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Abstract of the Dissertation

Rotational Pumping Transport in Magnetized,

Non-Neutral Plasmas
by

Steven Mark Crooks
Doctor of Philosophy in Physics

University of California, San Diego, 1995
Professor Thomas M. O’Neil, Chairman

Rotational pumping causes cross-field transport in non-neutral plasmas when

_the end confinement potentials are non-axisymmetric. Because the Debye length is
small the asymmetries are screened out within the plasma, but cause the end shape of
the plasma to distort. The basic idea can be understood by considering a single flux
tube of plasma. As the flux undergoes E x B drift rotation about the center of the
column, the length of the tube oscillates about some mean value, and this produces
a corresponding oscillation in 7). In turn, the collisional relaxation of T}, toward
T, produces a slow dissipation of electrostatic energy into heat and a consequent
radial expansion of the plasma. Formally, the transport is calculated by solving the
drift-kinetic Boltzmann equation in the limit where the axial bounce frequency of a
thermal particle is large compared to its E x B drift rotation frequency and in the

limit where bounce-rotation resonances are the dominate effect.

The transport is applied to three problems. When the asymmetry is produced

by displacing the plasma column off-axis, that is by creating an m = 1 diocotron

Xiv




mode, conservation of total canonical angular momentum is used to relate rotational

pumping transport to a damping rate. The predicted damping rate is in good agree-

ment with the experimental observations of Cluggish and Driscoll. Next, the theory
is generalized to include time-dependent confinement potentials. When the poten-
tials take the form of an asymmetry that rotates more rapidly than the plasma, the
particle flux is directed radially inward and the plasma is compressed. Finally, trans-

port for a non-neutral plasma confined in a toroidal magnetic field is calculated. In

this geometry, the transport can be understood by considering a toroidal flux tube of
plasma that undergoes a poloidal E x B drift. As the flux tube drifts, its length os-
cillates. Since the toroidal action I = (27)~! § di my is a good adiabatic invariant,
T} oscillates. Also, the magnetic field is non-uniform in this geometry, and conser-
vation of the adiabatic invariant ¢ = muv,%/2B implies that T, oscillates. These
oscillations have different magnitudes and the collisional relaxation of T} toward 7'y
produces a slow dissipation of electrostatic energy into heat and a corresponding

cross-field transport of the plasma.
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Chapter 1

General Introduction

This thesis discusses a new transport theory for non-neutral plasmas. By
analogy with magnetic pumping the transport mechanism is called rotational pump-
ing. The theory is applied to three problems of current interest: in Chapter 2 the
theory is used to explain the observed damping of the m = 1 diocotron mode[1}, in
Chapter 3 inward transport due to a rotating asymmetry i1s described and in Chapter
4 rotational pumping transport is calculated for a plasma confined in toroidal geom-
etry. These chapters are presented as free standing papers. This chapter contains

an overview of rotational pumping transport and its applications.

1.1 Overview of Rotational Pumping Transport

In typical experiments the plasma is confined in a Penning trap as shown in
Figure 1.1. A conducting cylinder is divided axially into three sections, the two end
sections being held at a negative (positive) potential relative to the central section.
There is a uniform magnetic field directed along the axis of the cylinder. The electron
(ion) plasma resides in the céntra,l section with axial confinement provided by the end
sections and radial confinement by the magnetic field. The Larmor radius is typically
small so the cross-field motion may be described by E x B drift dynamics([2, 3].

The most important concepts necessary for understanding transport in these




plasmas are angular momentum and torque. The canonical angular momentum of a
single particle is

Pg = mugr + SAa(T‘)?‘ . (L)

where vy is the § component of the particle’s velocity, r is the radial position of the
particle, and e carries a sign. For a uniform magnetic field the § component of the
vector potential is Ag(r) = Br/2. In guiding center theory, the mechanical part
of the angular momentum is negligible compared to the angular momentum in the
field[4] and Eq. (1.1) may be rewritten as

eB ,

:—é:;r.

Py (1.2)

Torques acting on an individual particle cause its angular momentum and radial
position to change.

The total canonical angular momentum of the plasma is

N B eB
Po=3 S = 2N, - (13

i=t
where (r?) is the mean square radius of the plasma. Internal torques cause a rear-
rangement of the plasma which conserves P and (r?). External torques cause radial
particle transport which does not conserve angular momentum and results in a net
expansion of the plasma column. At high neutral pressures the dominant exter-
nal torquer arises from neutrals which act as stationary scattering centers in the lab
frame[5—7]. At lower neutral pressures the dominant torque is believed to be due to
azimuthal asymmetries in the confining fields[5,7]. In this thesis the transport due
to asymmetries in the end confinement potentials is calculated.
Within the plasma, the end confinement potentials fall of exponentially on

the scale of a Debye length[8]. When the Debye length is small the non-axisymmetric

end confinement potentials have the effect of changing the shape of the plasma. This

is an important starting point in the theoretical development. The shape of the




plasma is assumed to be known and is expressed in terms of the length of the plasma

parallel to the magnetic field
L = Lo(r) + 6L(r,0) (1.4)

as shown in Fig. 1.2. Here (r,0) is a cylindrical coordinate system centered on an
axis through the center of charge. The length may be estimated by considering the
shape of the vacuum equipotential contours [9] or may be calculated numerically
with a 3-D equilibrium Poisson solver [1].

Since the Debye length is small the plasma particles are assumed to reflect

specularly off each end of the plasma. When a particle reflects off a non-axisymmetric

surface it experiences a force in the # direction which causes its canonical angular

momentum py = 22—‘5-7‘2 and radial position to change. This is the fundamental process
underlying rotational pumping transport. The transport is calculated in two limits:
when the bounce frequency for a thermal particle is much larger than the E x B
drift rotation frequency, adiabatic transport dominates; when these two frequencies

become comparable, bounce rotation resonances increase the particle flux.

1.1.1 Adiabatic Tfansport

In the adiabatic limit a transport flux due to the end asymmetries can be
derived by consideriﬁg a single flux tube of plasma as shown in Figs. 1.3 and 1.4.
The flux tube has length L(r,d) as given by Eq. (1.4), cross section area 6A, and
contains 6 N particles. The dominant cross field motion of the flux tube is the E x B
drift vp = (¢/B)Z x V®. We assume that the azimuthal asymmetries are small and
so to lowest order the electric potential is of the form @ = ®(r). The flux tube drifts

in a circular orbit about the center of the column with the frequency

c d®

= 5 (1.5)

Wr




Setting # = wgt in Eq. (1.4) then implies that the length of the flux tube varies tem-
porally as L(r,t) = Lo(r) + §L(r,wrt). The cyclic axial compression and expansion
produces a cyclic variation in the parallel temperature, and this is coupled collision-
ally to the perpendicular temperature. The full temperature evolution is governed

by the equations

dT 2 dL
d—t” =Ty 20w (re-m) - (1.6)
and
dT
_-dtl = TVey (Tl - TII) ’ (1.7)

where v, , is the collisional equipartition rate. We have used the fact that éN
is constant in deriving these equations. The first term on the right hand side of
Eq. (1.6) describes the compressional heating (or expansion cooling) of the parallel
degrees of freedom, and the second term describes the collisional coupling to the
perpendicular degrees of freedom. The perpendicular degrees of freedom are not
directly a\f—f\ected by the change in length, so the R.H.S. of Eq. {1.7) contains only
the collisional coupling term. The factor of two difference in the collisional coupling
term for Eq. (1.7) relative to Eq. (1.6) simply reflects the fact that there are 2
perpendicular degrees of freedom and 1 parallel.

A two time scale analysis of Eqs. (1.6) and (1.7) based on the smallness of

8L/L and on the frequency ordering wg > v, yields the result

ﬂiﬂ_)_ = 8, (:{,l{l’)) (6L% + 2v, 4 ((TL) — (T“)) ) (1.8)
d(i}) = —v, ((T_L) - (Tﬂ)) , (19)

where {-) indicates an average over the fast time scale, that is over one rotation
period. In addition to the energy conserving terms, the first term on the right
hand side of Eq. (1.8) represents a secular increase in 7. Physically, this term arises

because collisions cause a small phase shift in the parallel temperature fluctuations so




that the parallel temperature and pressure are slightly larger in the compression stage

than in the expansion stage. More work is done on the plasma during compression
than is done by the plasma during expansion. The result is that the plasma in the
flux tube is heated. This effect is similar to magnetic pumping,[10] and by analogy,
we refer to it as rotational pumping.

Since the confinement potentials are time independent, the total energy in
the plasma is conserved, and the increase in thermal energy must be balanced by
a corresponding decrease in the electrostatic energy. The particle flux i1s found by

equating the increase in the thermal energy of the flux tube to local Joule heating.

That is,

ne (3) +(1) = 57T, (1.10)

where I', is the radial particle flux and n is the density. The R.H.S. of this equation

is the Joule heating per unit volume, and again we have used the fact that 6N =

CONST. Equations (1.8)-(1.10) are solved for the flux and yield

T (517
T, =4 1.11
r = Al 5T 13 (1.11)
where
2 1 g2 2
(51%) = = [ a0 5L(r,0). (1.12)
wJO

‘It is striking that I', depends on magnetic field strength only through », . In the
regime of weak magnetization (i.e., 7. >> b, where r. = 5/Q, and b = e?/mv?), this
dependence is very weak, v, ; o In(r./b). In the regime of strong magnetization (i.e.,
r. << b) v,y becomes exponentially small[l1,12] and the theory predicts that the
flux becomes exponentially small. This scaling is a unique signature of rotational
pumpiﬁg transport in the adiabatic limit. A formal solution of the Drift-Kinetic
Boltzmann equation in the adiabatic limit yields the same result found with this

simple flux tube model.




1.1.2 Resonant Particle Transport

When the bounce frequency of a thermal particle is comparable to the E x B
drift rotation frequency, bounce-rotation resonances greatly enhance the transport.
The basic idea behind resonant particle transport is easy to unde'rstand. When a
particle is reflected off the non-axisymmetric end potential it experiences a force
in the @ direction causing its angular momentum, py = 52%7'2, and radial position
to change. The magnitude and sign of the radial step depend on the particle’s
azimuthal position at the point of reflection. A resonant particle reflects at the same
8 position for many bounces and consequently takes many radial steps in the same
direction. For non-resonant particles the radial steps tend to cancel. A solution to
the drift-kinetic Boltzmann equation in the “resonant-platean” regime [13, 14] yields
the result

~ 1 Uwr)® [ (wr)? 1\ 1L T
F”“l(; QM(mJB)E‘ eXP[ 2 D 12 —edd/or (113)

(mJB)z

where wp = 7-1/T/m is the bounce frequency for a thermal particle. Note that in
this equation we have assumed that only one end of the plasma is non-axisymmetric.
In chapter 2 both ends of the plasma are distorted and therefore in this equation
wp — 2wWg.

The quantity in parenthesis replace v, | in the adiabatic flux. One can see |
that when W > wr the resonant particle flux is negligible. The unusual scaling of
this quantity with magnetic field may be understood physically as follows. A particle
1s resonant when nwp = lwp, or expressed in terms of its velocity

Ll 1
Vres = ;;LURNE. . (114)

The exponential factor in Eq. (1.13) is just the Maxwellian distribution function
evaluated at the resonant velocity. Simply stated, the transport is proportional to

the number of particles that participate. In addition there is a coefficient that scales




as wp® ~ B~% One should expect a diffusion coefficient to scale as the square of

a step size. Here a resonant particle takes an irreversible step when it undergoes
a collision and becomes non-resonant. The number of bounces a particle makes
before undergoing a collision scales as the bounce frequency divided by the collision
frequency

wg WR H

#Bounces ~ — ~ — ~

S (1.15)

In each reflection, a particle takes a small radial step which is proportional to the

impulse required to reflect the particle and, since this is an E x B drift, inversely
proportional to the magnetic field. The impulse is proportional to the particles
momentum and therefore the radial step for each bounce scales as

Ar H 1

2 e, ~ —. 1.1
#Bounces B B? (1.16)
The irreversible step that a particle takes after a collision is
Ar 1
Ar ~ —_—_—] ~ = 1.
r ~ 7t Bounces ( #Bounces) 8 (1.17)

The square of the step size and the diffusion coefficient scale as B~° as is evident in

Eq. (1.13).
1.2 The m =1 Diocotron Mode

The first application of rotational pumping transport 1s é calculation of the
damping rate of the m = 1 diocotron mode[1,2,15—17|. One can think of this mode
as a rigid displacement of the plasma column away from the central axis of the trap.
The image charges induced in the conducting wall cause the column as a whole to
E x B drift about the central axis of the trap while the space charge field causes the

column to rotate about an axis through its center of charge.

In a frame that rotates with the mode the off-axis column is a stationary

state (an equilibrium) except for the slow evolution on the transport timescale. The

o



connection between damping and transport follows from conservation of angular

momentum. As shown in Figs. 1.5 and 1.6 D is defined as the displacement of the
' €

center of charge and rj is measured from the center of charge (R; = D 4 rj). The

canonical angular momentum from Eq. (1.3) can then be written as

eB

N
2¢

Pg":

2 1 Al 2
D+ =30 (1.18)
=1

Note that the cross term, Zﬁ-\;l 2rj - D, vanishes because D defines the center of
charge. Since the apparatus is cylindrically symmetric, Py is conserved. This implies
a relation between plasma expansion and mode damping. Differentiating Eq. (1.18)

with respect to time yields the relation

0 2. 911, _ 9,
(DY) == [N_;rj} = =), (1.19)

which can be written in terms of a particle flux as

9
ot

11,
D= ["éﬁﬁf d rrr,] D. (1.20)

The quantity in brackets is the damping rate, 4. Internal torques which conserve
angular momentum in the frame centered on the plasma cancel out in this integral.
Note that the plasma is also in a sheared field in the off-axis frame which causes its
cross section to be slightly non-circular. These distortions are negligible when D is
small.

The displaced plasma column sees non-axisymmetric end potentials and these
cause the end shape of the plasma to be non—a;xisymrnetri\c. This asymmetry is
illustrated in Fig. 1.6 and can be characterized by the length of the plasma parallel
to the magnetic field as given by Eq. (1.4). A simple analytic theory[9] suggests that
the asymmetric component of the plasma length may be approximated by §L(r,8) =
fc}—g:r sinf, where « is a numerical constant of order 2.4. For a constant density,

isothermal plasma in the the adiabatic regime, the integral expression in Eq. (1.20)




yields a damping rate

)\Dzrpz 1

(1.21)

where Ap = \/m is thé Debye length, r, is the radius of the plasma and R,
is the radius of the conducting cylinder.

Fig. 1.7 contains a plot of Cluggish and Driscoll’s experimentally measured
damping rate vs. temperature[l] along with the predicted damping rate from Eq.
(1.21) (the dashed curve). Cluggish and Driscoll have also numerically calculated the
damping rate by using an equilibrium Poisson solver to determine the length of the
plasma, and then numerically integrating the expression for the damping rate in Eq.
(1.20) with the adiabatic particle flux from Eq. (1.11). This numerically calculated
damping rate is indicated in the figures by vuum (the solid curve). The damping
rate decreases dramatically when the plasma becomes strongly magnetized (r. < b)
because v, ; becomes exponentially small in this regime[11,12]. In Fig. 1.8 the
damping rate is plotted as a function of magnetic field strength in the regime of weak
magnetization where v, | and v depend weakly on the strength of the magnetic field,
vy, 7 « ln{re/b). The close agreement between theory and experiment is convincing

evidence of rotational pumping transport.

1.3 The “Rotating Wall”

In Chapter 3 rotational pumping theory is applied to the “rotating wall”
problem. This refers to a technique of using time-dependent confinement voltages to
produce inward radial transport and compression of a non-neutral plasma[l8 — 22].
When the voltages are applied in such a way as to simulate an asymmetry that rotates
faster than the plasma the resultant torques cause inward transport. In Chapter 3
general thermodynamic arguments are used to show that the plasma is transported

inward so long as the asymmetry rotates faster than the plasma. This result can also



10

be understood in terms of a simple heuristic argument. An asymmetry that rotates
more slowly than the plasma exerts a drag on the plasma and causes F x B drifts
that are directed radially outward. An asymmetry that rotates more rapidly than
the plasma exerts a drag in the same direction that the plasma rotates and causes
F x B drifts that are directed radially inward.

Motivated by the good agreement between theory and experiment found
for the damping of the m = 1 diocotron mode, we consider the case where time-
dependent voltages are applied at one end of the plasma. An expression for the
radial particle flux can be derived easily for the case that the potential on one of the

confinement cylinders has the form
O, = V. + 6V cos[mf — wi]. (1.22)

Here V, is a constant voltage that provides confinement and the time dependent
voltage is in the form of an asymmetry rotating at frequency w/m. The calculation
is easiest if we work in a frame that rotates with the asymmetry. In this frame
the confinement potentials are static and we can use the results of the rotational
pumping calculation valid for static end asymmetries.

In the adiabatic limit the flux is

T (6L%)
—e0®'for L%

Fr =4v, yn{r) {1.23)

where @' is the potential in the frame that rotates with the asymmetry. The trans-
formation to the rotating frame gives a 1/c v x B contribution to the electric field

s0 that

(I,I
o e (1.24)

T ar  or cm

where ® is the potential in the lab frame and is related to the density through

Poisson’s equation. Using this expression the flux may be written as

T (61%)

S

Iy =4y, yn(r) (1.25)
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where we have used wg = ¢/Br 3®/dr . For a pure electron plasma with w/m > wp
the flux is negative, that is, the plasma is compressed.

The inward particle flux implied by Eq. (1.25) has a simple physical inter-
pretation in terms of conservation of energy. Rotational pumping causes the plasma

to heat. Since energy is conserved in the frame that rotates with the asymmetry,

the electrostatic energy must decrease as the plasma temperature increases. If w is

sufficiently large we see from Eq. (1.24) that the direction of the electric field is
reversed in the rotating frame. To liberate electrostatic energy, the plasma shrinks

rather than expands. A similar analysis can be used to calculate the flux due to

resonant particles.

In recent experiments pure ion plasmas have been observed to be stationary
for a period of days[21]. In these experiments the plasma is under the influence of
an applied torque due to a rotating field asymmetry and an ambient torque due
to collisions with neutrals and stationary field asymmetries. For the plasma to be
stationary, the torques must cancel. In addition the heating caused by the applied
torque must be balanced by a cooling mechanism. In chapter 3 we show that a
stable stationary plasma is possible when the background torque and cooling is due

to neutrals.

1.4 Transport in a Toroidally Confined Plasma

In chapter 4 the transport theory is modified to describe a non-neutral
plasma in a toroidal magnetic field geometry(23]. O’Neil and Smith[24] recently
showed that such a plasma can be stable if the dynamical frequencies are ordered
as Q. > wr > wg. Here, . is the cyclotron frequency, Wy is the toroidal rotation
frequency for a thermal particle ( wr replaces wp), and wg is the E x B drift rota-

tion frequency in the poloidal direction. We assume this ordering here (the adiabatic
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limit), and take g = mv,?/2B and I = (2x)"" § dl mo; = (27) " muvL(p) to be good
adiabatic invariants. Here, L(p) = 2mpis the length of a flux tube and p is the major
radius. The main difference between this calculation and the calculation in chapters
2 and 3 is that the magnetic field 1s not uniform. The field strength is given by
B = Bypo/p where B, and py are constants. Thus, as a flux tube undergoes poloidal
drift rotation {and p varies cyclically about some mean value), both the parallel and

the perpendicular temperature fluctuate. The temperature evolution is described by

a7, 2 8L

a_t” =T I+ 2v (T = 1) (1.26)
and

aT 198

@L‘ =537~ vaalle =Ty (1.27)

where v, is the equipartition rate.
In the small inverse aspect ratio limit, a two-time scale analysis is again used

to calculate the heating rate. Conservation of energy then leads to the particle flux

r, =1 —L (- 2 1.28
T_2VL'"R(T —ed®/0r \po ) ’ (1.28)

where pg is the major radius at the plasma center and r is the minor radius measured
from the plasma center. The reader may wish to refer to Fig. 4.1 in chapter 4
where these coordinates are illustrated. This simple calculation assumes that the
intersections of the E x B drift surfaces with the 78-plane are circular. A kinetic
treatment in poloidal action-angle variables yields a result which is valid for more
general plasma profiles. This transport sets an upper limit on the confinement time

of non-neutral plasmas confined in toroidal geometry.
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Figure 1.1: The Confinement Geometry
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Figure 1.2: The Length of the Plasma




Figure 1.3: Side view of flux tube.
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Figure 1.4: End view of flux tube.
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Figure 1.5: Coordinate system for the off-axis plasma (end view).
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Figure 1.6: Length of the off-axis plasma.
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Chapter 2

Rotational Pumping and

Damping of the m=1 Diocotron
Mode

2.1 Abstract

An effect which we call rotational pumping (by analogy with magnetic pump-
ing) causes a slow damping of the m = 1 diocotron mode in non-neutral plas-
mas. In a frame centered on the plasma and rotating at the diocotron mode fre-
quency, the end confinement potentials are non-axisymmetric. As a flux tube of
plasma undergoes E x B drift rotation about the center of the column, the length
of the tube oscillates about some mean value, and this produces a corresponding
oscillation in 7j. In turn, the collisional relaxation of 7j toward 7. produces a
slow dissipation of electrostatic energy into heat and a consequent radial expan-
sion (cross-field transport) of the plasma. Since the canonical angular momentum is
conserved, the displacement of the column off-axis must decrease as the plasma
expands. In the limit where the axial bounce frequency of an electron is large
compared to its E x B drift rotation frequency theory predicts the damping rate
v = —26%0, y(rp2/ R, (ADY/ L)/ (1 — rp?/ Ry?) where £ is a numerical cons;tant, Ap

is the Debye length, R, is the radius of the cylindrical conducting wall, r, is the

23




24

effective plasina radius, Lo is the mean length of the plasma, and v, | is the equipar-
tition rate. A novel aspect of this theory is that the magnetic field strength enters
only through v, . As the field strength is increased, the damping rate is nearly in-
dependent of the field strength until the regime of strong magnetization is reached
(i.e., Q. > v/b = (kT)*?/\/me?), and then the damping rate drops off dramatically.
This signature has been observed in recent experiments. For completeness the theory
is extended to the regime where the bounce frequency is comparable to the rotation

frequency and bounce-rotation resonances are included.

2.2 Introduction

Recent experiments have involved the confinement of pure electron plasmas
in Penning traps.[1 — 4] A schematic diagram for such a trap is shown in Figure 2.1.
A conducting cylinder is divided axially into three sections, the two end sections
being held at a negative potential relative to the central section. There is a uniform
magneticfield, B, directed along the axis of the cylinder. The electron plasma resides
in the central section, with axial confinement provided by the negatively biased end
sections and radial confinement by the magnetic field. The Larmor radius is typically
small, so the cross field motion may be described by E x B drift dynamics.[3, 5]

The most commonly observed excitation of such a plasma is the diocotron
mode of azimuthal wave number m = 1.[3,6 — 8] One can think of this mode as a
rigid displacement of the plasma column away from the central axis of the trap. The
image charges induced in the conducting wall cause the column as a whole to E x B
drift about the central axis of the trap while the space charge field causes the column
to rotate about an axis through its center of charge. The main reason that this mode
plays such a prominent role in the dynamics of pure electron plasmas is that it is

damped only weakly; in typical experiments it is observed to survive 10° periods. In
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spite of this, Cluggish and Driscoll have been able to measure the damping rate and
characterize its parameter dependence over a wide range.{9] In this paper we present

a theory of the damping which agrees with the parameter dependence observed in

the experiments. This theory is closely related to the work of Ryutov and Stupukov

on transport in magnetic mirror traps.[10]

Diocotron modes of azimuthal wave number m > 1 typically damp due to
a wave-particle resonance.{11] The resonance is spatially localized at the resonant
radius, 75, defined by mwg(rs) = w, where wg is the single particle E x B rotation

frequency and w is the mode frequency. For a monotonically decreasing density

profile, the m = 1 diocotron mode is special because ry; = R, the radius of the
conducting wall.{11] There are no resonant particles because the density is zero at
the wall and therefore a different mechanism is required to explain the observed
damping of the m = 1 diocotron mode.

Since the damping timescale is characteristic of collisional transport time-
scales, we look for an explanation which involves collisional transport. It is convenient
to work in a frame that rotates with the mode so that the off-axis column is a
stationary state (an equilibrium) except for the slow evolution on the transport
timescale. The connection between damping and transport follows from conservation
of angular momentum. In guiding center theory, the canonical angular momentum

of the plasma is approximately[12]

eB XN
Py~ — R? 2.1
[ % E 51 ( )

where R; is the position of the jth particle measured from the trap axis (see Fig.
' 2.2) and e carries a sign. If D is the displacement of the center of charge and rj is
measured from the center of charge (Rj. = D + rj) the canonical angular momentum

can be written as

N
Py ~ E‘—BiN [D"" +) r"?} , (2.2)
C
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Note that the cross term, Eﬁ-\f__l 2r; - D, vanishes because D defines the center of
charge. Since the apparatus is cylindrically symmetric, Py is conserved. This implies
a relation between plasma expansion and mode damping. Differentiating Equation

(2.2) with respect to time yields the relation
N
%(D?) _ _I% {%;ﬁ] - _%(rz). (2.3)
Given a transport theory which describes the radial expansion of the plasma, Eq.
(2.3) can be used to calculate the damping rate.

The angular momentum calculated about an axis through the center of charge
is not conserved. If it were, (r?} would be constant in time and the mode would not
damp. We therefore restrict our attention to transport processes which depend on the
non-axisymmetric nature of the confining fields in a frame centered on the plasma.
In particular, we consider the effect of the end confinement potentials.

When the Debye length is small the plasma has a well defined edge. A
displaced column sees non-axisymmetric end potentials and these cause the end

shape of the plasma to be non-axisymmetric. This asymmetry can be characterized

by the length of the plasma parallel to the magnetic field,
L(r,0) = Lo(r) + 6 L(r,8), (2.4)

where (r,f) is a cylindrical coordinate system centered on an axis through the center
of charge (see Fig. 2.3). A simple analytic theory as well as numerical studies[13]
indicate that the asymmetric component is well represented by a uniform tilt at an
angle proportional to D/R,,, where R, is the radius of the conducting cylinder and
D is the displacement of the center of charge off axis. Therefore the asymmetric part

may be written as

6L(r,0) = KZRB'T' sin @, (2.5)

)

where « is a numerical constant.
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A simple transport equation can be derived by considering a single flux tube
of plasma as shown in Figs. 2.4 and 2.5. The flux tube has length L(r,8) as given
by Eq. (2.4), cross section area 6A, and contains é/N particles. The dominant cross
field motion of the flux tube is the E x B drift vp = (¢/B)z x V®. Assuming that
the plasma column has a circular cross section the electric potential s of the form
® = &(r), and the flux tube drifts in a circular orbit about the center of the column

with the frequency
c 09

T Bror
Setting § = wpt in Eq. (2.4) then implies that the length of the flux tube varies

(2.6)

WR

temporally as L(r, 1) = Lo(r) + 6 L(r,wrt). From Eq. (2.5) it then follows that the
length of the flux tube undergoes a sinusoidal variation about the length Lo(r). The
cyclic axial compression and expansion produces a cyclic variation in the parallel
temperature, and this is coupled collisionally to the perpendicular temperature. The

full temperature evolution is governed by the equations

dry . 2dl

TR AT 2wy, (TL - TII) (2.7)

and

dr,
? = _VJ_'" (TJ_ - :F“) (28)

where v, is the collisional equipartition rate. We have used the fact that 6V is con-
stant in deriving these equations. The first term on the right hand side of Eq. (2.7}
describes the compressional heating (or expansion cooling) of the parallel degrees of
freedom, and the second term describes the collisional coupling to the perpendicular
degrees of freedom. The perpendicular degrees of freedom are not directly affected
by the change in length, so the R.H.S. of Eq. (2.8) contains only the collisional cou-
pling term. The factor of two difference in the collisional coupling term for Eq. (2.8)
relative to Eq. (2.7) simply reflects the fact that there are 2 perpendicular degrees

of freedom and 1 parallel.
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A two time scale analysis of Eqs. (2.7) and (2.8) based on the frequency

ordering wg > v, y yields the result

ig—“) = 81/;."%(5—52) +2v, ((TJ_) - (Tn)) (2.9)
AL) (@ - @) (2.10)

where () indicates an average over the fast time scale, that is over one rotation
period. In addition to the energy conserving terms, the first term on the right
hand side of Eq. (2.9) represents a secular increase in T}. Physically, this term arises
because collisions cause a small phase shift in the parallel temperature fluctuations so
that the paralle] temperature and pressure are slightly larger in the compression stage
than in the expansion stage. More work is done on the plasma during compression
than is done by the plasma during expansion. The result is that the plasma in the
flux tube is heated. This effect is similar to magnetic pumping,[14] and by analogy,
we refer to it as rotational pumping.

Since the confinement potentials are time independent, the total energy in
the plasma is conserved, and the increase in thermal energy must be balanced by
a corresponding decrease in the electrostatic energy. The particle flux is found by

equating the increase in the thermal energy of the flux tube to local Joule heating.

That 1s,

n (50T + (1) = —2r, 2.11)

where I', is the radial particle flux and »n is the density. The R.H.S. of this equation
is the Joule heating per unit volume, and again we have used the fact that 6N =
CONST. Equations (2.9)-(2.11) are solved for the flux and yield

T  (6L%
—ed®/dr L%’

T, =4v, n(r) (2.12)

where

(12) = 51%- / a0 S1(r, 0). (2.13)
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Finally, the damping rate is calculated by using conservation of angular momentum.
After introducing the particle flux, Eq. (2.3) becomes

dD d 1
DN e 3
2D 7 En {(r) N fd r2rT,. (2.14)

Using Eq. (2.12) and the assumed form of the asymmetry from Eq. (2.5), we find

the result

d 1 T K2 ‘
E(D) = [—-N-fd‘g?‘QV_,_,"n(T) ?«EW T3l D, (215)
gr 0t tw

The quantity in brackets is v, the damping rate of the mode. In this equation

it should be remembered that @ is the potential in a frame rotating at the mode

frequency wp. [6] It is related to the potential in the lab frame through

o= oy —

2.
o wp, (2.16)

where the second term, BR?/2c wp, arises from the motion of the plasma column
through the magnetic field. The potential in the lab frame, ¢, is composed of two
parts: the space charge potential, ®g, and the potential due to the image charges
induced on the conducting wall, ;. Changing variables to a coordinate system
centered on the plasma using R = D + r yields the result

B2 2
<I)=¢)0——Twp+ QI—EI"DWD —BD
2c C 2c

wp. (2.17)

The two terms in brackets cancel (this condition may be used to determine wp ) and

the last term may be dropped as it is just an additive constant. This leaves

B 2
® = g — 7’;—%. (2.18)

Of course, @ is related to the density through Poisson’s equation.
For simplicity, we consider an isothermal, constant density plasma of radius

rp. The integral in Eq. (2.15) is then trivial and yields the result

(2.19)
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where Ap = /T /4me?n is the Debye length. It is striking that v depends on magnetic
field strength only through », ;. In the regime of weak magnetization (i.e., r, >> b,
where r. = 9/, and b = e*/mo?), this dependence is very weak, v,y  In(r./b).
In the regime of strong magnetization (i.e., r. << 8) v, becomes exponentially
small{15, 16} and our theory predicts that + becomes exponentially small.

Fig. 2.6 contains a plot of Cluggish and Driscoll’s experimentally measured
damping rate vs. temperature[9] along with the predicted damping rate from Eq.
(2.19) (the dashed curve). Here, x was taken to be 2.4 as given in reference [13].
Cluggish and Driscoll also numerically calculated the damping rate by using an
equilibrium Poisson solver to determine the shape of the plasma more accurately,
and then numerically integrating the expression for the damping rate in Eq. (2.15).
This numerically calculated damping rate is indicated in the figures by v,,m (the
solid curve). The dramatic decrease in the observed damping rate when r. becomes
small compared to b is rather convincing evidence that our theory focuses on the
relevant darﬁping mechanism. In Fig. 2.7 the damping rate is plotted as a function of
magnetic field strength in the regime of weak magnetization where v, , and « depend
weakly on the strength of the magnetic field, v, 4,7 o In(r./b). Other parameter
dependences in Eq. (2.19) have also been checked by Cluggish and Driscoll and
very good agreement between theory and experiment was found[9]. Moreover, they
verified two of the fundamental assumptions underlying the theory: the canonical
angular moﬁentum and the total energy are nearly constant during the plasma
evolution.

In Section 2.3 we present a more rigorous calculation of the transport by
solving the drift-kinetic Boltzmann equation in the limit that wp >> wgr , where
wp is the single particle bounce frequency parallel to the magnetic field, and wg

is the rotation frequency. In Section 2.4 we consider the effect of bounce-rotation
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resonances and show that in some regimes resonant particles enhance the damping

rate.

2.3 Kinetic Treatment in the Adiabatic Limit

In this section and in Section I1I we assume the following frequency ordering:
Q. > wp,wg > v>y (2.20)

where 2, is the cyclotron frequency, wg is the axial bounce frequency, wg is the
rotation frequency, v is the collision frequency, and « is the damping rate. Since 2,
1s the largest frequency, we may describe the collisionless single particle dynamics

with a guiding center Hamiltonian of the form[16]

2

P
H= é—é— + 1B + e®(pg) + e®.(0,po, 2) 7 (2.21)

where p; = eB/2cr? is the canonical angular momentum conjugate to § and (r,6)
is a cylindrical coordinate system centered on axis through the center of charge.
We break up the potential into two parts: ®(ps) is the space charge potential n a
frame rotating at the diocotron frequency and @.(8, py, z) is the Debye-screened end
potential. Since the Debye length is small we let

0; |z| <1/2L(8,ps)

oo; otherwise (2.22)

e®.(0,ps,2) = {

whére L(8,pg) is the length of the plasma parallel to the magnetic field as discussed
in the introduction. The term B = 1/2mv? is the perpendicular kinetic energy of
the particle. In the guiding center limit, g = CONST., and since the magnetic
field is assumed to be uniforrﬁ, pB enters the Hamiltonjan as an additive constant.
We retain this term in the Hamiltonian because it is useful to write Maxwellian
distribution functions as a function of H.

In the experiments, it is typically the case that the bounce frequency, wp =

2W|vz|/2L, is much larger than the rotation frequency, wg = 8/dps(e®), for the vast



32

majority of the particles. In this section we assume that this is true for all of the
particles. (In Section III we allow for bounce-rotation resonances.) In the limit

wB >> wg, the bounce action

I=%fpzdz=%f\/Zm(H—B,u—e‘I)—e‘I)e), (2.23)

is a good adiabatic invariant. As noted by J.B. Taylor,[17] an equation of this form
implicitly defines H in terms of I, 8, and py. Given the simple form of the end

potential, this equation 1s easily inverted to give
212

H(I,0,p) = 2mL2(0, ps)

+ Byt + e®(F) (2.24)
We represent the plasma with a distribution of guiding centers,

f:f(fa¢=p9118$ﬂat)a (225)

where ¢ is the angle conjugate to I and indicates the phase of a particle in 1ts bounce
motion (i.e. its position along the magnetic field). This distribution function evolves

according to the drift-kinetic Boltzmann equation,

af

S+ 1] = C()), (2.26)

where C(-) is the collision operator, and the Poisson-bracket is given by

o UOH  650H 9 oM
T 08I 080pg  Opg 06

In the adiabatic limit, wg = dH/8I is large and so df/3v must be small.

(2.27)

Otherwise, df/9t would be large and the distribution would evolve rapidly along
the magnetic field. Physically, this corresponds to the fact that any initially large
i variations are rapidly phase mixed by the bounce motion. The small ¢ variations
are uninteresting from the standpoint of cross-field transport and may be eliminated
by integrating Eq. (2.26) over ). The result is

af ofoH 3_f OH _
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where
- 2
P o0t = [ v F(1,36, 0,0, 1, ). (2.29)
Rewriting Eq. (2.28) as
af o [6H . _
ot T o0 [ape f] ~ om [ 20 f] =C{) (2:30)
and integrating over I, y, and 8 yields the transport equation
ON () _ 0 [ [d0 [, 08 ¢
ot Ope [ 2 /d‘rd‘” o0 ] (2:31)
where
N( )—fﬁfdfdf (2.32)
Pe) = o I .

The integral over the collision 0pérat0r vanishes because collisions conserve the num-
ber of particles.

To obtain a transport equation accurate to second order in dH /360 we must
obtain f accurate to first order in 3H/39. Thus we look for solution to Eq. (2.28)

in the form
fT:JFO(HaPB)+5f(I:P9’91#) (2.33)

where §f/fo ~ 5L/L0 and
Jo = N(po)(2nT [m) ™32/ T~ HIT (2.34)

Written in velocity variables, fy is just a Maxwellian times the §-averaged 2-D density.
Taking fo in this form makes use of the frequency ordering, ¥ >> 5. Collisions are
assumed to occur more rapidly than transport, so the zeroth order distribution is a
Maxwellian along the magnetic field.

6f is obtained from Eq. (2.28) written to first order in 6L /Ly,

a6f O f 2 06L [ 1 8fo
QmL2

ot TR0 100 |T TRy

% f=clite], @3
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where
e Q_hi _ 02 72]? 2 0Ly
R Ope Ops 2mL®L dp,
is the total bounce averaged rotation frequency and
10h _ LON 3107 (&1 N 107
fodps ~ NOps 2T 0py  \2mL? T2 Opy
1 7&'2.[2 2 3L0
+ T (QmLZ) Lop’ (2.37)

In general, the solutions to Eq. (2.35) consist of a sum of a driven response and free

(2.36)

oscillations of the form
§F = 36" (-rt) (2.38)
{
Since the system has finite shear (Owp/dps # 0) these free oscillation terms become
rapidly oscillating functions of py at large ¢ and are rapidly damped by any diffusive

transport processes. Since the driving terms vary on the slow transport timescale,

the term 96 /9t may be dropped from Eq. (2.35), leaving

o6 f 7P\ 286L 16 -
wr aof+ (2;L2) L g [T fo fol fo= [fo+6f], (2.39)

Given the the frequency ordering v < wg, this equation may be solved per-

turbatively in the effective collision frequency. Dropping the collision operator term

and integrating yields

A0y _ 1 7%\ 2L 105] -
677 = —— (sz2 - T+f0 fo, (2.40)

where the superscript indicates the ordering in collisions. The collisional response

is obtained by inserting 6 f into the collision operator on the R.H.S. of Eq. (2.39).

This yields
9 gy 1 1 [ ®MUEN 26L 1 9fo
5 (67 )_ C[fg (1— (szz) 7 +f03PaD] (2.41)

Substituting f = fo + éf(o) + 6f(1) into the transport equation [Eq.(2.30)]

yields
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aN(pg T2 ]? 2 6L #{1)
ot Ope [/ / T szz( ) of ] (2.42)

where the collisionless terms have vanished in the integral over 0. Integrating by

parts and substituting from Eq. (2.41) results in
dN(p w2 260 1
t = Ope U / d“sz'z Lo wn
. 1 [ 7%\ 261 1 dfo
ol (-5 @8 E e zall] e

After changing variables of integration from (g, 7) to (v,,v1), this equation

may be written as

aN(p 26L 1
= d
t Bpg [/ ./ Id# ( mvz) Lo WR

xC' [fo (1 - -wl—R (;mv ) 26LL [g;_ +}%%§§D” (2.44)

where
_ _ 86@ 1 2 2 BLO
“ROT ope (2"” )LO ape”’ (2.45)
18fg 10N 310T 1 N 19or 1 1 2 3L
_ OV LT 1 AT (1 120 o
fo Bpg N apg 27T apg 17 Bpg T Lg Bpg
and
fo=N(ps)fu (2.47)

with far a Maxwellian distribution. An expression very similar to the second term
on the R.H.S. of Eq. (2.45) was previously derived by Peurrung and Fajans.[18]
The velocity integral in this equation is simplified by assuming that the Debye
length is small. This is typically the case in the experiments and is consistent with
our assumed form of the end potential. The ratio of the two terms in Eq. (2.45)
scales as
ol 20Ly T  Ap?

2770 & ~ 2.48
0e®/0pg Ly Ops €D T2 ( )
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where r, is the radius of the plasma. We therefore neglect the velocity dependent

term in the rotation frequency and take

ded
p ™ —— = 2.4
i 92 T

the usual E x B rotation frequency. Similarly, the ratio of the two terms inside the

collision operator in Eq. (2.43) scales as

L Lok T
(Wr/T) foOps  e® 1,2

and therefore we will neglect the term, 1/ fol fo/Ops

(2.50)

We take the collision operator in the general form

Clil = [ o1 doforal (FF(') = F(0)f(n)), (2:51)

where do is the differential cross section and vt = v — v;. Using this form and the

small Debye length approximation, we obtain

= ) ) it

[ )i (i ) ]

To evaluate the velocity integral in this equation, it is instructive to consider

the collisional relaxation of an anisotropic Maxwellian distribution

_ (2T iz (Q’H'T_L -1 imul imwl
fA(v)-(?) m) exp T | (2.53)

The change in the parallel temperature due to collisions is given by
i _T_ll — 3 dB
25 = N | &v mv vy do|vpet] (fa(v1) fa(v') — Fa(v) fa(ve))

= vy {TL - T“) : (2.54)

and may be used as a definition of the equipartition rate, v, . Consider the case

T, =T and T} = (1 — «)T. Substituting this into Eq. (2.53) and taking the limit
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o - (0, one can easily show

Nfd3 (mmv )/(Pmdal”red K mvlgl + %mvlz) Frfu

_ (; + lmv ) Fan fM] = _T%,,. (2.55)

This is precisely the integral that appears in the transport equation. Eq. (2.52) can

now be written in the simple form

0 0 ’

Changing variables from (pg, 8) to {r,8) yields the result

31;57'): i; l‘*"’* 'iwf%)(—eaz/ar) N}‘ (257)

The quantity in brackets is the radial particle flux and is identical to the flux given

by Eq. (2.14) in the introduction.

2.4 Resonant Particle Transport

In the previous section, we derived a transport equation in the adiabatic
limit by assuming that wp 3> wg for every particle in the system. This approach
neglects the effect of particles that satisfy the resonance condition, lwr = 2nwp,
where n and [ are small integers. When the bounce frequency for a thermal particle,
wp = o T/M | is comparable to the rotation frequency and collisions are suffi-
ciently weak, resonant particle transport dominates. In this regime, the damping
rate of the m = 1 diocotron mode is larger and scales differently than the damping
rate given in Eq. (2.19). A similar effect occurs for transport in tandem mirrors in
the “resonant-plateau” regime.[19,20]

The basic idea behind resonant particle transport is easy to understand.
When a particle is reflected off the non-axisymmetric end potential it experiences a

eB

force in the § direction causing its angular momentum, py = ¢2r?, and radial position
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to change. The magnitude and direction of the radial step depends on the particle’s
azimuthal position at the point of reflection. In addition, fast particles take larger
steps because a larger force is required to reflect them. Consider a particle satisfying
the lowest order resonance condition wg = Zwg. Such a particle reflects off each end
of the plasma at the same @ position for many bounces and consequently takes many
radial steps in the same direction. For non-resonant particles the radial steps tend
to cancel.

When collisions are sufficiently weak resonant particle transport is always
present. The size of the transport is determined by the relative number of resonant
particles and by the contribution from each resonant particle. In the adiabatic limit
low order bounce-rotation resonances are at low velocities. Although there are a large
number of resonant particles, the contribution from each particle is small because
the radial steps are small and infrequent. In this regime resonant particle transport
is negligible. In the opposite limit where wp > wg and the resonance is located at a
large velocity, the contribution from each particle is large but there are few particles
on the tail of the Maxwellian which interact resonantly. We will see from the formal
treatment that resonant particle transport is important when wg o~ wp.

QOur starting point is again the drift-kinetic Boltzmann equation,

af
X tp.H =00, (2.5
where

2

P
H = 22+ pB + e®(py) + e®.(0, pg, 2). (2.59)

The calculation is simplified by considering a system that consists of only one half

of the plasma, that is, we take

0; 0<2<1/2L(8,ps)
00; otherwise

e®, (0, pg, 2) = { (2.60)
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Since the particles specularly reflect off a plane at z = 0 without changing 8, ps , 2
or |v,|, the transport equation will be the same for this system as for the full length

system.

Writing the Poisson bracket in Eq. (2.58) as

d OH 0 oH 0 oH d OH
[faH]—_-g(fapz) ~ 9 (fa )+6‘6 (fgp—e) —8_133( 'b“og")

and integrating over all variables except py gives the result

a"’\gt =5 [ / f &v, f dv, / 28 } (2.62)
_ f%/dszdvz/dzf. (2.63)

Solutions to Eq. (2.58) are assumed to take the form

—

2.61)

where

f= fo(H,ps,t) + 6 (s, 2, pe, 0, 1), (2.64)
where 6f/ fo ~ 6L/ Lo and

— N(ps) e/ T o=H/T
Jo= (1/2L¢) (27T )2 ' (2:65)

In velocity variables, this is a Maxwellian distribution. As in Section II we neglect
terms higher order in Ap®/r,? by assuming Lo, T, and N are constant in py .

To first order in 6L /Ly , the drift-kinetic Boltzmann equation is

X0 1 (57, Ho) — (o + &) = ~Lfo, H), (2.66)

where Hj is the Hamiltonian with §L. = 0. The first two terms on the left hand side

can be thought of as a derivative along the unperturbed orbit,

WD)+ (o, ) = 2246 (267)

We approximate the collision operator by

Cfo+6f) = —véf (2.68)



40

where v is an effective collision frequency. Clearly, this oversimplifies the transport
problem in the adiabatic limit because there is no reason to expéct v=v,.). For
resonant particle transport, however, we will let ¥ — 0 at the end of the calculation
and the eflective collision frequency drops out. We do not expect this transport to
depend sensitively on the detailed nature of the collision operator.

Evaluating the R.H.S. of Eq. (2.66) and using Eqs. (2.67) and (2.68) gives

4 2c0)

(WH—M—H% (2.69)

The solution to this equation is

f dt —u(t—t") ["‘Z: 06(68 )l : . (270)

where the prime indicates evaluation along the unperturbed orbit. To this order
in 6L fo is constant along the unperturbed orbit and may be factored out of the

integral so that

:——fgf dte=vt=t) eg’) (2.71)

Consider Eq. (2.62), the transport equation. Since GH /30 = 0 everywhere except at

the end of the plasma, we need to find §f only at the end of the plasma where the
particles are reflected. Therefore, it is convenient to write Eq. (2.71) as

(c®.)

o= _fD/ diemt t)aaﬂ fo dt'e""(‘“")———a(e@e)_

oY (2.72)
where ¢, indicates the time just before the reflection. The first term consists of a
sum of many reflections and the second term is due to a single partial reflection.
We delay evaluation of the second.term until 6 f 1s inserted into the transport
equation. We evaluate the first term by calculating the effect of a single reflection

and then summing over many reflections. The axial impulse exerted by the end

potential on a particle during reflection is

o
o=~ [ ardle (2.73)

turn 32’
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Since the end potential is only a function of the quantity (z — 3L(8, pg)), this

may be rewritten as

2 ded
2P| = = | d'—=". 74
P:1= 51728 Jur o0 (274)
Since —3(e®)/08 = py , the change in py due to the reflection is
de® 36L
Apy = ~ dt' ——= g = TP Ol (2.75)
turn

This equation has a simple physical interpretation. The force which reflects a particle
is normal to the surface at the end of the plasma. Due to the asymmetry, there is a
small component of this force in the @ direction which exerts a torque on the particle
causing ps to change. A larger force is needed to reflect fast particles and therefore
these particles take larger steps in pp .

The first term in Eq. (2.72) can now be written as

Sfy = g, [ e 0y 1 20 aa' 5t 1), (2.76)

7=1

where the index j is summed over past reflections. The time at the jth reflection is

given simply by

ti=t1 | glj, (2.77)
and along unperturbed orbits
¢ =60 —wgrl(t—1t) (2.78)
After substituting in a Fourier series for § L, Eq. (2.76) becomes
6 =~ folpl > 6 Li(pe)e” ™ ein a2 (2.79)

i=1
This contribution to §f arises from a series of discrete “kicks” acting on fo. Note
that those kicks which occurred in the distant past (large j) are collisionally damped.

The sum over j can be evaluated exactly so that

_ , ~(wR+1) Lo /1W2IN _ |
[#%5 =] . 0 [4
6f, = T f0|P2iZI:”6Ll(P5)e ( e—(WR+V) Lo /W8] _ 1 )

(2.80)
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The exponential in the numerator can be dropped because

~ — >> 1. 2.81
lvel > (2.81)
Using the mathematical identity
1 1 i 1
ez — 1 __§_znzz_:wl—27m’ (2.82)
the full fluctuation distribution is written as
5f = —f|p|Zzl6Lgp)’w l+22 !
Ol o 2 " (log —iv) Lo/ V0] — 27
WR ded
EL € ) 2.
+ [y (28

Inserting f = fo 4+ 6f into Eq. (2.62) gives

aj\;(f 2) ot [ / / v, f dv, / dzafaeq’ ] (2.84)

where fo has vanished in the integral over 6. Since we have calculated § f as a function

of time, it is useful to transform this integral into an integral over unperturbed orbits.
First note that the integrand is nonzero or;ly at the end of the plasma and so the
transformation need only be valid for the short turning time. If a particle has phase
space coordinates (8%, p,°, 2% p?) at time #; at some position just before the end of

the plasma, the unperturbed orbits valid during the turn are

0 = (2.85)
Ps ; pa°, | ' (2.86)-
p. = p(p),2%1), | (2.87)
z = z2(p?, 20 1). (2.88)

We change variables in the integral using

Iz, pz)

I az dp, Op. 0z
a(t, pl)

8t 90~ 8t dp?

dz dp, = dt dp? = dt dp°.

——

2.89)
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The equations of motion are derived from the unperturbed Hamiltonian, Hy, and
therefore this may be written as

OHy Op. | 9Ho Bz
op. 0p 0z O

The quantity in absolute value bars is just 8H,/8p2 and therefore

dz dp, = | dt dp?. (2.90)

0H,
op}

dz dp, = dt dp? =

(2.91)

The transport equation can now be written in the form

aj\;,(f) apg{/ fd%if o’ / a'sf 89,} (2.92)

where the primes indicate evaluation along the unperturbed orbit and ¢y is the time

just after the turn.

Using & f from Eq. (2.83) this becomes

ON(ps) _ ) 102 D¢
at Ope {/ fd“f dvze 90 f“/ ra
. . 20 (1

+ T do St Li(pe)e (5

SR B -

lwp — tw)Lo/v? — 27n

To this order, fy is constant along the orbit and may be pulled out of the integrals.
In velocity variables, fo(t = o) is given by

N(ps)

I, VL2 (2.94)

fo=

where fys is a Maxwellian.

The time integrals can be expressed in terms of Apy as

,0ed,
dt = A 2.95
to 89' pa ( )
and
1
Y gp0ee [Y g0 1y, (2.96)

to a9 i, ag 2
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Using Apg from Eq. (2.75), Eq. (2.90) becomes

M) - 2 { J | oy [ () o N ) 22

1801 S T V6 Let? ‘ . (2.
Xz[:z e ;“ Lye En:(IwR—iu)Lg/vg——Qﬂ'n (297)

After integrating over v; and 8 and dropping the imaginary part of the integral, this
becomes

IN(ps) _ 17, QwR o |81} v
at "_5])9{ T N(pe) / dvm %:l LE (lwg — 2nwp)? +v2 |’

(2.98)

where we have introduced wg = 7|v,|/ Lo.
First consider the n = 0 term in the sum. This may be thought of as the
transport due to a resonance located at v, = oo and corresponds physically to

transport in the adiabatic limit. Evaluating the integral over v, for this term yields

a Nadiabatic 9 (6 LQ) T
B T {31/ 7 (-:f:;> N(pe)} . (2.99)

Identifying v with 4/3v, ,, we have the same result obtained in Section II. If we had
kept v as an operator, we would have recovered v, .
Now consider the terms in the sum for n > 0. Since we are working in the

small v limit we approximate

v
(lwp — 2nwg )? + v?

~ 78(lwg — 2nwg). (2.100)

The factor of 2 appears because particles are reflected at both ends of the plasma.
Particles with wp = wpg, for example may step radially outward at one end of the
plasma, but will step inward at the other end.

Using the approximation of Eq. (2.97) the transport equation becomes

ON(ps) |5_L,|2 (wr22 1) T
ot { (64 Xp[—S(mJB)zl) —wRN(p")}’
(2.101)
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where wp = wy/T/m/ Ly is the mean bounce frequency in the plasma. The size of

the resonant particle transport is determined by two competing effects. Consider the
case where the resonance is located at large v,. The resonant particles take large
radial steps as the end potential must exert a large force in order to reflect them.
Furthermore, these fast moving particles are reflected very frequently. While these
effects tend to increase the transport, the location of the resonance on the tail of the
Maxwelllian insures that there are relatively few resonant particles. Similarly, when
the resonance is located at small v,, the contribution from each particle is small, but
there are many particles which interact resonantly.

For moderate temperature plasmas the n = 1 term in Eq. (2.98) is largest.
To determine which terms in the sum over [ are largest we estimate the size of the
Fourier components §L;. The end shape of the plasma is axisymmetric about the

central axis of the trap and by considering the shape of the vacuum equipotential

contours we expect the radius of curvature of the end shape to be proportional to
R, the radius of the conducting wall. If we model the end of the plasma as the
intersection of a cylinder and a hemisphere of radius R,, we find that the length of

the plasma parallel to the magnetic field is

L(r,0) = Lo — \/R,? — (D2 + 2Dr cos § + r?) (2.102)

where D is the displacement of the center of charge off axis and (r, #) is a cylindrical
coordinate system centered on an axis through the center of charge. Taylor expanding

this expression in the limit Dr <« R,* we find that

I
Mm&%%@. (2.103)

Note that this agrees with the scaling given by Eq. (2.5) for a flat end ({ = £1). In
the experiments D/R,, and r/ R, are typically very small and therefore the terms in

Eq. (2.98) with [ # 1 are negligible despite the coefficient ~ . Keeping only the
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n =1 and [ = %1 terms and changing variables from (pg, d) to (r,8) the transport
equation can be written as

N(ps) 10 L O g |- 2 ) DT
- {4( T2 ‘”‘p[ sw;D 12 —eafb/arN(p”)}'

(2.104)

This result may be understood physically by considering the orbit of a sin-

gle resonant particle. In one reflection the particle takes a radial step as given by
Eq.(2.75) {recall ps = %rz). The particle takes approximately wg/v of these steps

before being converted to a non-resonant particle so that the fundamental step size

governing the transport is

_ wg c 8(5L
Ar = (eBrmvz 59 ) (2.105)

v

One can estimate the size of the diffusion coefficient as the average of the step size

squared times the rate at which particles take steps, that is,
D = v{(Ar)) (2.106)
The radial particle flux is given by

r=_D (%) Av, (2.107)
or | 4

where the distribution function and the diffusion coefficient are to be evaluated at the
resonant velocity. Av is the width of the resonance in velocity space and {along with
the distribution function) indicates the relative number of particles which participate

in the resonant interaction. For the case n = 1, { = %1, the resonance condition is
2wptwptiv=>0 (2.108)

so the width of the resonance may be estimated to be

Av = &Awa = iD—EU. (2.109)

T 27
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After some algebra the estimate for the flux can be written as

1 sz sz (6L2) T
— [ /o2 —
b (64 ST expl SLJBZ]) 3 —edvjor (2.110)

Except for a numerical coefficient this expression agrees with the flux given in Eq.
(2.101).

To find the damping rate of the m = 1 diocotron mode, we would again use
conservation of angular momentum (Eq. 2.14). The ratio of the resonant particle

damping rate to the adiabatic damping rate is given by

,.Yr 1 (AJRG wRZ
— = 2 - . 2.111
e 64 ! Gy L [ 8‘-'-’_132] ( )

When this ratio becomes larger than 1, we expect that resonant particle damping
will dominate. In typical experiments, Wwp > wpg and therefore resonance effects
are negligible. Even when v"/4* > 1, we must be sure that the frequency ordering
v < wp strictly holds. Even moderate collisionality will destroy the resonance effect.
In the limit v > wp a fluid-like treatment is more appropriate.

This chapter, in part, is a reprint of the material as it appears in Physics
of Plasmas 2, 355 (1995). The dissertation author was the primary investigator
and author and the co-author listed in that publication directed and supervised the

research which forms the basis for this chapter.
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Figure 2.1:

The confinement geometry.




Figure 2.2: Coordinate system for the off-axis plasma (end view).
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Figure 2.3: Length of the off-axis plasma.



Figure 2.4: Side view of flux tube.

|



52

Figure 2.5: End view of flux tube.
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Figure 2.6: Damping rate of the m = 1 diocotron mode vs. temperature. Experi-
mental measurements and numerical calculations (Ynum ) by Cluggish and Driscoll[9]
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Chapter 3

Rotational Pumping and the
“Rotating Wall”

3.1 Abstract

In the guiding center limit, the canonical angular momentum of a non-neutral
plasma is proportional to its mean square radius. While static asymmetries in Pen-
ning traps exert a drag on the plasma and cause it to expand radially, a rapidly
rotating asymmetry is shown to exert a torque in the same direction that the plasma
rotates and cause it to be compressed. The torque and the inward particle flux are
calculated for case that the rotating asymmetry is located at the end of the plasma.
In realistic experiments the plasma is also influenced by a background torque causing
the plasma to expand. Stationary states are possible when these torques balance and
a cooling rnecha‘nisrn exists to dissipate the heating that is produced by the applied
time-dependent asymmetry. The stability of stationary states of pure ion plasmas
is investigated for the case that the background torque and cooling is due to cold

neutrals.

3.2 Introduction

In experiments with non-neutral plasmas confined in Penning traps, time-

dependent voltages applied to a sectored ring have been observed to cause inward
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radial transport and plasma compression[l — 5]. The typical confinement geometry
for these experiments is shown schematically in Figure 3.1. A conducting cylinder is

divided axially into rings, one of which is also divided azimuthally. Axial confinement

is provided by negatively biased end rings (positive for an ion plasma) and radial

confinement by a uniform magnetic field directed along the axis of the cylinder.

Voltages applied to the azimuthally sectored ring cause radial particle transport.
The most important concepts necessary for understanding transport in these

plasmas are angular momentum and torque. In the guiding center limit the total

canonical angular momentum of the plasma is approximately given by

ZT —--u-N {r%) (3.1)

where r; is the position of the jth particle as measured from the axis of the trap
and e carries a sign. In the absence of external torques, Py is a conserved quantity
and {r?), the mean square radius of the plasma, is constant. External torques cause
radial particle transport. At high neutral pressures the dominant torque arises from
neutrals which act as stationary scattering centers in the lab frame[6 — 8]. At lower
neutral pressures the dominant torque is believed to be due to time independent
azimuthal asymmetries in the confining fields(6, 8]. Both of these effects oppose the
direction of plasma rotation and cause the plasma to expand. In experiments with
pure ion plasmas laser beams have been used to exert a torque in the same direction
that the plasma rotates and cause inward transport of the plasma[l10]. In this paper
we consider the torque and transport arising from time-dependent voltages applied to
an azimuthally sectored ring. We show that this technique may be used to compress
a non-neutral plasma. If the compression rate is larger than the transport due to
field errors or neutrals, one can confine a non-neutral plasma for an arbitrary length
of time. This may be of practical importance in experiments with pure electron and

pure positron plasmas where lasers can not be used to exert a torque.
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Of particular interest is the special case where the voltages vary sinusoidally,

but are phased so that the electrostatic asymmetry appears to rotate, i.e.,
O, = Po + 6P cos[mb — wi] (3.2)

We call this a “rotating wall”. An Asymmetry that rotates more slowly than the
plasma exerts a drag on the plasma and causes F x B drifts that are directed radially
outward. An asymmetry that rotates more rapidly than the plasma exerts a drag in
the same direction that the plasma rotates and causes F x B drifts that are directed
radially inward.

This result also follows from more formal thermodynamic arguments. For
a sufficiently weak rotating asymmetry, the plasma remains near the thermal equi-
librium state which is specified by the instantaneous values of the energy E, the
canonical angular momentum F; , and the particle number N. The entropy of the
plasma is a function of these variables. In a time interval df the torques cause dif-
ferential changes in F and P ; N is constant. Using the thermodynamic relations
T = (8E/35)N‘PB and wg = (0E/3Ps)sn [11], we find that the entropy changes
according to

TdS = dE — wrdP;, (3.3)

where wg 1s the E x B drift rotation frequency of the plasma.
In this expression, F 1s the energy of the plasma in the lab frame. In a frame

that rotates with the asymmetry, the energy is given by [11]
E=E-Zp, (3.4)
™m

In this frame the confinement potentials are time independent , and therefore E’ is
constant during the evolution. It follows that dE = (w/m)dPy . Eq. (3.3) may then

be expressed as
TdS

dPy = ——.
w/m—wR

(3.5)
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Since dS must be positive (second law of thermodynamics), the sign of dP,
is determined solely by the sign of w/m —wpg . For an electron plasma, F; is negative
and wg is positive. When w/m > wg the angular momentum of the electron plasma
increases towards zero and the mean square radius of the plasma decreases. For a
positron pilasma or an ion plasma, Fy is positive and wg 1s negative. To compress
a positron plasma one would set w/m < wg (more negative) forcing Py and (r?) tb
decrease as the entropy increases. As the plasma is compressed its rotation frequency
approaches the frequency of the rotating wall. Eventually the plasma relaxes to
thermal equilibrium in the frame that rotates with the asymmetry and d$ — 0.

The preceeding results apply to any transport which is driven by a pure
rotating asymmetry. In the remainder of this paper we consider transport driven
by time dependent voltages positioned at one end of the plasma (See Fig. 3.2). We
choose this geometry for two reasons. In experiments with pure electron plasmas it
is often the case that the bounce frequency for a thermal electron is much larger than
its E x B drift rotation frequency. In this limit, the plasma responds adiabatically.
If the voltages are placed along the side of the plasma as in Fig. 3.1, the potential is
screened out on the scale of a Debye length and the transport only occurs at the edge
of the plasma. When the sectored ring is placed at one end of the plasma, all of the
electrons interact with the asymmetry as they are reflected and the entire plasma
participates in the transport. The other reason we choose this geometry is that
the transport due to static end asymmetries is well understood theoretically. This
transport is called rotational pumping [12]. The theory has been used successfully
to explain the transport associated with damping of the m = 1 diocotron mode[13].
Motivated by the good agreement between theory and experiment found in this case,
we generalize the theory to include time-dependent asymmetries.

In section 3.4. we outline a calculation of the particle flux based on a solution
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of the drift-kinetic Boltzmann equation. The calculations are somewhat tedious
and are not included in their entirety. See reference [12] for the details of similar
calculations. In section 3.5 we consider an ion plasma which is influenced by a
background torque due to neutrals as well as an applied torque and look at the
possibility of a achieving a stable stationary plasma. In section 3.4 we estimate the
transport due to aliasing and show that in practical experiments these effects can

often be neglected.

3.3 Calculation of the Flux

In this section we outline formal solutions to the drift-kinetic Boltzmann
equation. These calculations are closely related to those found in reference [12]
which are valid for the case of static asymrmetries in the end confinement potentials.
When the end confinement potentials take the form of a pure rotating asymmetry,
the static results are recovered in a frame that rotates with the asymmetry.

In this analysis, we assume the following frequency ordering:
Q> |wp —wl,wp > v > (3.6)

where (). is the cyclotron frequency, wg is the axial bounce frequency, wg is the
rotation frequency, w is the frequency of the applied asymmetry, v is the collision
frequency, and 7 is the transport timescale. Since (2, is the largest frequency, we may
describe the collisionless single particle dynamics with a guiding center Hamiltonian

of the form[15]
2

o ,
=+ uB + e®(po) + ePc(8,pg, 2, 1), (3.7)

2m

H =

where ps = eB/2cr? is the canonical angular momentum conjugate to . We break

up the potential into two parts: ®(ps) is the space charge potential and ®.(8, ps, z, 1)
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is the Debye-screened end potential. Since the Debye length is small we let

_ 01 Zmin(gapaat) <z< zma,.r(pﬂ)
e®(0,po,2,t) = { 00; otherwise (3.8)

where zpmin and zmqz are the axial positions at which the particles are reflected. In this
expression we assume that @, oscillates at a frequency w which is small compared
to the frequency of plasma modes. The term uB = 1/2mv? in the expression for
H is the perpendicular kinetic energy of the particle. In the guiding center limit,
¢ = CONST., and since the magnetic field is assumed to be uniform, pB enters
the Hamiltonian as an additive constant. We retain this term in the Hamiltonian

because it 1s useful to write Maxwellian distribution functions as & function of H.

3.3.1 The Adiabatic Limit

For the case that the bounce frequency wg = 27|v,|/2L is large compared to ‘

w and wg the bounce action

1 1
- — S — Bj—c® - .
I=5 f pedz = = }( V2m (H = By — @ - ¢®.), (3.9) ‘

is a good adiabatic invariant. As noted by J.B. Taylor,[15] an equation of this form
implicitly defines H in terms of I, 0, py, and . Given the simple form of the end
potential, this equation is easily inverted to give

71.2]'2 .

H(I,G,Pa,i)=m

\
|
+ Bu+ e®(Py), (3.10) 1
\

where L(8, pg, 1) = Zmaz — Zmin-

We represent the plasma with a distribution of guiding centers,

f=f(I,1,f),pg,,9,u,t), (311) 1
|

where 1 is the angle conjugate to I and indicates the phase of a particle in its bounce

motion (i.e. its position along the magnetic fleld}. This distribution function evolves
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according to the drift-kinetic Boltzmann equation,

o tr.m=c), (312

where C(+) is the collision operator, and the Poisson-bracket is given by

_ofon ojoH _ofon
U Hl = 55731 + 560p  3p 20 (3.13)

In the adiabatic limit, wg = OH/I is large and so 9f/d¢Y must be small.
Otherwise, 8f/9t would be large and the distribution would evolve rapidly along
the magnetic field. Physically, this corresponds to the fact that any initially large
¥ variations are rapidly phase mixed by the bounce motion. The small 3 variations
are uninteresting from the standpoint of cross-field transport and may be eliminated

by integrating Eq. (3.12) over 3. The result is

of 0foH 0] oM _

It a0 apg apg 89 (f), (3'14)
where
_ 2
f(I,pB,a,[.&,f)= o d¢f(131/)1p9:91#1t)‘ (315)
Rewriting Eq. (3.14) as
3f oH g |o0H - B _
2 oo [apg } o [‘aﬁ ] =) (3.16)

and integrating over I, u, 8, and the short time interval 27 /w, yields the transport

m - U jtm/w ""/dfd,u ] (3.17)

n(ps) = f —gg /: Y ] dIduf. (3.18)

The integral over the collision operator vanishes because collisions conserve the num-

equation

where

ber of particles.
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To obtain a transport equation accurate to second order in dH/3§ we must
obtain f accurate to first order in dH/88. We look for solution to Eq. (3.14) of the

form
.f = f-O(vag) + 6];(0)(-[11]9: G,f,y) + 6f(])(11 pa, G,t, #): (319)

where

Jo = n(p)(2nT[m) 2 ®/T e~ HIT (3.20)

is a Maxwellian, é indicates terms first order in §H/80 and the superscripts indicate
an ordering in collisions. In solving perturbatively in collisions we are assuming the
frequency ordering jwr — w| > v.

Inserting the Fourier series

6f(°) _ Z 6fgglei(18—wt), (3.21)
l,tw
6f(” _ Z 6f1(’26i(19_Wt), (3.22)
{,tw
and
§L =3 6Ly ,e 00 (3.23)
I, +w

into the Boltzmann equation we find the fluctuations

#(0) 1 x21%\ 2 = .
=7 r 3.24
8fiw="7 (meﬂ 70 lwlo (3.24)
and ‘
A1) —1 - _1- 772_[2 g ~ .
61w = lwp — wc (fo T (2mL2 LéLI””fO ) (3.25)

Plugging these results back into the transport equation and performing the

indicated integrations gives

dn(ps) 3 T 06 Ly
= ——|= = E T .26
ot Opg [ L L?,n(pg) g, lwr—w (3.26)

where v, | is the equipartition rate defined by
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vy = /d3 ( mu )fd 01d0 |Vl [( mv's + ;mv'z) Fainfy
— (%mvfl -l-mv )fleMJ (3.27)

For details of a similar calculation see reference [12]. Changing variables from (pg, 8)

to (r,8) yields

dn(r) 10 T 16 L1 )
= 4 .

o  ror [ g nlr ),%, r(lwp — w) (3.28)

The quantity in brackets is the radial particle flux.

Consider the limit of a pure rotating asymmetry. Here we take

L(8,pa,t) = Lo + |6L]| cos (mf — wt) (3.29)

and the only nonvanishing Fourier components are

1 :

0Ly = 0Ly = §|5L]. (3.30)

‘Plugging this into Eq. (3.28) and recognizing that (§L*) = 1/2 |6 L|? yields the radial
particle flux

A m{6L*
r, = 4VJ.,|In(r)LBT.[?ﬂwR —w] L >’

(3.31)

Since the E x B drift rotation frequency of the plasma in a frame that rotates with
the asymmetry is wr — w/m, this transport flux is identical to the adiabatic flux
derived in reference [12].

The transport has a simple physical interpretation. Rotational pumping
causes the plasma to heat. Since energy is conserved in the frame that rotates
with the asymmetry, the electrostatic energy in the frame that rotates with the
asymmetry must decrease as the plasma temperature increases. The transformation
to the rotating frame gives a 1/¢ v x B contribution to the electric field so that

oo’ d® Brw
T e T em (3.32)
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where ® is the potential in the lab frame and is related to the density through
Poisson’s equation. If w is sufficiently large, the direction of the electric field is
reversed in the rotating frame. To change electrostatic energy into heat, the plasma
must be transported radially inward rather than butward.

When |wgp — w/m| becomes small the electric field in the rotating frame
becomes weak and large radial transport accompanies the heating. It is important
to note, however, that the rotational pumping calculation is only valid when the
azimuthal E x B drift is larger than the drifts associated with reflections off the
end potentials. These drifts are proportional to the temperature of the plasma and
therefore the electrostatic potential in the frame that rotates with the asymmetry

must be larger than the kinetic energy, i.e.,

> 1. (3.33)

In terms of rotation frequencies this condition can be expressed as

wn —w/m Ap?
fon o/l Jo?
WR Ty

(3.34)

where we have used T/(e®) ~ Ap?®/r,? and have taken the E x B drift rotation
frequency for a constant density plasma.

Our solution to the drift-kinetic Boltzmann equation assumes that the drifts
associated with reflections are a small perturbation on the E x B drift orbits. When
the condition given in Eq. (3.34) fails, the E x B drift becomes a small perturbation
on orbits determined by the end shape of the plasma and our transport calculation
is no longer valid. Fortunately, the Debye length is typically much smaller than the
radius of the plasma so this regime is rather narrow.

Another limitation is that |wp —w/m| is assumed to be much larger than v, .
When |wg — w/m| < v, two new effects must be considered. The heating of the

plasma depends on a phase shift between the parallel and perpendicular temperature
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fluctuations. In the regime of strong collisionality (v.,; > |wgp —w/m| ), T} and T,
remain equal to one another and the rotational pumping process is reversible. As the
net heating rate decreases the transport decreases. A more subtle transport process
probably dominates in this regime. In the adiabatic limit, the drift orbits of the
particles are determined by the constraints of constant energy and constant bounce
action. For large |wr — w/m| the drift orbits are nearly circular. This is assumed in
the rotational pumping calculation. When fwg —w/m| is small the drift orbits change
dramatically and the particles follow “banana orbits”. This regime was discussed by

Ryutov and Stupakov in their work on transport in tandem mirrors{14].

3.3.2 Resonant Particle Transport

In the previous section we neglected the effect of particles satisfying the
resonance condition lwy —w — nwg = 0 where { and n are integers. When a particle
is reflected off the non-axisymmetric end potential it experiences a force in the §
direction causing its angular momentum, py, = %rz, and radial position to change.
Particles that satisfy the resonance condition take radial steps in the same direction‘
for many bounces. In the adiabatic limit the contribution from these particles is
negligible, but when wp is comparable to lwR — w the resonant particle transport

may be the dominate effect.

In this section we solve the drift-kinetic Boltzmann equation,

af

where the Hamiltonian is taken to be a function of z and p. as given by Eq. (3.7).

Writing the Poisson bracket as

a oOH J dH a oH d OH
=5 (1) 5 (ar) + 30 (15) o (135) 099
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and integrating over all variables except pg yields the result

Q%fi o l ] ] T / v, ] dv, / a2 ] (3.37)
n(po) f / T g ] doy [ dv, [ dzf. (3.38)

In the adiabatic limit we solved for f perturbatively in both 0H/38 and in

where

the effective collision frequency, v. Here we cannot solve perturbatively in v because
we are looking for an effect which is independent of the collision frequency. Instead,

we approximate the collision operator by

Clfo+6f) = —véf, (3.39)

and let v — 0 at the end of the calculation. The effective collision frequency then

“resonant-plateau” regime[16, 17)].

drops out. This corresponds to transport in the

The calculation is rather lengthy and is nearly identical to that found in
reference [12]. Essentially one just replaces lwp with lwg — w. The final result for
the resonant particle transport equation is

an(r) lw w)® 1|6 Ly ) (lwp — w)?
o __"’"[ ( VL Ty G [_ Xruos)? D

in,+w

X n('r)_g%( 2 )l (3.40)

lwp —w
where wp = w\/T/—m /Lo is the mean bounce frequency in the plasma. As might be
expected from the thermodynamic arguments, terms in the sum with w/! > wp give
rise to an inward particle flux while terms with w/! > wr give rise to an outward

particle flux.

In the “rotating wall” limit (Egs. (3.29) and (3.30)) the flux is

4 (é\/w_/fzzn: %@i exp [“(TETT}L‘;)L:)_ZD
T m(6L%)

" —e—f—r(mwg—w) L3

(3.41)
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In a frame that rotates with the asymmetry, the static rotational pumping transport
flux{12] is again recovered. Note, however, that the coeflicient of Wy in this expression
differs by a factor of 2 from that found in reference [12]. The reason for this is that

we have taken the asymmetry to be located at one end of the plasma only, so the

radial steps occur with frequency wp . For the diocotron damping calculation in {12]

the particles take steps at both ends of the plasma with frequency 2wg.

The quantity in parenthesis in Eq. (3.41) replaces v, in the adiabatic trans-
port calculated in the previous section. Written this way, one can easily see that in
the adiabatic limit, wp > wp,w the resonant particle transport is negligible. It is
interesting to note, however, that even when wp ~ W the adiabatic transport will
still dominate provided that the plasma rotation frequency is close to the frequency
of the rotating wall, i.e., |[lwp — w|/wp <« 1. The important quantity is the E x B
drift rotation frequency in a frame that rotates with the asymmetry. When this is
small the resonance is located at a relatively small velocity and the resonant particles

take small and infrequent steps.

3.4 Stationary States

In this section we consider an ion plasma which is subjected to an applied
torque due to a rotating wall and an ambient torque due to collisions with neutrals.
We look for a stationary plasma state where the net torque is zero and where the
heating due to the applied torque is balanced by collisional cooling on the neutrals.
This section is motivated by recent expertments in which pure ion plasmas have been
maintained in a stationary state for a period of days{1].

The external torques are assumed to be weak so the plasma remains near
thermal equilibrium. That is, the transport time scales associated with the external

torques individually are assumed to be long in comparison to the time for coulomb
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interactions (internal torques) to bring the plasma into a state of thermal equilibrium.
In the limit where the Debye length is small, the thermal equilibrium density profile
may be approximated by a constant density out to the plasma radius, r, . Of course,
the temperature is also uniform in thermal equilibrium.

The angular momentum evolves according to
Py = Twat + v (3.42)

where 7,1 is the torque due to the applied rotating asymmetry and 7y is the am-
bient torque due to neutrals. The internal torques act to keep the plasma near
thermal equilibrium, but they cannot change the total angular momentum. For an
ion plasma Fj is positive and therefore negative torques cause inward radial transport
and positive torques cause outward radial transport.

To calculate the temperature evolution of the plasma, we first consider the
heating caused by the rotating wall. In a frame that rotates with the asymmetry the
energy is given by

E=E-2p (3.43)
m

where E is the energy in the lab frame and w/m is the rotation frequency of the
asymmetry (phase velocity). In the frame that rotates with the asymmetry, the
perturbation is time independent and therefore E’ = 0. This allows one to write the
rate of change of the energy in the lab frame due to the rotating wall as

w

E= "1 (3.44)
m

In equilibrium we expect w < wgr < 0 and 7y < 0 so the rotating wall acts to
increase the energy.
Collisions with a background of cold neutrals cause the plasma energy to

decrease. We denote this as

,E:ﬂ%gNﬂ (3.45)
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where N is the total number of particles in the plasma. Here 7. is the cooling rate
and 1s of order (m,/m;) v where v is the ion neutral collision frequency, m,, is the
mass of the neutrals, and m; is the mass of the ions (we assume that m,/m; < 1).

Summing the right hand sides of Eqs. (3.44) and (3.45) yields

. w 3
E = ;Twa” —_ 7C§NT. (346)

To relate £ to T we express the total energy as the sum of the thermal energy
and the electrostatic energy. For a long plasma (L/R,, >> 1) with constant density

the energy is given by

E= -g-NT 1 (Ne)? [l “ I (-TL)] , (3.47)

where 7, 1s the radius of the plasma and R,, is the radius of the conducting cylinder.

Differentiating this equation with respect to time yields

-3

. 2.
E= NT__(.JXE)_E

= T (3.48)

The total torque acting on the plasma is related to r, by

d (eB  r,? eB .
Twall + TN = gt' (—Q?N%) = %N’rprp (349)

and the E x B drift rotation frequency of the plasma is given by

2c eN
BrptlL

. (3.50)

wr =

From these two equations one can show that

Ne)r
( L) :E' = —-wR(Twa” -+ TN)-,- (351)
P

and therefore

E = §NT + wR(Tm“ + TN). (352)
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Combining this equation with Eq. (3.46) then yields an expression for the tempera-

ture evolution in the plasma due to the applied torque and the neutral cooling

3 . w 3
ENT = “"WR(TwaH + TN) + ;Twall - §N7CT (353)

The first term in this equation represents a transformation of electrostatic energy )
into heat, the second term represents heating from the applied torque and the last
term represents neutral cooling. In equilibrium the torques balance and the first term
is zera. The equilibrium temperature in the plasma is then determined by a balance ‘
between the neutral cooling and the heating from the applied torque. It 1s interesting
to note that since 7,q = —7n in equilibrium, the temperature may be found without
specifying the transport due to the rotating wall (1.e. T = —2wrn/(8Ny.m) ).

To find an equilibrium and analyze it for stability it is convenient to convert

Eqs. (3.42) and (3.53) into equations for wp and wr. The bounce frequency for a

thermal particle is defined by

B T
Wp = T o (3.54)
and therefore
. IN? )
T =2m; (;) Wpwp. (355)

The total angular momentum of the plasma is

B 2
N (3.56)

Py=—
6 2¢c 2’

and the E x B drift rotation frequency is

2¢ eN \
\

=—— . 3.57
“R Br,2L (3.57)
Eliminating r,? from these two equations yields
N)? 1
py= LN (3.58)

2L wR’
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from which one finds
5 (6N)2 w'R
Py = YA w_R2' ) (3.59)

Egs. (3.42) and (3.53) can then be expressed as

Wr = Flwrws), (3.60)
wg = Glwr,Wg), (3.61)

where
F(wp,upg) = (;iz) Wi (Tuwatt + TN) (3-62)
G(wp,wp) = - (SLNmT;) [z—g (Twatt + TN) — %Twau - %’Tcw_s- (3.63)

Equilibria are determined by the coupled equations

F(wR,LJB) = 0, (364)

G(wﬁ,w_g) = 0 (365)

Linear stability may be analyzed in the usual way by Taylor expanding the right
hand sides of Eqs. (3.60) and (3.61) about the equilibrium as

ar ar

&.;‘R = &.dRaTR —f— 6@3@, (366)
: oG oG
5&)—3 = &dRaTR + (50.)_3%, (367)

where the derivatives are understood to be evaluated at the equilibrium values of wp

and wpg. The stability condition for this linear system is

F 2
(ﬁ_&)ii(a_ffﬁ) (ZG ORI L aay

dwp Juwp Owr Owpg Owg Owg Owpg Owp

When this condition fails the equilibrium is unstable. Often, the question of stability

may be answered if the signs of the derivatives of ¥ and G are known, even if their
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magnitudes are unknown. For example, if 0F/0wgr and 8G/0wp are both positive

then the equilibrium is clearly unstable. Sirmlarly if

JF 0G  OF 080G

Owg Owg O0wp Owg

<0 (3.69)

then the equilibrium is also unstable.

In order to evaluate the derivatives of F and G, one needs to find expressions
for the torques in terms of wp and Wpg. Since the angular momentum of the plasma
is

= %/dsr r*n(r), (3.70)

an external torque may be expressed as

. 371
- - 3 _ 3
T=F; = /d at /d rre - fr T‘] )) (3.71)

where [, is the transport flux associated with the external torque. Integrating by
parts yields the result

= Borr f dr 2T, (3.72)

where L is the length of the plasma. Given a transport flux, Eq. (3.72) provides a
means of calculating the torque. Note that all internal torques cancel in this integral.

The radial particle flux due to collisions with neutrals is [6]
[revirels — b%(ur%n) + ur%%n, (3.73)

where v is the ion-neutral collision frequency and rp, is the Larmor radius. Since the
Debye length is small compared to the radius of the plasma, the diffusive term in

this equation is negligible and Eq. (3.72) gives a neutral torque of

(eN)? v
L Q.

(3.74)

TN =

where (1. is the cyclotron frequency.




When one takes derivatives of the torques with respect to wp it is the radius

of the plasma, or equivalently the plasma density, which is allowed to vary. The

magnetic field is not a dynamical variable. Therefore,

aTN
5o =0 (3.75)

To calculate 7y /dwg, we choose a simple hard sphere model for the ion-neutral

collisions so that
(3.76)

and thus

a7-1'\7 - I_{Y_ - _Twa,H (3 77)

Jwg )7 wg
In this expression we have explicitly used the fact that the derivatives are to be

evaluated at an equilibrium where 7.y = —7n.

This result allows one to write the derivatives of ¥ and & in terms of Tyuu

only:
BF — aTwa[l
OTR B ( ) BwR ’ (378)
aF — 6 Twall
dwp )“’R “B s (w—B ) , (3.79)
oG = wp— W/ﬂl aTwaH
dwp  \3N m,Lz) ( o ) Ton (3.80)
aG = “nR — W/m - a Tweall
R 3Nm L?) ( s )WB&JB ( - ) — 7. (3.81)

In the last two equations we have also used the fact that v, o« wg which follows from
Eq. (3.76). In equilibrium wg —w/m > 0 because the "wall” must be rotating faster
than the plasma (for an ion plasma wp < 0).

If one can show that

ol (Twa“) >0, (3.82)

3(4)3 Wg




then the stability is determined by the sign of dmu/dwr. If

aTwaH

<0

a(.u‘ R

-(%2 0, (3.84)
;L; > 0, (3.85)
gg% > 0, (3.86)
gg% < 0. (3.87)

One can see that Eq. (3.68) is then satisfied and the equilibrium is stable. Similarly

if
f;j§’>>o (3.88)
then
é;f% 0, | (3.89)
gg% > 0, (3.90)
(,?TC; < 0, (3.91)
% < 0, (3.92)

and the equilibrium is unstable.
First consider the torque due to resonant particle transport. We expect this
to be the dominant effect when |wg — w/m| ~ . Substituting the particle flux

form Eq. (3.41) into Eq. (3.72) yields

N, & (mwg —w)® (mwg — w)?
Twall = —Nm,- (;) wp GZ ———T——exp (“W) (393)

where N is the total number of particles in the plasma and

V8r Tp (6L%)
€ = rp2 m A dT TT (394)
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is a measure of the strength of the rotating wall. On general grounds one should
expect € to be proportional to the square of the applied voltage.
The evaluation of the derivatives of 7.y can be simplified somewhat if one

expresses the torque as

2
Tall = [Nmi (%) ]LJB?ef(m), (3.95)
where
2 /T\°® 1 7z\?
flz) =~ ; (;{) exp [—5 (;) ] (3.96)
and
- R (3.97)
wpg
One then finds that
— a Twall _ . £ 2 _ g
WBEE;(LJB ) = [Nm,(w) ]ewg (f(m)—;nam) (3.98)
and that :
OTwatl INY| _, (maf 1 8¢

In Fig. 3.3 we plot f(z), 0f/0z and the f —20f/0x. When f —20f/0z > 0
the quantity in Eq. (3.98) is positive and the stability of the equilibrium may be
determined from the sign of J70u/dwn. In Fig. 3.3 it is clear that Jf/0z < 0 when
f —~zdf/0z > 0. Although the functional dependence of ¢ on wp may be quite
complicated, we can determine the sign of d¢/dwg with a simple physical argument.
As r, increases, the plasma moves closer to the applied rotating asymmetry and
we expect ¢, the effective strength of the rotating asymmetry, to increase. That is,
Je/Or, > 0. Since wg ~ —r,”? we expect

de _ 9ry e

8wR - 8wR 3r,,

> 0 (3.100)

and the quantity €' fd¢/Owg < 0. Therefore, in the region where f — zdf/dz > 0,

OTwen /Owr < 0 and the equilibrium is stable. In recent experiment[l1] a stable ion
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plasma has been observed with @ ~ 2 which is consistent with the analysis presented
here. When f — zdf/dz < 0 the stability analysis is more complicated. In the
region where df/dz > 0, for example, one would need to determine the magnitude
of de/dwn.

Now consider the case where |wp — w/m|/wp is small. In this limit, the
resonant particle transport is negligible (as can be seen from the behavior of f(z)
for small z) and the adiabatic transport flux is the dominant effect. Substituting the

adiabatic flux form Eq. (3.31) into Eq. (3.72) yields

L 2
Twall = — §N (—) mi:l gl —2 (3.101)
T AT MWR — W
In the limit where the plasma is weakly magnetized,
Vi X nT™% —uj—Ra. (3.102)
WB
Therefore,
ol & e — B (3.103)
WB MWR — W
and it is easy to show that
a wa
WB—T—— (T_”) > 0. (3104)
Jug \ Wg

Once again, the sign of dry.n/8wr is sufficient to determine stability.
In the regime where the adiabatic transport is large, the behavior of Ty,.n is
dominated by the small quantity (wr —w/m)/wr and one may treat € as a constant.

For fixed Wp the torque can be expressed as
Twall ~ —K/Y, (3.105)

where y = (wp — w/m)/|wr| and & is a positive constant. Note that for small y

OTwall N 1 dr

—_— — 3.106
awR |wR| 6y ( )
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In Fig. 3.4 we plot Twan vs. y. For positive values of y (where an equilibrium is
possible) O7yqn/0y > 0 and the equilibrium is unstable.

In Fig. 3.4 the torque diverges as |y} — 0. As argued in section 3.3.1 the
assumptions underlying our transport theory break down when |y| < Ap®/rp,%. On
physical grounds, one should expect the torque curve to turn over and go to zero as
ly| — 0. This behavior is illustrated in Fig. 3.5 where the dashed curve indicates
the expected behavior of the torque.

Along the dashed curve, 97y./0wr < 0 and one would expect the equilib-
rium to be stable. In this regime, one must also assume that the torque satisfies the

condition

_ a Twall
LdB'é;:};‘ ( ) > 0. (3107)

wp

To formally derive the transport flux in this region one.could solve the drift-kinetic
Boltzmann equation in the limit were the electrostatic energy in the frame that
rotates with the asymmetry is small in comparison to the temperature. Provided
that Jwp — w/m| > v, one could still solve perturbatively in the effective collision
frequency and one would expect to find a transport flux which is proportional to v.

3 we expect the magnitude of the torque to decrease as wp

Since v ~ T73? ~ g~
increases. Therefore, the assumption given in Eq. (3.107) seems to be a reasonable

one.

3.5 Aliasing

In this section we consider the confinement geornetry shown in Fig. 3.2
and estimate the transport due to aliasing. One of the end confinement cylinders
is divided azimuthally into N sectors. The voltage on each sector oscillates with

frequency w, but the phases are set independently. The voltage on the confinement




cylinder may be expressed as

2 2
Bo(8,1) = V. + 6V cos|g; — wi, WNU ~1)<f< %j (3.108)

Here V, is a constant confinement voltage and ¢; is the phase of the voltage on the

th

7 section.

Simulating a rotating wall amounts to a careful choice of the phases, ¢;. The

azimuthal position in the center of the jth sector is
27 i
0, =—j——. )
ITNTTN (3.109)

In order to simulate a rotating wall as given in Eq. (3.5) one would set ¢; = m#; so

that

2 2
®.(8,8) = V. + 6V cos [m (—-7[3 - f—) -—wt] , —ﬂ-(j —-1)< < —2-713 (3.110)

N N N N
Using
1427w w . ar d6 .
w = di — :hzwt/ kel —zw@ .+ )
Vs ft il M X () (3.111)

the Fourier components are found to be

770V sin(mE)N; {=m —pN

0; otherwise

§Vigw = 6V _y = { (3.112)

where p i1s an integer. The largest term is the p = 0 term which corresponds to a
traveling wave. In the limit N — oo this is the only component that survives and is
equal to

§Vingw = Voo = =8V. (3.113)

1
2
This is the rotating wall limit.

The most important aliased component that contributes to outward radial

particle transport is the p = 1 component. Taking only terms for p = 0 and p = 1

we write the potential on the confinement cylinder as

Do(8,t) = V. + 8V cos(mf — wt) —

N_mcos((N—m)H—i-wt). | (3.114)
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Expressed in this way one can easily see the aliased component traveling in the
opposite direction.

To accurately find the length fluctuations that result from the confinement
potentials in this equation, one can follow the procedure of Cluggish and Driscoll
and use a three dimensional Poisson solver[13]. IHere we estimate how the length
fluctuations scale by assuming that L is proportional to the potential fluctuations
evaluated at the end of the plasma. This idea was used by Peurrung and Fajans [18]
to estimate the shape of a displaced plasma column.

Solving Laplaces equation with the boundary conditions of Eq. (3.88) we
find that the potential at the end of the plasma is approximately given by A solution

to Laplace’s equation with the boundary conditions given in Eq. (3.114) is given by
60 o Ju(xmar/Bu)exp[—xmi1dz/R,} cos(mb — wit) —
IN e (X (N=m) 17/ Bow) €XP[= X (N-m) 182/ Roy]

x cos((N — m)l + wt) (3.115)

where Az is the distance from the end of the plasma to the confinement cylinder
and i, 1s the first zero of the Bessel function J;. The length fluctuations may then

be estimated as
§L(0,t) == 8L cos(mb — wt) + §L* cos((N — m)0 + wt) (3.116)

where

BLY 1 In-m(X(v-m)ar/ Ru)
[6L] N—-m  Jo(xmir/By)

exp["‘"(X{N-—m),l - Xm.l)Az/.Rw]' (3'117)

One might have expected the aliased component to be small by a factor of 1 /(N — m).
In fact, the aliased component is exponentially small. This is simply due to the fact
that the aliased components have a large azimuthal mode number and these do not

penetrate very far into a cylinder. The potential is smoothed with distance and
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the low azimuthal mode numbers dominate. Since the transport scales as |6L?|, the

outward radial transport due to aliasing is typically exponentially small. Of course,
this conclusion assumes that N > 2m so that the aliased component of the potential

does have a larger azimuthal mode number.




82

\

\/

Vi) \

V2(t)

V3(t)

VA1)

Figure 3.1: The confinement geometry.
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Figure 3.2: The confinement geometry with time-dependent voltages positioned at
one end of the plasma
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Figure 3.3: f(z), 3f/0x and f(z) — 28f/0x where x = (mwp — w)/wp
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Figure 3.4: The adiabatic torque plotted as a function y = (wp —w/m)/|wg|
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Twall

Figure 3.5: The adiabatic torque plotted as a function y = (wp — w/m)/|wr| and
the expected behavior of the torque for small values of |y| (the dashed curve).
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Chapter 4

Transport in a Toroidally
Confined Pure Electron Plasma

4.1 Abstract

O’Neil and Smith have argued that a pure electron plasma can be confined
stably in a toroidal magnetic field configuration. This pa,p;sr shows that the toroidal
curvature of the magnetic field of necessity causes slow cross-field transport. The
_transport mechanism is similar to magnetic pumping and may be understood by con-
sidering a single flux tube of plasma. As the flux tube of plasma undergoes poloiaal
E x B drift rotation about the center of the plasma, the length of the flux tube and
the magnetic field within the flux tube oscillate, and this pi'oduces corresponding
oscillations in Ty and T';. The collisional relaxation of T}, toward T'| produces a slow
dissipation of electrostatic energy into heat and a consequent expansion (cross-field
transport) of the plasma. In the limit where the cross-section of the plasma is nearly
circular the radial particle flux is given by I = fv, \T'(r/po)?n/(~ed®/Dr), where
v,, s the collisional equipartition rate, pg is the major radius at the center of the
plasma, and r is the minor radius measured from the center of the plasma. The
transport flux is first calculated using this simple physical picture and then is calcu-
lated by solving the drift-kinetic Boltzmann equation. This latter calculation is not

limited to a plasma with a circular cross section.

88
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4.2 Introduction

Pure electron plasmas confined by a toroidal magnetic field have been studied
both experimentally and theoretically since the 1960’s[1 — 3] and have received re-
newed attention in recent years[4, 5]. The equilibria of pure electron plasmas confined
by a toroidal magnetic field were studied by Dougherty and Levy[2]. The équilibria
exist due to the strong space charge electric fields that arise because the plasma is
nonneutral. These fields cause particle drift orbits to be closed. One can think of
the poloidal E x B drifts as providing the rotational transform.

Recently, O’Neil and Smith [5] argued that a pure electron plasma can be
confined stably in such a configuration when the frequencies are ordered so that
the cross-field motion may be described by toroidal-averaged drift dynamics. They
found equilibria for which the energy is a maximum relative to neighboring states.
The system point evolves on a contour of constant energy in the space of accessible
states, and when ;Lhe energy is a maximum, the contour shrinks to a point and no
further change in the state 1s possible.

In this paper we obtain a collisional transport equation for a pure electron
plasma that is confined in this geometry. We assume the same frequency ordering

that was used to analyze stability [5]

QA >ur>wp>v>T1 !, (4.1)

where Q). is the cyclotron frequency, wy = v/p is the toroidal frequency for a thermal
particle, wg ~ w2/, is the characteristic E x B drift frequency in the poloidal
direction, v is the collision frequency, and 7 is the transport timescale. The length
scale ordering is

po>r > Ap (4.2)

where pg is the major radius at the center of the plasma, r is the minor radius
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measured from the center of the plasma, and Ap is the Debye length. We also
assume that r?wg?/c® < 1 so that the diamagnetic corrections to the magnetic field
are negligible. These conditions are well satisfied in typical experiments.

There are two ways to understand the transport. One can focus on a flux tube
and note that the length of the tube and the magnetic field strength in the tube vary
as the tube undergoes poloidal E x B drift rotation. The constancy of the adiabatic
invariants g = mv;?/28 and I = (27)~ § dl my|| then imply a cyclic variation in 7
and T;. The variations are unequal, and collisional relaxation between T and Ty
produces a slow heating of the plasma. This heziting comes about at the expense of
electrostatic energy, so the plasma must expand in minor radius. In section 4.3, we
use this viewpoint to calculate the radial flux for the simple case where the plasma
has circular cross section.

Alternatively, one can focus directly on the drift orbits as determined by the
particle energy H and the adiabatic invariants ¢ and I. When a particle undergoes
velocity scattering in a collision, these quantities change value and the drift orbit
changes, allowing the particle to step in radius. In section 4.4, the drift kinetic
Boltzmann equatjon is used to calculate th flux. This calculation does not require
the plasma cross section to be circular but reduces to the result of section 4.3 when

a circular cross section is specified.

4.3 Heating and Transport

A schematic diagram for a toroidal trap is shown in Figure 4.1. The con-
finement region is bounded by a toroidal conductor and the magnetic field is purely
toroidal. Here (p, ©, z) is a cylindrical coordinate where p is the major radius, © is
the toroidal angle, and the z-axis is the axis of symmetry of the torus.

In this section we assume for simplicity that the toroidal conductor and the
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plasma both have a circular cross section. This assumption is not necessary and
will be relaxed in section 4.4. For the case of a circular cross section it is useful
to introduce a polar coordinate system (r,#) which is centered on the plasma and
is locally oriented perpendicular to the magnetic field. Here 8 is the poloidal angle
and r is the minor radius measured from the center of the plasma, The (p,,z2)

coordinate system and the {r,8) coordinate system are related through the relations

p = po+rcosd (4.3)

z = rsind, (4.4)

where pp is the major radius at the center of the plasma.

We derive an expression for the radial particle flux by considering a single flux
tube of plasma as shown in Fig. 4.2. The flux tube has length L{r,0) = 2mp(r,8),
cross sectional area A, and contains 6V particles, where d N is a constant. Using
Ampefe’s law, the toroidal magnetic field can be expressed as B = éngg /p where
By and py are constants. 'Lhus, the field strength in the flux tube is Bopo/p(r, ),
where p(r,0) is given by Eq. (4.1). The dominant motion of the flux tube is the
E x B drift. Under the assumption of a small inverse aspect ratio { 7/pg < 1) the

electric field is nearly radial and the flux tube drifts in a circular orbit with frequency

(4.5)

As the flux tube drifts toward the inside of the torus its length decreases and the
magnetic field inside the flux tube increases. Setting & = wgt and using r/ps < 1

yields

L(t) = 2mpo+ 2nr coswgt

B(t) = By— By— coswgt. (4.6)

Po

Since the magnetic moment, 4 = mv? /2B, is a constant, the perpendicu-

lar velocity of each particle increases as the magnetic field increases. Of course,
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the average magnetic moment is also constant and is related to the perpendicular

temperature by
1 & gmel, 1
CONST. = m; 5= -B-Tl, (4.7

Differentiating this equation with respect to time yields an equation for the perpen-

dicular temperature evolution

8T, 10B

W = EETL (48)

Similarly, the average of the square of the individual toroidal actions is a constant

and is related to the parallel temperature by
A

CONST = W Z(Lmvg)Z = %L2Tu (49)

i=1
Differentiating this expression with respect to time yields

Ty 20L
ﬁﬂ = -2 0 (4.10)

The parallel and perpendicular temperatures also couple collisionally so that

the full temperature evolution is more accurately described by

Ty 29l

5t = I g it 2T - Tj) (4.11)
and

oT 138

a—: =g oLt~ vl =Ty | (4.12)

where v, | is the equipartition rate. The factor of two difference in the collisional
coupling term for Eq. (4.12) relative to Eq. (4.11) simply reflects the fact that there
are two perpendicular degrees of freedom and one parallel.

A two time scale analysis of these equations based on the smallness of r/pg

and on the frequency ordering wg > v yields the result

a3y +(r)] 1 (r)2T

i BEAGL

(4.13)
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where (-) indicates an average over the fast time scale, that is, over a poloidal E x B
drift time. The heating of the plasma arises because the parallel and perpendicular
temperature fluctuations are unequal. Collisions cause a small phase shift in the
fluctuations and to second order in r/pg there is a net heating in the plasma. This
effect is very similar to rotational pumping calculated in [4]. The difference here is
that the perpendicular temperature also fluctuates because the magnetic field is not
constant. To lowest order in », Tjj and T fluctuate in phase and therefore this has
the effect of reducing the heating rate.

Since the confinement potentials are time independent, the total energy in
the plasma is conserved and the increase in thermal energy must be balanced by
a corresponding decrease in the electrostatic energy. The particle flux is found by

equating the increase in thermal energy to local Joule heating

ni (5T +10) =~ (4.14)

where [, is the radial particle flux and n is the density. The right hand side of this
equation is the Joule heating per unit volume. Equations (4.13) and (4.14) are solved

for the flux and yield

| T r\?
F,- = §I/J_,"?”L(T') _eaé/ar (%) . (4'15)

Note that the flux depends on magnetic field strength only through v, . This
rather surprising result is due to an accidental cancellation. The net heating in each
poloidal rotation is proportional to the phase shift in the temperature fluctnations
which scales as v, ;/wg. The heating rate is equal to the heating per poloidal rotation
times the poloidal rotation frequency. Therefore, wg drops out of the calculation. In
the regime of weak magnetization (i.e., r. >> b, where rcl = 0/§, and b = €*/mv?),
the dependence on the magnetic field strength is very weak, v, y o< In(r./b). In the
regime of strong magnetization (i.e., r. << b) v,,; becomes exponentially small[5, 6]

and our theory predicts that I'; becomes exponentially small.
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4.4 Kinetic Treatment

One can also understand this transport process in terms of single particle
drift orbits. The frequency ordering 1. > &r > wg insures that the cyclotron

are good adiabatic invariants. Since the conﬁnem.ent potentials are time independent,
the energy 1s also conserved. The closed single particle drift orbits are determined by
these three constants. Asillustrated in Fig. 4.3, when a particle undergoes a collision
its parallel and perpendicular velocity change and it begins to move on a new drift
surface. This event constitutes the fundamental step underlying the transport.

The guiding center Hamiltonian in toroidal geometry is given by [7]

— P 3 .UBOPO
2mp*(p.}  p(p:)

+ e®(z, p(p.)) (4.17)

where z and p, are canonically conjugate, p, = (eBopo/c)In(po/p), and pp and By
are constants. The first term gives the curlva.ture drift, the second the gradient {B)|
drift and the third term the E x B drift. In a pure electron plasma the E x B drift
is the dominant drift. Equivalently, one may say that the the poloidal drift surfaces
differ only slightly from the equipotential surfaces.

It is useful to introduce a canonical transformation

z = z(ps,¥),

P: = pz(p¢1¢) (418)

which is chosen such that

®(z, p(p)) = ©(py)- (4-19)
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The new momentum, py, is nearly constant during the evolution except for

small curvature and gradient |B| drifts. The new Hamiltonian is given by

2mp(py, ) p(py, ¥

ez () (4.20)

The gradient [B} and curvature drifts normal to the py = CONST surfaces are
proportional to 9H/d.

We represent the plasma with a distribution of guiding centers

f:f(pevespu'}vd)sp’st)' (421)

This distribution evolves according to the drift-kinetic Boltzmann equation

of

where C(-) is the collision operator and the Poisson bracket is given by

_0foH _ofoH  f oH
00 dpe  OpOpy  Opy 0¥’

[f, H] (4.23)

In the limit &y > wg, 0H/Ope is large and so 3f /90 must be small. Phys-
ically this corresponds to the fact that any initially large @ variations are rapidly
mixed by the toroidal streaming along the magnetic field. The small @ variations
are uninteresting from the standpoint of cross-field transport and may be eliminated

by integrating Eq. (4.22) over @, that is averaging over the toroidal motion. The

result 1s
of ofoH of oH .
o T gopy peaw ~ V) (4.24)
where
_ 27
f(p91p¢a¢a#1t) = '/(; def(p@a (T), pil'a?:[)!)u’at)' (4‘25)
Rewriting Eq. (4.23) as
af o [oH g |oH =
oy ] =] = 4.2
ot " o [c’w ] Ope cwf] “w (4.26)
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and integrating over pg , ¢ , and ¢ yields a transport equation

Phed g 8] ] wam

where
N(py) = f f dpedpf. (4.28)

The integral over the collision operator vanishes because collisions conserve the num-
ber of particles.

To obtain a transport equation accurate to second order in the small quantity,
QH/0Y , we must obtain f accurate to first order in 3H/d%. Thus we look for a

solution to Eq. (4.23) in the form

f = fo(H,py) + 6 f(po, vy, ¥ 1) (4.29)
where 6 f/fo ~ (1/H) (8H /%) and
fo= N(p¢,)(QWT/m)'me'H/Teeq’/T. (4.30)

Written in velocity variables, fy is just a maxwellian times a density distribution
which coincides with the equipotential contours.

& f is obtained from Eq. (4.23) written to first order in dH/d,

86f 1dp [
WE"_'—“ -

My p Y

where wp = de®/dp, is the pdloidal E x B drift frequency. Here we have neglected

Pé ,U,B()Rl wg

2mp? —fo=C(fo+6f) (4.31)

terms of order 1/N 9N/dpy relative to wg/T because they are smaller by a factor
Ap?/rt.

Given the frequency ordering v <€ wpg, this equation may be solved per-
turbatively in the effective collision frequency. Dropping the collision operator and
integrating yields

5f(0) - _

Sp|. P2 pBoR| 1 2
£ l9 — 4.32
l 2mp? + p Tfo (4.32)
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where the superscript indicates the ordering in collisions and ép is the ¥-dependent
part of p(py,). To find the collisional response we insert &f ©) {hto the collision
operator on the right hand side of Eq. (4.30) and obtain

o _do[n(y_d[, P, uBek] 1
2o Lofi(s 2t B )

dp

Substituting fo + 6f_(0) + 5f_(1) into the transport equation yields

dN(py) _ 0 Py | pBoR| ( 10p\ -y
o “ap¢[/ fdped,u[2 s+ ]( p(w)éf l (4.34)

The collisionless terms vanish in the integral over 3. Integrating by parts and sub-

stituting from Eq. (4.32) yields the result
ON(py) _ 0 dip PE | pBoR] (6p
ot — Opy / 2r / dpo du 22mp2 + p p

2oln(iole|s Lo #Bofi] L
waC[fo (1 p [22mp2+ p lT)l} (4.33)

After changing variables of integration from (pe, pt) to (v, v1) this may be

written as

00 878 ] st -+ o] ()
x;lgc lﬁ, (1 - %3 [mv||2 + %mvﬁ] %)l } . (4.36)

where fo = N(py)far and far is a maxwellian.

We take the collision operator in the general form

= [ dodefoal (F0})F() = fo1)f (0)) (4.37)
where do 1s the differential cross section and v,.; = v —v;. Using this form we obtain
ON(py) _ 0 ) [dy(ép 3 ( ) / 3
B = _3p¢, / 27 \ wETN/d mv” + va_ d’v1do|vre|
! ]' f ! ]' ! f i3
X [ (mv“ f + é-mvl f + my|| : + Emm 2) Frrfu

1 1
- (mvni + §mvﬁ + mu)® + §mvl2) fleM] } . (4.38)
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Energy is conserved in the binary collistons. That is,

1 1 1 1
Emvf + §mv2 = 5mv'§ + Emv'z. (4.39)

This fact may be used to simplify Eq. (4.37) to the form

ONmy) _ _ 8 [ (8\', N 3(1 ) [ &
™ = _ap¢ ( , >¢wETN/dv muy, /d v1do|veel

1 1 1
X [(Emvnlf -} §m'U“ ) fleM ( mUEfI -} 2mU“ ) fleM] kﬁl 40

To evaluate the velocity integral in this equation, it is instructive to consider

the collisional relaxation of an anisotropic maxwellian distribution

-1/2 -1 1 2 1,2
T 1 1
fa(v) = (M) (2W J') exp l?‘mUH - 2mUJ‘] X (4.41)
T n

m m

The change in the parallel temperature due to collisions is given by

%@) = V[ (%m”if)f vy dofv,al] (fav])fa(v") = fa(v)falvr)

= vy (TL=1y), (4.42)

and may be used as a defimtion of the equipartition rate, v, ;. Consider the case
T, =T and T = (1 — o)T. Substituting this into Eq. (4.41) and taking the limit

a — 0, one can easily show

N/d3 ( ma| )/d V140 |Urel| [( mvﬂ L gt mU” )fleM

1 1 :
(valh -} mU“ )fleM] = -T%,, (4.43)

This is precisely the integral that appears in Eq. (4.39). The transport equation can

now be written in the relatively simple form

el 2 {m.u((%) e (=) N(pw} . (4.44)
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This equation describes transport in poloidal action-angle variables. To make

contact with section 4.3, we consider the simple case where the plasma cross section

is circular. In this case, ¢ = 8, py, = pp = (eB/2c)r?, and

2 2 2
<(é£) b= (B g I
P

The transport equation then becomes

NG _ 10 J1 T (r)
.  ror |2 " Zedd/ar \po) [

(4.45)

(4.46)

The quantity in brackets is the same radial particle flux that was found in section

4.3.
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Figure 4.1: Toroidal confinement geometry.




Figure 4.2: A flux tube of plasma
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Figure 4.3: An Illustration of how collisions allow a particle to change drift surfaces.
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