endplate multi-collector
array, angular correlation function C'(R, A8,t) betWeeﬁ two collectors at the same
radius K and separated azimuthally by A# (e.g., C2 and C27, or C3 and Cr at
R = —1.6 cm) can be calculated as functions of time. Figure 4.11 shows the evo-
lution of C'(R,Ad,t) at 3 radial positions (R = 0.5 cm, 1.0 cm, and 1.6 cm) and
2 A0 separations (A8 = 90° and 180°). At the early times, these functions show
perfect anti-correlation for Af = 180° and near zero correlation for A8 = 90°, re-
flecting the growing unstable 1 =1 mode. In Phase I and II of the relaxation, these
correlations are generally near zero, due to the small spatial scales of the turbulent

density structures and coherent holes. After ¢ =1 ms, in Phase III, all the functions
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Figure 4.11: Evolution of the §-correlations C(R,Ad,t) of the { = 1 sequence
showing the column axisymmetrization. (a) C'(0.5cm, 180°,¢); (b) C(lem, 90°,t); (c)
C(lem, 180°,t); (d) C(1.6¢cm,180°¢). The dashed line marks the time ¢ =400 us
which is shown in Figure 4.4,
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start to approach unity at roughly the same rate, indicating that the @-variations
are decaying away, leaving the axisymmetric shot-to-shot variations (~ 2%) of the
radial profile to dominate the measured noise.

This late-time axisymmetrization process can be seen in greater detail in the
evolution of the radial correlation functions C_,-,(R, t). Figure 4.12 shows the radial
profiles of Ca.(R,t) at 3 times during Phase III of the relaxation. At ¢ =1 ms, the
radial correlation is localized around the position of C2, underlying the narrow radial
extent of the density hole(s); as the relaxation progresses, radial correlation patterns
appear (t =2 ms), and at ¢ =5 ms, nearly perfect correlation is achieved for the
same radius R ~ 1 cm, even at Af = 180°. Figure 4.13 shows the corresponding
evolution-of Cy-,(R,t), where the fixed collector C2~ is at the same radius of C2,
but separated —90° azimuthally (see Figure 2.2). Again, near zero correlations for
all radii are observed at ¢ =1 ms, in agreement with Figure 4.11(b); as the column
further relaxes, symmetric patterns develop (t =2 ms), and perfect correlations are
achieved for the saﬁle radius, at A8 = £90°. These radial correlation measurements
again show that all the #-variations are decaying away while radial variations re-
main, demonstrating that the late-time Phase 111 of the relaxation indeed brings the
complete axisymmetrization of the column.

It is useful to characterize the axisymmgtrization rate, in light that its mech-
anism is still unknown yet. As mentioned above, the residual fluctuation level reflects
the shot-to-shot variations of the axisymmetric meta-equilibrium radial profiles, and
is different in nature compared with the decaying azimuthal fluctuations. Therefore
it 1s logical to decompose the measured fluctuation level into two parts: <7ig(t) >rms
which is #-dependent and is decaying to zero, and < 7,(¢) >ms which remains con-

stant during the axisymmetrization, with the relation

[< () > ms) = [< () > s .+ (<7 () > rma)” - (4.8)



Figure 4.12: Correlation function Cy(R,t} at 3 times of the { =1 evolution. (a)
t =1ms; (b) t =2ms; (¢) £ =5 ms. The dashed line is the location of the fixed
collector C2.
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Figure 4.13: Correlation function Cy-,(R,t) at 3 times of the ! =1 evolution. (a)
t =1ms; (b) t =2ms; (¢) t =5ms. The dashed line is the radial location of the fixed
collector C2~ (6,- = —90°).
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Figure 4.14: Exponential decay of the #-fluctuations during the column axisym-
metrization (the [ = 1 sequence). Star symbols represent data after the asymp-
totic level has been subtracted as in Equation (4.8), and the dashed line is the
least-square-fit.

Figure 4.14 shows the decay of the fluctuation level at R = 1cm, correspond-
ing to the axisymmetrization process illustrated in Figures 4.11-4.13. Circle symbols
represent the measured < f(f) >ums, while star symbols are the calculated late-time
decaying component < fg(t) >ems from Equation (4.8}. The exponential least-square-
fit to the <7g(t) >ms datais plotted. as the dashed line, with an e-folding decay time

7. ~ 690 gs. The decay rate 4, = 1/7, is presumably determined by the radial drift
speed of the holes, as discussed above. Note that the exponential fit to the decaying

fluctuation component normally does not work very well for the entire relaxation, as

can be seen from Figure 4.14. In fact, power law fit <74(t) > ms~ t7¢, with € = 1.5~
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Figure 4.15: Measured exponential decay rate 7. versus radius R for the { =1
evolution, with the global decay rate 4, being plotted as the dashed line.

3.0, appears to do a better job in some cases. Therefore, the exponential decay rate
7. should be viewed simply as a characteristic relaxation time scale.

The same decomposition and exponential fitting procedure has been per-
formed on data measured at various radial positions. The resulting radial depen-
dence of the decay rate is shown in Figure 4.15. Except for the center and the very
edge of the column, the measured decay rate 4. does not depend strongly on the
radial position, even though the background rotational shear has quite large radial
variations (see e.g., Figure 4.5). Experimentally, this is also true for many other
columns with various initial conditions.

The global decay rate 4, characterizes the overall relaxation, and is calculated
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Figure 4.16: Measured global decay rate %, versus axial length L,, for columns
with approximately the same initial radial profile.

by decomposing and fitting the globally integrated fluctuation level
ig(t) >rme = 20, [ drr <A(, ) > s

The giobal decay rate 7, averages out the radial dependence of the local v.(r), and
generally gives a better exponential fit. This decay rate is plotted as the horizontal
dashed line in Figure 4.15.

Similarly, 4, rates for other evolutions with different initial conditions have
been calculated, and scaling laws with various plasma parameters such as column
axial length L, and magnetic field B, have been measured. Ideally, one has; to ensure
that when a plasma parameter is varied, other parameters remain the same, especially

for the detailed initial 2D density distribution. However, this can only be achieved
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Figure 4.17: Scaled global decay rate 4,B,/B, versus magnetic field B,, for
columns with approximately the same initial radial profile.

approximately in the experiments, due to the uncontrollable factors involved in the
electron column preparation process.

Figure 4.16 shows the axial length dependence of +, for columns with initial
conditions similar to the one shown in Figure 4.3. The «, calculated for the evolution
of Figure 4.3 is shown as the solid symbol. Here, L, ranges from 20 cm < L, < 80 cm;
the global decay rate 5, varies up to a factor of two, but does not show a simple de-
pendence on L,. In fact, if the relaxation were dominated by end effects, one would
expect to see a strong dependence of 4, on L,. This suggests that the relaxation
processes, including the radial outward drift of the density holes are basically 2D in
nature,

The dependence of v, on the axial magnetic field B, has also been measured
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in the same way. Here, the drift-Poisson equations predict that all the dynamical
time scales are directly proportional to the magnetic field B,, so the scaled global
decay rate 4, B,/ B.o should be independent of B, , where constant field B, = 507G.
Figure 4.17 shows 7,8,/ B, versus B;, where B, ranges from 170 G < B, <640 G.

The measured scaled global decay rate changes by a factor of two, with no systematic

dependence on B,. Again, the measurements are consistent with 2D E x B dynamics.




Chapter 5

Meta-Equilibrium State of 2D
Turbulence

5.1 Overview

The relaxation process of 2D turbulence is generally complex, with many
intriguing features as illustrated in Chapter 4. After the turbulence fully relaxes and
equilibrates, however, it is tempting to expect that the equilibrium is determined
only by the conserved quantities of the motion, independent of the details of the
relaxation. This idea works well in systems having many degrees of freedom, such
as an ideal gas, which always relaxes to its Maxwellian thermal equilibrium. Here,
I consider the equilibrium state of 2D turbulence, which it is presumably reached
through inviscid, noniinear interactions of the turbulent flow. This 2D equilibrium
persists for over 10* column bulk rotations until dissipation drives the system toward
its final 3D thermal equilibrium [22,‘25]. Owing its long but finite lifetime, this 2D
equilibrium is called the meta-equilibrium state of 2D turbulence.

In this chapter, | present quantitative experimental measurements of the
meta-equilibrium state, for comparison with the theoretical predictions of various
models. Section 5.2 intrdduces several theories of 2D meta-equilibrium state. The
point vortex and continuous fluid maximum entropy theories are within the frame-

work of statistical mechanics applied to the configurational space of 2D flows. In

87
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contrast, the giobal minimum enstrophy model follows directly from the “selective
decay” hypothesis based largely on physical intuition. Here, ] deveiop a “restricted”
minimum enstrophy model appropriate to the experimental constraints of density
being non-negative and monotonic in radius. These models are examined in detail,
laying the foundation for further improvements and generalizations.

Section 5.3 describes the experimental measurements of the long-lasting meta-
equilibrium column. It is shown that between the initial and meta-equilibrium states,
the number of electrons (circulation), angular momentum (angular impulse}, and
electrostatic energy (kinetic energy) are well conserved during the evolution. In
contrast, less robust invariants, such as the enstrophy and mean-field entropy, vary
significantly. This variation is apparently due to dissipation or measurement coarse-
graininlg of structures al fine scales generated by the strong turbulence. I also find
that the measured meta-equilibrium density (vorticity) profiles exhibit close agree-
ment with predictions of the restricted minimum enstrophy model, while differing
substantially from maximurm entropy predictions. Furthermore, I examine the small-
amplitude (~ 2%), shot-to-shot variations observed in the meta-equilibrium profiles,
and the effects of the relaxation dynamics on the meta-equilibrium state. In Sec-
tion 5.4, I discuss the gradual decay of the meta-equilibrium state caused by the
microscopic “viscous” effects and external particle transport. These 3D processes

are beyond the scope of this work.

5.2 Theories of Meta-Equilibrium State

Theoretical efforts to predict the meta-equilibrium state date back to 1940s,
when Onsager published his pioneering work on the statistical equilibrium of a point
vortex gas [70]. To derive the predictions for the meta-equilibrium state, theories

generally propose variational principles, such as the maximization of entropy and
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minimization of enstrophy, based on certain physical insights on the relaxation dy-
namics.

Experimentally, meta-equilibrium states resulting from initially hollow columns
are axisymmetric, with monotonically decreasing density profiles. Consequently, the
theoretical models discussed in this section all treat equilibria that have only radial

dependence. These four theories are
s point vortex maximum entropy theory,
¢ continuous fluid maximum entropy theory,
¢ global minimum enstrophy theory,
¢ restricted minimum enstrophy theory.

Here, I develop the restricted minimum enstrophy theory to apply to the particu-
lar experimental situation. Connections between some of these models have been
explored theoretically [59, 26}; and in some cases, computer simulations have been
performed to test the validity of these ideas [88, 91, 61, 59]. However, to our best

knowledge, they have not previously been quantitatively tested in experiments.

5.2.1 Point Vortex Maximum Entropy Theory

The point vortex maximum entroﬁy model derives its prediction by maxi-
mizing the mean-field entropy of a point vortex gas. A comprehensive survey of this
approach was given by Smith, with references to most of the important develop-
ments {85]. This compressible point vortex gas serves as an approximation to a real
turbulent fluid. Here, one assumes that the 2D turbulence is sufficiently violent that
vorticity structures are being shredded into small pieces which wander ergodically

over the configurational space. As a result, the statistical equilibrium of the flow is
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roerely the maximum entropy state of this point vortex gas, subject to consiraints
of fixed total circulation, angular momentum, and kinetic energy.

Mathematically, the entropy of a point vortex gas is the mean-field entropy
S defined in Section 3.2. The maximum entropy state can therefore be calculated

from the functional derivation,
5(S—£IPP3—QHH¢) =0. (51) '

Here, ap and oy are Lagrange multipliers embodying conservation of angular mo-
mentum and energy, and the conservation of circulation is implicitly satisfied by the
normalization of the integrals. In general, a relation between the equilibrium density

Neq and potential ¢eq can be derived from Equation (5.1),

Neq = C explog(Peq/do) + apr?]. (5.2)

The density and potential must be related by Poisson equation, giving

1d . dpeg(r), 2
222l _ areRing(r), )

with wall boundary condition @eq(r = 1) = 0. The Lagrange multipliers and the
constant C are determined from the values of Np, Pp, and Hy self-consistently by

plugging the solution ne, into the definitions of these fixed integrals.

5.2.2 Continuous Fluid Maximum Entropy Theory

Strictly speaking, the point vortex model can only be valid in the limit where
the vorticity is sparsely distributed and concentrated in discrete vortices. In this
case, one obtains a statistical equilibrium analogous to the Boltzmann distribution
in thermal dynamics. The more realistic continuous fluid approach was developed by
Lynden-Bell in the context of collisionless relaxation of self-gravitating galaxies [48].

Here, the 2D incompressible flow is broken into small non-overlapping fluid elements
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with arbitrary vorlicity. A generalized entropy functional gives the statistical equi-
libriumn, which is essentially the same as the Fermi distribution (48, 58, 78, 59, 79].

This approach conserves Ng, Py, and Hg, and also conserves all the moments
of vorticity Z,, until averaging is performed over the fine scales. That is, the frac-
tional area A(n') is conserved, where A(n')dn’ is the area occupied by fluid elements
with vorticity between n’ and n’ + dn’. The macroscopic equilibrium state is ob-
tained in terms of equilibrium probability function peq(x,7n’), which represents the

probability of having density n’ at location x. The statistical analysis gives [59]

exp{~fn’ [~ deq(X) + 77| - o(n')}
J2o dn'” exp{—Bn"[—deg(x) +77%] — a(n”)}

peq(xa n’) = (54)

where 3,7, and function a(n’) are parameters to be determined from the conserved
quantities.

The mean density neq(r) is calculated through the genera.l relation

nea(r) = [ dn'n'peqr ). (5.5)

Again, the density and potential must satisfy the Poisson Equation (5.3). Normally,
Equation (5.5) leads to a n—¢ relationship analogous to that of the Fermi distribution.
The parameters are determined numerically from Py, H,, and A(n’) of the initial
hollow density distribution. In practice, the measured initial A(n") is approximated
by a polynomial fit to the data [87], such as, A(n') >~ A+ An' + Ain* + ..., to

facilitate the determination of the parameter function a(n’) through the equation

An) = 2 f dr 1 peg(r,m') (5.6)

which follows from the definition of peq(r,n’).
One conclusion of this theory is worth mentioning: at the macroscopic spatial
scales, the statistical equilibrium is predicted to be completely fluctuationless as

time approaches infinity [59]. This point can be readily tested in the experiment




e
92

by comparing the initial and meta-cquilibrium shot-to-shot statistical variations. If
the system has indeed equilibrated to the continuous fluid maximum entropy state,
the shot-to-shot variation level should not be too much higher than that of the
well-controlled initial state, provided that the equilibrium does not depend on the
conserved quantities very sensitively.

Another comment concerns the fact that the statistical (maximum entropy)
theories postulate that the meta-equilibrium state is intimately associated with the
ergodicity of the flow in 2D configurational space. This assumption can not be proven
from the true 2D dynamics, although attempts have been made to formulate a H-
theorem for the dynamical relaxation to the most probable state [79]. Ultimately,
the validity of this idea must be quantitatively tested in experiments and /or accurate

computer simulations.

5.2.3 Selective Decay Hypothesis

In principle, inviscid 2D dynamics conserves the vorticity associated with
each Lagrangian fluid elements. However, as the turbulent flow evolves, more and
more fine-scale motions with complex spatial structures are created. Consequently,
any slight dissipation or measurement coarse-graining will cause variations in some
ideal invariants.

Experimentally, the total number of electrons (circulation) and angular mo-
mentum are well conserved, and the energy is nearly conserved (see Section 5.3); in
contrast, higher moment integrals (fragile invariants) changes significantly during the
evolution. In a 2D statistical spectral theory, Kraichnan argues that the only impor-
tant fragile integral is the enstrophy. This is because that it is a quadratic function
of vorticity, and therefore independent of the high wavenumber cut-off which must
be used in any practical spectral analyses {39, 40, 41]. Carnevale and Frederiksen

suggest that the uniqueness of enstrophy is probably connected to the complicated
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phase space topology of the higher Z,, constraints [10]. However, there is still no uui-
versally accepted justification for this choice of enstrophy as the uniquely important
fragile invariant [59].

Based on this physical insight, the selective decay relaxation mechanism con-
jectures that the meta-equilibrium state of 2D turbulence results from unequal decay
of the robust invariants (such as energy} and the enstrophy [8, 54, 35]. Therefore, the
proposed 2D meta-equilibrium is simply the minimum enstrophy state constrainted
by the fixed robust invariants of the system [8, 43, 36]. Again, this hypothesis can
not be proven from the dynamical equation. However, similar conjectures have been
successfully applied to experiments on turbulent MHD plasma systems [94, 62].

In this model, the equilibrium density distribution n.4(r,8) is obtained by
minimizing Z, subject to the constraints that Nz, Pj, and Hy remain fixed. It
follows that

6(Zg—apPg —GHH¢) = 0, (57)

where the N7, constraint is implicitly included in the normalizations. This functional

variation leads to an equilibrium n-¢ relation,
neq(r,0) = —nolandeq(r; 0)/¢o + apr®] + C, {5.8)

where ny = Np/R2 and ¢ = eNj are the characteristic density and potential
respectively, and C is a constant. Note that neq is not a function of ¢., alone, due
to the angular momentum constraint in the laboratory frame. However, by choosing
a rotating frame with proper angular velocity, the #* term in Equation (5.8) can be

cancelled out, allowing a simple linear n—¢ relation [69).

5.2.4 Minimum Enstrophy Vortices in a Cylinder

The axisymmetric minimum enstrophy states can be derived analytically for

magnetized electron columns bounded by conducting cylinders. Note that here, the
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conducting cylinders provide a complete neutralizing shield, not found in open flows;
as a result, one needs not to impose any ad hoc boundary conditions to avoid energy
divergence [43].

Minimum enstrophy radial profiles are derived for the global model, and for
a “restricted” model which requires that density remains positive everywhere and 1s
monotonically decreasing. In both models, I solve for the axisymmetric equilibrium
profile n.,(r) by combining the minimum enstrophy n—¢ relation Equation (5.8) with

Poisson Equation (5.3). This gives

®neq  1dneg

dr? r dr

+ B(neq +7) =0, (5.9)

with the solution _
Neg(r) = ajﬂ(ﬂ%r) -7 (5.10)

where Jg is the zeroth order Bessel function. The parameters (a, 8,7) and the mini-
mum enstrophy ZI" = Z;[n.] are completely determined by the integral invariants
(Ng, Pg, Hy).

For the global minimum enstrophy model, ne(r} from Equation (5.10) is
used 1n the entire region of 0 < r < 1, since no additional requirement for density
and boundary is imposed. For typical values of (N, Py, H;) of the initially hollow
columns, this n., profile goes negative at large radii and is finite at the wall; fur-
thermore, it generally is not monotonically decreasing in radius. Clearly, n.ega,tive
electron density would be unphysical, and non-monotonic profiles would be unstable
to diocotron instabilities, indicating that the global minimum enstrophy state may
be non-axisymmetric and/or off-axis away from the cylinder center [43].

These difficulties can be overcome by requiring that ne,(r) follows the solution

of Equation (5.10) until it reaches zero at some radius ro, after which neq = 0. This




restricted minimum enstrophy model yields a solution

gq (1) = { AT TR R (5.11)

0 o< r <1,
where (o, B,74) and ZF" are again determined from the measured ( Ny, Py, Hy), with
no other adjustable parameters. ’

This added requirement is mainly based on the experimental observation that
the meta-equilibrium columns considered here are normally confined in a core region
of the cylinder, completely isolated from the wall. Mathematically, the solution of
Equation (5.11) can be derived more rigorously by takiﬁg the following generalized

functional variation

b

(gﬁ"infﬂhwu%f—mwu—ﬁxjrum()()H—

0

[ a2t 202 (1= ) 4 ag(%n —0, (5.12)

where the d/dry term vanishes, since density neq(ro) is assumed to be zero. The
restricted minimum enstrophy solution Equation (5.11) then foliows directly from
Equation {5.12).

The meta-equilibrium potential ¢eq(r) follows from n.q and the boundary

condition @eq(r=1) =10, as

1
SRR () — Ju(pEro] + EEETOd 7 )
ée‘J(r) = -f- 2(}50 lll To 0 S r S To
20 Inr re<r<l.

Because ¢.q(7) is a monotonically increasing function of r, the functional relation
Neq(Peq) Cant be derived and compared with experimental data.
Applying neq(r) in Equation (5.11) to the Ny, and Fy integrals, o and 3 can be

expressed in terms of the scaled cut-off radius 7y = B%ry by using the mathematical
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identities listed in Appendix D,

. g ~2 2'-‘aCll)“l(""‘:O) -
alfo) = ST Byt 0~ Ta(70) (5:14)
L , Hadi(io)

The.scaled cut-off radius 7y can be solved numerically from the energy in-
tegral of the equilibrium profile. Using the solutions for the equilibrium density
and potential, the energy can be expressed as a function of Py and fo, Fu(Fs, 7o)
Parameter 7, will have to satisfy Fy(Ps,#0) = Hs. It turns out that function
Fy( Py, 7o) — H¢. depends explicitly enly on the scaled cut-off radius s and the excess
energy, H = Hy — HP™, with

1 In2(l—Fy)

H"W=-— ——" 5.16
P4 2 (5.16)

being the minimum energy possible for a column with fixed Ny, and Fy, which occurs

for a uniform density profile. Analytically, this dependence can be expressed as
Fu(Py, 7o) — Hy = G(#o) — H3*, (5.17)

where G(#p) 1s a universal function of 7y without parameters.

Figure 5.1 shows a typical solution for H3* =1 x 1072, with #p =~ 2.87 in the
region 0 <7y <11 (J11 = 3.8317 is the first root of Jy, corresponding also to the
minimum of Jp), within which the first zero of Jy lies. The second root is discarded
since it permits negative density, and thus is not physical. From Figure 5.1, it is
clear that in order to derive a self-consistent analytical solution, H{* must satisfy a
prerequisite,

8

6
He"°< ——+-1n1-— . 5.18
5‘11 2 ( .?11) ( )

Furthermore, the sufficient condition

i

P> (5.19)
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Figure 5.1: Solving for parameters in the restricted minimum enstrophy model.
Analytical function Fy — H, is plotted versus 7y, with one root being found between
0 and 711.

ensures that the cut-off radius rg < 1, 1.e., within the boundary wall. Of course, when
Equation (5.18) is not satisfied, the restricted minimum enstrophy state still exists
— it simply no longer occurs as a local extremum for the multi-dimensional variation
Equation (5.7), and must be solved through more advanced numerical means [24].
Furthermore, preliminary calculation suggests that near the upper excess energy
limit in Equation (5.18), a bifurcation of solution may occur, resulting in an off-axis
state with slightly lower enstrophy [88].

At the upper excess energy limit,
_ 2
1 -8/t

and the density profile is an up-shified Bessel function. When the excess energy

(1 _Pﬂ)]%,

To = |
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sabisfies
5 1.3
exc — Jexc —_ e -, ""-2{]
H HEy 5 2ln_2_ (5.20)

the equilibrium density profile becomes a parabola,

Mo Iy 0gr <
Neg(r) =4 770 g .
0 rp<r <1 )

with ro = [3(1 — Py)]? and Z&n =2/ ([97(1 — By)].
For H* < HSE, o and B are both negative, Equation (5.11) becomes (see
Appendix D)
olLo(|l3r) ~ Lo(|BEro)] 0 <7 <o
neq(?“)={0 : ro<r<l,
where Iy is the zeroth order modified Bessel function. As H$* — 0, the minimﬁm
enstrophy state approaches the uniform density column of radius ro = [2(1 — Pg)]j?“,
with Z3" = 1/ [4x(1 — Fp)].

Generally speaking, the minimum enstrophy value ZP® depends both on P
and Hy; under this restricted model, however, ZI"" can be rescaled so that the scaled
minimum enstrophy Zéni“ = 4n(1 — P;)ZF" is only a function of the excess energy
Hgx<. Here, the factor 47 is chosen so that a uniform column would have Zmin = 1,

When the analytical solution exists, this dependence can be seen from the equation

(75 — 8)Ja(fo) + 2701 (7o)
AW J x
FaJa(fa)

{Fa[2J8(F0) + JE(P0)] — 4Ja(Fo)1(Po)} (5.21)

Zyn(R) = |

where 7 is in turn determined by HZ* alone. In Section 5.3, this single-variable
dependence for the scaled minimum enstrophy is examined in detail from the exper-

imental data.
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t Nmax f\'r}_, _Pg HG“ Zg Zg Z4 S
20us | +4.1% +1.2%  +1.5% +3.4% +22% +45% +68% -0.082
5ms | 3.05 x 108 1.77 x 10° 0.861 0.896 0.510 0.396 0.373 0.087
50ms | -1.0% -0.1% 03% -1.0% -1.8% -3.3% -48% 0.104

Table 5.1: Measured ideal 2D invariants at various times. Values at 5 ms are
absolute; other values (except for §) are expressed as % changes from ¢ =5 ms.

5.3 Measurements of Meta-Equilibrium State

The long-lasting meta-equilibrium state resulting from the relaxation of 2D
turbulence has been described briefly in Chapter 4, where the main topic was the
dynamical process of the relaxation. In this section, I discuss the meta-equilibrium
state in detail, and make quantitative comparisons with the theoretical predictions.
Since the meta-equilibrium state is essentially stationary for over 10* bulk rotations,
one only needs to consider its properties at a particular time after equilibration.
Here, 1 take measurements at ¢ = 5 ms for the { =1 sequence to characterize the
meta-equilibrium, and at ¢+ = 50 ms to verify that the meta-equilibrium is indeed

stationary. The measurements at t =20 ps characterize the initial condition.

5.3.1 Changes of Ideal 2D Invariants

I first consider the variations in the ideal 2D invariants between the initial and
meta-equilibrium state. The evolution dominated by the [ =1 instability, discussed
in Chapter 4, is used as an example. Radial density profiles of the initial and meta-
equilibrium state are plotted in Figure 5.2 as cross and square symbols. The large-
scale convective transport caused by the turbulent E x B drift dynamics is apparent.

Table 5.1 lists the ideal 2D invariants defined in Section 3.2, as calculated
from the measured density profiles at ¢ =20 us, 5ms and 50 ms. For normalizations, .

the characteristic density no and potential ¢y are calculated using the measured Ny,

at ¢ =5 ms. Between t =20 us and ¢ =5 ms, Np, Py, and H, drop by 4% or less,
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probably due to systemétic errors such as changes in column end shape. In addition,
the peak density nmay, which is a local ideal invariant, experiences a 4% drop after
being transported from r =~ 0.4 to the column cénter. In contrast, Z,, Z3, and Z4
fall by more than 20%, and S increases by more than a factor of 2 while changing
its sign from negative to positive. Note that since the entropy 5 has a logarithmic
density dependence, its numerical value can be offset by an arbitrary constant, so
its percentage change is meaningless. These results confirm that the experimental
system is 2D-like and that the main dissipation in these columns occurs at fine scales,
and is quite weak. Furthermore, all the ideal invariants (except S) remain essentially
constant between ¢ =5 ms and 50 ms, providi_ng added evidence for the longevity
of the meta-equilibrium state in this system. The increase in § is mainly caused
by the slight change of density profile near the column edge, where the logarithmic
integrand contributes the most to the integral.

These integrals are calculated from the radial profiles of the mean density
<n(r,t) >, so they do not include corrections due to shot-to-shot fluctuations. How-
ever, this does not cause any significant changes to the ideal invariants of the initial
and meta-equilibrium states listed in Table 5.1. At ¢t = 20 us, the perturbation is
dominated by a single unstable { = 1 diocotron mode varying as 719 () exp(i6),
where n("(r) > /2 <#(r)>ms is the mode eigenfunction. By carrying out the
2D r-0 integrals, it can be shown that the calculated Ny and Fy do not change, since
they depend linearly on density. Z, and S change by insignificant amounts: for
example, the enstfophy Zy 1s increased by

rfdr r["—< ﬁ(;)0>_ms]2 ,
which is less than 1% for the given initial condition. The electrostatic energy Hy is
decreased by the negative energy of the diocotron mode, which is calculated to be less

than 0.5% of the energy of the axisymmetric profile for <#(r) >ms / <n(r) >~ 5%
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Figure 5.2: Measured radial density profiles of the initial and meta-equilibrium
state, and theoretical predictions from the 4 models discussed.
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by using the formula of Briggs ef al. {9]. Finally, the peak density nmax (at r =
Tmax) does not deviate much from the true value, for the reason that the measured
fluctuation level is small at ryay (see Figure 4.3).

The measured fluctuations of the meta-equilibrium state are shown to be
caused by the shot-to-shot variations in the axisymmetric radial density profile,
as discussed in detail later in this section. Following the same kind of reasoning,
one can show that the ideal invariants of the meta-equilibrium state lhisted in Ta-
ble 5.1 are essentially unaffected by the profile variations, since the changes go like

[<f>ms / <n>]* and the measured variation level is quite small (~ 2%). Take

enstrophy Z, as an example; for shot i,

Bl = D=2 = 2“/"’”*‘[<n(r)>][ﬁ"(:)]'+rfdrr[ﬁif:)}z

Tlg T

fe

w/dr '."[%]2 . . (5.22)

where it is assumed that the varying component 7;(r) (for shot i) is not correlated
to the mean density < n(r) > over radius, so that the first integral vanishes. The
enstrophy difference therefore represents the integrated square density deviation be-
tween the two distributions. Note that the result expressed in Equation (5.22) can
be applied to any two radial profiles provided that their differences are randomly
distributed in radius. Fundamentally, the conclusions based on Table 5.1 are solid
for the reason that many other initial and meta-equilibrium states display essentially

the same changes even when the initial asymmetries are quite small.

5.3.2 Meta-Equilibrium Radial Profiles

The detailed meta-equilibrium density profile < n(r) > is of special interest,
since the various theories discussed earlier give definitive predictions that can be
compared with the experimental data. Figure 5.2 shows the measured initial and

meta-equilibrium radial density profiles compared to the four theoretical models.
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Figure 5.3: Meta-equilibrium density versus potential, and theoretical predictions
from the 4 models discussed.
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Here, the model profiles are calculated using the robust invariants obtained from
the measured < n(r)>, with no adjustable parameters. The point vortex maximum
entropy and continuous fluid maximum entropy predictions are plotted as long and
short dashed curves respectively. These two profiles are both relatively flat near
the column center, apparently due to the assumption of thorough ergodic mixing of
the fluid elements. These profiles deviate significantly from the experimental data.
The global minimum enstrophy prediction is plotted as the dot-dashed curve. This
profile shows reasonable agreement with the data inside the column, but fails by going
negative near the wall, where the measured density is essentially zero. Finally, the
prediction from the restricted minimum enstrophy mode} is shown as the solid curve.
This profile shows close overall agreement with the experimentally measured meta-
equilibrium density data, typically within 5% for all radii. Note that the predicted
central density and cut-off radius both agree closely with the experimental data, even
though they are only determined by the integral invariants of (Ny, Py, Hy).

A one-to-one correspondence exists between the theoretically predicted den-
sity n.q and potential geq, even though analytically, the relation is not generally
explicit. Figure 5.3 shows the comparison of the measured n—¢ dependence with the
predictions of the four theoretical models. Here a.ga;.in, the data is best described
by the restricted minimum enstrophy model, as expected from the < n(r) > com-
parisons. Note that n—¢ relation from the restricted minimum enstrophy vortex is
approximately linear (solid curve). This is because parameter 3 for this column is
quite small, making {;he 7% contribution in Equation (5.13) negligible compared to
the Jo{B3r) term.

[ have experimentally measured the relaxed meta-equilibrium states resulting
from initially hollow columns of various diameters, “holiowness” depths, and axial

lengths in various magnetic fields. For example, two such meta-equilibrium states are
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shown in Figure 5.4: Frame (2) is near the point where 8 = 0 with a parabolic density
profile; Frame (b) is for the case of H3* near its upper limit in Equation (5.18).
Both curves show excellent agreement with the experimental data, typifying the
correspondence between the measured meta-equilibrium columns and the restricted
minimum enstrophy vortices.

The measured meta-equilibrium profiles give scaled enstrophy Z, versus H e
plotted as circles in Figure 5.5. The functional dependence from the restricted min-
imum enstrophy model is shown as the solid curve, with the vertical dashed line
being the H{* limit expressed in Equation (5.18). Here, the specific evolution of
Figure 5.2 is shown as the solid symbols: the scaled enstrophy varies from Z, = 1.084
at t =20 us to Z; = 0.892 at t =5ms, with the restricted minimum enstrophy predic-
tion being 2;““ = 0.890. For comparison, the point vortex maximum entropy profile
would have Z; = 0.900, deviating from the data four times more than the restricted
minimum enstrophy profile of Equation (5.11). Similarly, the measured enstrophy
of the meta-equilibrium state is close to the prediction of the restricted minimum
~ enstrophy theory for each initial conditions, typically within 1-2% of the enstrophy
available for dissipation for each given (N, Ps, Hy). This reflects the fact that the
measured < n(r) > profiles generally agree well with Equation (5.11), comparable or
better than the profile shown in Figure 5.2. In addition, as shown in Figure 5.5, the
experimentally measured Zs appears to be continuous across the theoretical upper
limit of H§*. As H* further decreases, Zmin rises again, with 2?“(11’3“ =0)=1.

These experimental evidences strongly support the selective decay hypoth-
esis. Of course, only a limited region of parameter space has been explored and
compared to theory. Nonetheless, the experiments clearly show that selective decay
has predictive validity for these types of initial conditions.

Some other unstable initial conditions, such as 2 merging vortices [32, 60],
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Figure 5.4: Radial profiles of two meta-equilibrium states near the limits. (a)
Column having H§* near § = 0; (b) column having HZ*® near the upper limit.
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energy H5*, from measurements (circles) and from the restricted minimum enstrophy
model (curve}.

have H3* a lot higher than the range specified by Equation (5.18), and result in
measured meta-equilibrium profiles not describable by Equation (5.11). Further
theoretical work is needed to understand the general minimum enstrophy states, and

further experiments are necessary to establish under what circumstances unstable

mitial conditions do relax to these states.

5.3.3 Shot-to-Shot Variations of the Profiles

The measured meta-equilibrium states exhibit higher shot-to-shot fluctuation
levels than their initial states, as shown in Figure 5.6(a). This data applies to the

evolution of Figure 5.2 (the I =1 sequence). The variation level at t =5ms (~ 1.6%
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at 7 = 0} is typically 3-5 times greater than that of the initial state. Note that the
initial shot-to-shot variation level must be measured using the phase-locked ensemble
described in Section 3.4. The cause of this noise “amplification” is probably the
instability processes resulting in the onset of turbulence, where two very close initial
conditions deviate exponentially in time as the turbulence develops.

The spatial structure of these fluctuations can be investigated by measuring
correlation functions. Consider the spatial correlations between a fixed collector (CO,
C2, C27) and the radially scanning mobile collector Cr, as described in Section 2.2.
Figure 5.6(b) shows Cy.(r) at ¢ = 5 ms to be highly axisymmetric, with a radial
correlation length of about 0.5 cm. Figure 5.6(c) shows Cp.(r) and C3-,(r) to have
essentially identical axisymmetric shapes even though the fixed collectors C2 and C2~
are azimuthally separated by 90°. It is clear that there are essentially no angular
variations left after the column relaxes to the meta-equilibrium state, 1.e., two-point
correlations between collectors at r = 0.36 (such as C2, C27) are all above 90%,
indicating that any remaining #-variations and instrumental noise are less than 0.2%
of the mean density at that radius. The measured fluctuations simply reflect the shot-
to-shot variations of the meta-equilibrium radial profiles. Alternatively speaking, the
data demonstrate that each particular column relaxes to a stationary axisymmetric
profile, but their profiles varying slightly (~ 2%) from one shot to another. This then
appears as shot-to-shot “noise”, and persists until 3D processes cause the profiles to

decay (see Figure 4.2).

5.3.4  Significance of the Experimental Results

The maximum entropy models fail apparently because during the evolution,
there are regions which are not thoroughly mixed with the rest of the column. For

example, the region of peak density npay, 1s evidently unmixed as it 1s transported,

as shown in Table 5.1. Once the monotonically decreasing mean density profile is
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<R(r,t)> e /<n(0,5ms)>

Cor(r)

Czr (I') s CZ"r (I‘)

Figure 5.6: Shot-to-shot variations of the meta-equilibrium radial profiles at
t = 5ms. (a)Variation level measured on Cr versus r, compared to that of the
initial state (f = 20 us); (b)correlation function Co,(r), with the dashed line be-
ing the location of CO; {c)correlation function Cq.(r) (circles) and Cy--(r) (pluses),
where C2 and C2~ are separated by 90° azimuthally.
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established, the large-scale density rearrangement is greatly diminished, since there
are no further global instabilities. As a result, the system does not equilibrate to the
most probable state.

It is tempting to suggest that these experiments may model the emergence of
coherent vortices in a region of non-zero circulation within a larger field of decaying
2D turbulence [56, 43, 3, 7]. In this case, the internal shape of the emerging vor-
tices may be determined by the local conserved integrals through selective decay. Of
course, the cylindrical walls give complete isolation of the columns considered here,
whereas in a turbulent flow other regions can perturb any given vortex, with merger
of like-signed vortices being perhaps the most extreme example of the external per-

turbation.

5.4 Decay of Meta-Equilibrium State

The meta-equilibrium state lasts more than 10! column rotations, or about
100 ms, as shown in Figure 4.2. It then decays due to non-ideal 2D E x B or 3D
processes, such as “viscous” microscopic particle transport and external asymmetry
induced anomalous transport [22, 25]. On this ioﬁger time scale, the radial profile
changes slowly, characterized by the broadening of the column radius (F; and Hy
both decrease), and the decline of the central density [16]. Eventually, the column

. touches the cylinder wall, and electrons are lost.

Another point of view of this process can be seen through the evolution of the
correlation functions of the shot-to-shot variations. Figure 5.7 shows the long-term
evolution of function Cy.(r). Between t =5ms and 10ms, there is little change in the
profile of Co,(r}, reflecting the longevity of the meta-equilibrium state. By ¢ =0.55,
the first zero of the correlation function (radial correlation length) has increased, as

the measured variation level decreases by a factor of two (Figure 4.2). At t =25,




————
_h(&) t=10ms

Figure 5.7: Long-term changes of the correlation function Cy.(r,t) showing the
decay of the meta-equilibrium state. (a)Co.(r,10ms); (b)Co,(r,0.55); (¢)Co-(r,2s).
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the central density has dropped by about 20%, and the radial corrclation length is
about twice as large as that of the meta-equilibrium state. This observation suggests
that the effect of these non-ideal “viscous™ processes acts preferrentially on the small
spatial scales: relatively short wavelength “ripples” are smoothed out first, leaving

out the longer ones, which eventually vanish together with the whole column.




Appendix A

Calibration of Collector Effective
Cross Sections

In this appendix, 1 describe the calibration procedure for the effective collec-
tor cross sections as briefly mentioned in Section 2.2. The problem arises because
the endplate and the mobile collector both ha,vé certain thickness, and therefore are
susceptible to the collimator hole loss/mobile collector gain effect as first discussed
by Fine [27].

When a column is dumped, electrons must first go through collimator holes
on the encfpla.te (thickness=0.318 cm) in order to be collected by the fixed collectors;
since the electrons are executing gyromotion as they pass through the collimator
holes, some of the electrons that should have been collected if the endplate were
infinitely thin, are lost io the endplate. Consequently, the effective cross section of
the fixed collectors are smaller than the area of the collimator holes. Similarly, the
effective cross section of the mobile collector (thickness ~ 0.30 ¢m) is larger than the
area of its facing surface.

Let’s estimate the number of gyro-orbits an electron executes while it passes
through a collimator hole. The parallel kinetic energy of the electron at the end-
plate is about 100 eV due to the +90 V bias applied to the endplate; therefore, it

takes 0.54 ns to travel through the hole. Consider B, ~ 500 G with gyrofrequency

113
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we/2% ~ 1.4 GHz; within 0.54ns, the electron makes about 3/4 of one orbit. Assum-
ing that all the electrons that come into contact with the endplate are absorbed, 75%
of the electrons in a circular strip 2R}, wide and 27 Rco long are lost [27), where R, is
the electron gyroradius and Rgp is the radius of the collimator holes. Consequently,

the effective collector cross section is approximately

4R
Aco 2 TR%,(1 — 0.75 x R—ci) . (A.1)

Analogously, the effect cross section of the mobile collector Cr is increased, and

estimated to be
4Ry

Ace ~ TR {1 +0.70 x R_m) : (A.2)

Experimentally, I only assume that the effective cross section of the fixed

collectors and that of the mobile collector follow the relation

ACQ - ’.’TR%O Rco
~ — . A.
Ag, — mRL, Re, (A.3)

In other words, the orbit fractions for C0 and Cr, which are 0.75 and 0.70 respectively
from the theoretical estimates, are assumed to be approximately equal, and are
determined from the calibration measurements.

Stable columns with highly reproducible flat radial profiles are trapped and
then dumped. First, I measure the charge {Jq collected on the central fixed collector
C0. Next, the mobile collector Cr is placed at the cylinder center and the charge ¢,
it collects is then obtained. Since the two collectors are measuring the same physical

density, the ratio of (J¢ and @}, must satisfy

0 A- 4
%:A—‘;. (A.4)

From Equations (A.3} and (A.4), the effective collector cross sections Agp and Acy

can be solved.
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Normally, for columns with electron perpendicular temperature T} ~ 1 eV,
the experimentally determined orbit fraction is aboul unity, resulting in corrections
to the cross sections to be < 10%. As an independent veriﬂca,tion‘on this calibration
procedure, one can check the agreement between the number of electrons per unit
length Ny measured at the axial midpoint of a column, and that calculated from the
integral [ d*xn(x). Typically, the agreement is better than 5%, which is approxi-
mately the accuracy of the absolute density measurement. In the main text of this

thesis, these two definitions of Ny are used interchangeably.




Appendix B

Linear Decomposition of 2D
Incompressible Flows

In general, the kinematics of a 2D} incompressible flow can be linearly de-
composed into two parts: one that induces vorticity, called the pure rotational com-
ponent, and the other that causes kinematic distortion, called the pure straining
component.

Let’s assume that one is in the reference frame (z',y’) where the fluid is sta-

tionary at the origin O. In this frame, the 2D velocity field v(z’,y’) can be written as
v(z'y') =2 x V'¥(2',y), (B.1)

where W is the 2D stream function. If the velocity of this flow is regular (differen-
tiable) near the origin and is slow-varying spatially, ¥(z',y') can be approximated

by its Taylor expansion around point O,
U(z',y") o~ arz™ + ogy™ + az2’y’ (B.2)

where ¥(0,0) is set to zero, and the linear terms vanish because the fluid is stationary
at the origin. Parameters (a;,as, a3) are the Taylor coeflicients associated with the
second derivatives of ¥, i.e., the first derivatives of v(z’, y').

(Generally speaking, upon a proper rotation of the orientation of the Cartesian
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Figure B.1: 2D flow patterns near a fixed origin. Case (a)-(e) are discussed in the
text.
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coordinates from {z’,y’) to (z.y). ¥ can be rewritten as,

T Vs
V(2. y) = ¥z, y) = o (z* +47) - S (7 = 7). (B.3)

where the v, term is the pure rotational component and the ~, term is the pure
straining component. The coefficients 4, and ~; are
7 = (a1 + az)

(B.4)
Vs = \/(0'1 - ag)?+a3.

For a 2D incompressible flow, at each instant, contours of the strean function
also describe its flow pattern at that time, with the velocity vector determined ac-

cording to Equation (B.1). Shown in Figure B.1 are the contours of stream function

W22, y) for various values of 4, and #,:

(a) ¥ =1, 4, = 0, pure rotation, circular closed flow;

(b) v =1, 9s = 1/2, mixed rotation and strain, elliptical closed flow;

{c) ¥ =1, v, =1, equal rotation and strain, simple shearing open flow;

(d) v =1/2, 45 = 1, mixed rotation and strain, asymmetric hyperbolic open flow;
{e) v =0, 4, = 1, pure strain, symmetric hyperbolic open flow.

Note that 2+, is simply the local vorticity ¢ at the origin.
As an example, this decomposition can be applied to a shearing rotational
flow v = w(r) 0. Let's consider the relative velocity vz near a point r = ro in the

rotating frame with angular velocity wo = w(rp),
vr = [w(r) —wo|r8. | (B.5)

By choosing a Cartesian coordinate system (z,y} centered at vy with z-axis in the

8 direction, i.e., the direction of the rotational flow, one can express the relative
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stream function Ug(z,y) as
Voo TR = yay?, (B.6)

indicating that the relative 2D flow is a simple shear, with +, = v; = yr . Here, the

shear-induced vorticity is

d
2vp = rg(—;i o (B.7)

Consequently, for monotonically decreasing w(r) profiles, vorticity 2+g 1s normally

negative.




Appendix C

Motion of Two Unbounded Point
Vortices

In this appendix, I review the motion of two point vortices in 2D fluid open
domains. This is an idealized description for two finite size vortices that are relatively
well separated so that their shapes are approximately circular, and for cases where
these vortices are far away from the boundary within which they are confined.

Under the point vortex idcalization, only the total circulation I'y and I';
{for vortex 1 and 2 respectively) enter the dynamics. Let r; and r; be the vector
coordinates of vortex 1 and 2, one can then define the position of the center of

circulation
_Iiry + Doy

= , C.1
=TT, (C.1)

with the relative displacement vector being r, =r; — ry.

From point vortex kinematics, motion of the two unbounded vortices is de-

termined by
-d-l-.—l- = L ZXT
dt ~  2x;r,|? i
(C.2)
@ = -!-—F1 ZXT
dt ~  2xlr.|? T
Therefore, the equations for rp and r, are
d[‘[‘ dl‘,- I’, 4+ F2 "
— =1 = s .
a8 TG 2T (C.3)




Figure C.1: Motion of two unbounded point vortices. Case (a)-(e) are discussed
in the text.

Under this description, the relative distance |r.| is obviously a constant, and the two
vortices undergo rotational motion around the stationary center of circulation with

angular velocity
I+ Ty

wr= 27|, |2

(C.4)

As shown in illustration Figure C.1, the motion of two unbounded point

vortices described by Equation (C.3)} can be classified into the following five cases:
(a) 'y > 0, T'; > 0, rotation in the counterclockwise direction, 180° out of phase;
(b) Ty < 0, 'y < 0, rotation in the clockwise direction, 180° out of phase;

(¢) 1 >0, T2 <0, and |Ty| > [T'y], rotation in the counterclockwise direction, in

phase;



(d) Ty <0, T3 >0, and |I'1] > |T2|, rotation in the clockwise direction, in phase;
(e) Ty >0, T, <0, and |I'y| = |1}, translation in the (2 x I;) direction.

Since there exists a direct analogy between 2D fluid and E x B drift dynamics,
motion of two unbounded, magnetized electron columns can also be approximately

described by Equation (C.3), with I' = 4wecNi/B..



Appendix D

Useful Mathematical Identities
Involving Bessel Functions

Some useful mathematical identities involving Bessel functions are listed in
this appendix, which are mainly used in Chapter 5 to calculate minimum enstrophy
vortices.

Let J(2) and In(z) be the mth order ordinary and modified Bessel function
(first kind) respectively, where the index m = 0,%£1,%2,...; the following equa-

tions are mathematically correct [1]:

(a) relation between J,, and I,
In(z) = ()" Im(22) ; (D.1)

(b) power series expansion

3 Zom 00 (_l)kZEk '
Jml2) = (2) g4kk!(m+ k)’ (D-2)
(c) integral representation
In(z) = (‘;)' / " 49 cos(m8) expliz cos ) ; (D.3)
0
(d) recurrence relations
dJ,(2) m
22 = ()4 T (2), (D.4)
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dJn(z .
dz( ) — Jm—l(z) - ?Jm(z)}
in particular,
dJy
P

(e) general definite integrals (for m > 0)

fo 4 (VI (2) = 2m(z),

[ 42 &) () = 2T n(2),

in particular,

zdz'z'Jg(z') = zJi(z),
a2 () = 1= Jol2);

(f) special definite integrals

/zdz’z’3J0(z’) = PI(z) - 2:20a(2)
]

joz dz' 2/ JY) = '22—2[.}3(2) + J3(2)].

All the definite integrals can be proven by using the recurrence relations.

(D.7)

(D.8)

(D.9)

(D.10)

(D.11)

(D.12)

In addition to the identities listed above, numerical values of the roots of

ordinary Bessel functions are also often used. The real roots of Jo(z) are
j0‘1 = 2.4048 j'.()‘g = 55201 j0‘3 = 8653? ey
and for J;(z), the nontrivial roots are

jl,] —_ 3.8317 j]'g - 70156 j1'3 = 10173

Since dJo{z)/dz = —J1(z), the roots of Ji(z) also correspond to the extremum points

of function Jo(z).




Appendix E

Symbols and Notations

This appendix compiles lists of commonly used symbols and notations in this

and other related works [60). Whenever necessary, definition of a symbol or equation

number where it is first introduced is given. All equations are in the cgs convention;

in addition, as described in Chapter 3, notation <> represents the ensemble-average,

and variables with ~ sign on top are the fluctuating components.

BetWn xmx IFae F 1

T;TilaTJ.

n(r, 6)

| v(r,6) .

wHerrk* Fundamental Quantities **iotrsksck

3.048cm

Electron charge

Electron mass

Speed of light in vacuum
Boltzmann constant

Cylinder wall radius

Evolution hold time

Spatial coordinate vector
Wavenumber vector

Normalized cylindrical coordinate
Background axial rﬁagnetic field
Electrostatic space charge potential
Electric field

Electron temperature, parallel and perpendicular
to the magnetic field

z-averaged (2D) electron density
Fluid perpendicular (2D) velocity
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KRAKKKHF KKK Times and Frequencies ok st o ok ok K

eB,/(m.c)

TL/(2L,)
varnel/m,
Eq. (3.11)
Eq. (2.3)

Eq. (4.8)

ok ok ok ke sk o ko ok Lengths

3.2cm—113cm

e fwe

VT [dane?

0.5cm—2.5¢cm
3cm—110cm
0.10cm, 0.20cm

~ 7R
EE RS £ T

Eq. (3.17)

r\";‘d_rl'-"v /Cv

alb

Electron gyrofrequency

Average electron axial bounce frequency

Electron plasma frequency

Guiding-center E x B drift angular velocity
Electron column lifetime

Electron-electron particle collision time
e-folding decay time of density fluctuations
Fluctuation decay rate

Global fluctuation decay rate

Passive tracer fluctuation decay rate
Rk kA A A K

Confinement cylinder length
Average electron gyroradius

Debye length

Electron column radius
Electron column axial length
Radius of charge collectors

Calibrated cross section of charge collectors

Dimensionless Quantitieg **r¥xikice

Collector coarse-graining attenuation factor
Skewness of the density fluctuations

Kurtosis of the density fluctuations

Normatized zero-time correlation function of the
density fluctuations between collector Ci and Cj

Scaled shear rate of background rotation

Aspect ratio of equilibrated elliptical vortices



ok o ok oo K o

s sk e ok ok ok o sk ok Integrals

R [d*rn Number of electrons per unit length

NiL, Total number of electrons

B.R! , : .
EQ—E]dzr(l—rz)n Magnetic angular momentum per unit length
c

eBzRﬁ,{VL_
2c
eR ., . .
—T‘“ f d'ron Electrostatic energy per unit length

Ps/(

) Dimensionless angular momentum

He/(e2N}) Dimensionless energy

[2 —1n2(1-F)]/2  Minimum energy for constant Ny and P
Hy— HP® Excess energy

mth moment of density, m = 2,3.4,...

Dimensionless mth moment of density

Zs Dimensionless enstrophy

sepexekiek 9T) Fluid Dynamics Quantities ks

P, Eq.(3.2) Fluid pressure field
pm  Eq. (3.2) Fluid specific mass
Vm Eq. (3.2) Kinematic molecular viscosity
U(r,8) Eq.(3.3) 2D stream function
((r,8) Eq.(3.3) 2D scalar vorticity
r fd*x ¢ Circulation per unit mass
A, L fdx(1-]x*) Angular impulse per unit mass |
£ sJéx|v]? Kinetic energy per unit mass
Q s fd?x (? Enstrophy
frkprrrrir Miscellaneous F*FREFOREE
l Azimuthal mode number
p(n') Density probability distribution function (PDF)
V. ~ 150V Electric confinement voltage (generally on con-

finement gates)
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