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ABSTRACT OF THE DISSERTATION

Squeeze and Nonlinear Effects in Trivelpiece-Gould and Electron Acoustic Waves

by

Arash Ashourvan
Doctor of Philosophy in Physics
University of California, San Diego, 2014

Professor Daniel H. E. Dubin, Chair

We study the enhanced damping of Trivelpiece-Gould modes in a nonneu-
tral plasma column, due to application of a Debye-shielded cylindrically symmetric
squeeze potential ¢,. Damping of these plasma modes is caused by additional Lan-
dau resonances at energies E,, for which the particle bounce frequency w;(E,) and
the wave frequency w satisfy w = nw,(E,). In the first chapter we assume a smooth
squeeze of finite width and find that additional resonances induced by the squeeze
cause substantial damping, even in the large wave phase velocity compared to ther-
mal velocity regime. For w/k > Vv T/m and ¢1 < T, the resonance damping rate
has a |¢,|* dependence. This dependence agrees with the simulations and experi-

mental results.



In chapter 2 a narrow partition-like squeeze is added to an unsqeezed 1D
plasma and we evaluate the plasma heating, caused by cylindrically symmetric plas-
ma modes. As in chapter 1, collisionless heating is enhanced by the squeeze, due
to additional resonances, even when w/k > +/T/m. Adding collisions to the the-
ory broadens these resonances and also creates a boundary layer at the separa-
trix between trapped and passing particles. This further enhances the heating at
w/kvs <1, where vy is the separatrix velocity.

We study the nonlinear interaction of TG waves in chapter 3. We obtain cor-
rections to the forms and frequencies of weakly nonlinear modes. Futhermore, we
study the decay instability between a dominant axial mode m =2 and a small am-
plitude mode m = 1, using both analytical and numerical techniques.

In chapter 4, we study nonlinear interactions of the novel Electron Acoustic
Waves in a 1D plasma. Here, we use a weakly nonlinear analysis of a 1D Vlasov-
Poisson system, in a modified Maxwellian equilibrium, flattened at the phase ve-
locity of the waves. Using numerical simulation of the 1D Vlasov-Poisson system,
we study the unstable collapse of an EAW mode m =2 to an EAW mode m =1 and
compare the numerically-obtained exponential growth rates to the analytically ob-

tained results.

xvi



Chapter 1

Effect of squeeze on electrostatic

Trivelpice-Gould wave damping

1.1 Introduction

Trivelpiece-Gould (TG) modes are electrostatic normal modes of a cylindri-
cal plasma column. For a cold plasma contained in a perfectly conducting cylinder
ofradius r,,, with uniform plasma density up to the plasma surface atradius r,, < r,,,

the dispersion relation for the TG modes is [40]:
K,

1+3(kmvr)2] w1
VL 20 o )] '

The above equation employs the following notation: mode frequency w, plasma

frequency w, = 4/4mq%ny/ m,, density n,, particle charge q, particle mass m, ther-
mal velocity vy = 4/ T /m,, perpendicular wave number k, and axial wave number

wWR W

k,, =mm/L (L is thelength of the plasma). Throughout this chapter we assume that
L> r,. For such a thin and long plasma, and for cylindrically symmetric modes, to

the lowest order in r,,/ L the radial wave number is approximated by:

o~ 1 2
7, \ log(r, /1)



for the lowest order radial mode; and for modes with one or more radial nodes,
k,r, ~ j,, where j, is the n" zero of the Bessel function J;(x). (However, if =T
kir, = jon-[40])

This chapter considers the effect on cylindrically-symmetric Trivelpiece-Gould
modes of applying a cylindrically symmetric, axially localized "squeeze" potential
¢sq(T, 2) to the plasma column. In experiments, a controlled squeeze potential is
created by applying a voltage to a conducting ring encircling the plasma column.
Uncontrolled axial squeezes, both magnetic and electrostatic, are ubiquitous in many
different experiments, and our work is an attempt to quantify their effect on plasma
modes. We focus on plasma conditions such that the mode phase velocities are
much greater than the thermal velocity of the plasma. In such conditions, Landau
damping in the absence of squeeze is expected to be negligibly small. The presence
of the squeeze potential modifies the orbits of the particles as well as the spatial form
of the mode potential, which results in additional resonances at particle bounce
frequencies satisfying w,(E,) = w/n, where w,(E) is the frequency of axial bounce
motion of particles with energy E. Physically, particles moving in z experience a
non-sinusoidal mode potential caused by the squeeze, producing high-frequency
harmonics that can resonate with the wave frequency to cause Landau damping,
even when the mode phase velocity is large compared to the thermal velocity. We
will see that these added resonances cause an enhancement to the mode damping
rate that has a |, > dependence. We also derive a real frequency shift proportional
to ;. These theory results are verified by computer simulations.

Previous work has examined the effect of an axisymmetric squeeze on 6-
dependent ExB drift modes, in theory[19,26] and experiment. [15] Enhanced damp-
ing due to squeeze was also observed on these modes, but due mainly to collisional
effects, caused by a mode-driven discontinuity in the velocity distribution function
at the separatrix between passing particles (those with kinetic energy large enough
to pass over the squeeze potential) and particles trapped on either side of the squeeze.
While collisional effects can play an important role in TG mode damping, particu-
larly in low temperature multispecies plasmas, we believe collisions are unimpor-

tant in determining the enhanced damping due to squeeze compared to the colli-



sionless effects considered here, in the regime where the collision rate is small com-
pared to the bounce frequency. TG mode frequencies are much higher than those
for the ExB drift modes considered previously, and this tends to suppress the sepa-
ratrix discontinuity that enhances collisional damping.

In section 1.2 we present a 1D model theory for squeezed Trivelpiece-Gould
modes, which includes a self-consistent treatment of the mode potential in the pres-
ence of a 1D squeeze potential. In the analytical solution of this model, we assume
that ¢,/T < 1 and treat its effect with perturbation theory. This naturally neglects
trapped particle effects on the modes. We evaluate the mode damping rate and fre-
quency shift from our theory and compare these results to computer simulations,
which make no assumptions about the size of ¢, /T, finding good agreement when
/T is small.

In section 1.4 we extend our method to a cylindrically symmetric r and z
dependent plasma of length L trapped in a Malmberg-Penning trap of the same
length and wall radius r,,, assuming flat plasma ends that specularly reflect parti-
cles. A squeeze potential ¢, is applied to a conducting cylindrical section of width
A at the axial center of trap. Similar to the 1D model, since the squeeze potential is
Debye shielded from the inner plasma, we assume that the Debye shielded squeeze
potential energy inside the plasma is small compared to plasma temperature i.e.
¢1(r,z) < T and thus, neglect trapped particle effects. Using perturbation theory,
corrections due to squeeze potential to the r and z dependent eigenmodes and their

related eigenfrequencies and damping rates are obtained.

1.2 1D model

In this section we neglect radial variation for simplicity, we assume the plasma
ends are flat, and that particles undergo specular reflection at the ends, z = £L/2.
We also assume that the squeeze potential is symmetric in z with respect to the
center of plasma. This is not necessarily the case in the experiments, however this
added symmetry simplifies the problem. In this 1D model we will find that Eq. (1.1)

still applies, but now k, is an arbitrary parameter. We focus on azimuthally sym-



metric modes in a strong magnetic field and we assume the following ordering for

the time scales:
Ve KW S WIS W, KW,. (1.2)

Here, v.,, is the collision frequency and w, = g B/m,c is the cyclotron frequency.
Reading from left to right, the first inequality allows us to use collisionless theory to
describe the waves; the second inequality is necessary so that waves are not heav-
ily Landau damped; and the fourth assumes a strong magnetic field. In such a
strong magnetic field the distribution of particle guiding centers is described by
drift-kinetic equations. Particle motion consists of E x B drift motion across the
magnetic field and streaming along the magnetic field in the z direction. Since we
assume the plasma consists of one type of particles with charge g, in our calcula-
tion we make use of potential energy instead of electrostatic potential, in order to
simplify our notation.

In this 1D strong-magnetic-field model, collisionless plasma dynamics is de-
scribed by the time evolution of the Vlasov particle density f(z, v, t), a solution of
the 1D Vlasov equation

of of 1 0pdf

AR S 1.3
ot 3z m,dz0v 19

where ¢(z, t)is the potential energy of a particle. This potential energy is the sum of
agiven time-independent applied external squeeze potential ¢ ,(z), and the plasma
response ¢,(z, t),

¢(z,t)=psq(2)+¢,(z, 1) (1.4)

where the plasma response satisfies Poisson’s equation,

%0, 2
ﬁ_kﬁpp:_‘lﬂq dl/f—l’lo . (1.5)

Here, n, is the density of a uniform neutralizing background charge (provided by ro-
tation at a given frequency through the uniform magnetic field in the actual plasma

system.) We also assume here that “radial dependence” of the plasma potential in



our 1D slab model is given by the k% ¢ term. In the actual plasma experiments this
term is replaced by the radial part of the Laplacian operator-see Sec. I1 for the model
including radial dependence.

For our analysis of linear modes, we linearize Egs. (1.3) and (1.4) in the wave
potential, writing

(2, 1)=¢,.(2)+0p(z, 1) (1.6)

and
f(Z,U, t):no(Fo(Z,U)+5f(Z,l}, t)) (]-7)

Here, ¢, is the equilibrium plasma potential, nyF(z, v) is the equilibrium distri-
bution function, and 6 ¢ and of are the perturbed potential and distribution func-
tion respectively due to the TG mode. The equilibrium quantities satisfy the time-

independent Vlasov-Poisson system,

Ve—————— =0, (1.8)

S —ki‘:ope:_‘l”qz”o(fdl/l:o_l)» (1.9)
where

SOI(Z):SOSq(Z)+Q0pe(Z)+C (1.10)

is the total equilibrium potential energy, and C is any constant (we may choose to
measure potential energy with respect to any convenient zero value). For our pur-
poses we find it convenient to take C = —p,,(L/2)—¢,.(L/2), so that ( for a sym-
metric squeeze potential) ¢,(£L/2)=0. In the next section we discuss the solution
of this coupled equilibrium system for a given symmetric squeeze potential ¢,(z).
To determine the dispersion relation for TG waves in the presence of a squeeze
potential, we substitute Egs. (1.6) and (1.7) into Egs. (1.3) and (1.5) and linearize in

the wave amplitude obtaining the linearized Vlasov-Poisson system,

251, 051 109051 1 059 3F, _ .
ot 9z m,; 0z dv m, 0z ov ’
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0 z2

—kf5(,0=—47rq2nofdv5f. (1.12)

We consider solutions of these coupled linearized equations in Sec. 1.2.2.

1.2.1 Squeezed thermal equilibrium

The plasma in this model is a slab of width L running from —L/2 < z < L/2.
In the absence of a squeeze it has uniform density n,. We assume that the applied
squeeze potential ¢,,(z) is symmetric with respect to the center of plasma. It has
a maximum ¢ 7% = ¢54(0) and minima at the plasma ends. Then the solution of
Eq. (1.8) for the equilibrium distribution function is F, = Fy(Hy(z, v)), where Hy(z, v)

is the Hamiltonian of the plasma equilibrium given by
Hy=m,v*/2+ ¢, (2). (1.13)

For any given function form of Fy(H,) Eqgs. (1.8)-(1.10) and (1.13) can be solved for
the plasma potential energy y,.(z), for given boundary conditions on Eq. (1.9).
We assume periodic boundary conditions with period L. The functional form we

choose for Fy(H,) is the Boltzmann distribution,

Ho

e T
Fo(Ho(z, v)) = - : (1.14)
,/ZnT/mqf_LL/fz e—mT()d(z/L)
normalized so that
e3¢} L/2
f f Fodvdz=1L. (1.15)
—o0 J—L/2

We are particularly interested in a case where the squeeze potential is Debye shielded
to the extent that the equilibrium potential energy ¢; inside the plasma is much
smaller than the average kinetic energy; i.e., ¢;/T < 1. In this situation, we can

expand Eq. (1.9) to the first order in ¢, /T and get the following relation:

(—k} +02)0pe = A7 (01 —(91)), (1.16)



L/2

where Ap = /T /41 q2%n, is the Debye length, and (-) = f_L/z dz/L. For a squeeze
potential which is symmetric with respect to the center of the plasma we have the

following representations (using the periodic boundary conditions):

p1(2)=(p1)+ D ¢, cos[ (2 +5)), (1.17)
n=1
gosq(z):<cpsq>+2gochos[2"7”(z+%)]. (1.18)
n=1

From Egs. (1.16), (1.17) and (1.10) we can solve for ¢, the Debye shielded squeeze

potential:

<901> = <908q>_80pe(L/2)_ (psq(L/2)>

2 2 2 n
(,01 — (ki+k2n)AD(psq (1 19)
"R )AL 1 '
IS (70.’:5]
(L)2)=— , 1.20
PpelL/2) ;(kf+k§n)ag+1 (1.20)

where k, =nmn/L.
As a model for numerical work, the applied squeeze potential ¢,(z) is taken as a

Gaussian function with maximum Qg at the center of plasma z =0 and width A:

22

Psq(2) = e, (1.21)
From Eq. (1.19) we can see that the magnitude of the potential inside the plasma
is linearly proportional to the magnitude of the squeeze potential in the regime
where ¢, < T. For future reference, we define the maximum of the Debye shielded

squeeze potential at z =0 as ¢, = ¢;(0).

1.2.2 Obtaining the matrix linear dispersion relation

In this section we solve the linearized Vlasov equation (1.11), for the per-
turbed distribution function 6f(z, v), and use the linearized Poisson’s equation (1.12)

to obtain a dispersion relation for the electrostatic potential energy 6 ¢ in the plasma



waves. We define the scaled potential ¢, and scaled energy variable u as:

©1(2)=p1(2)/T, (1.22)
u=myv*/2T +£9,(2). (1.23)

Here, ¢ is an auxiliary smallness parameter, pertinent for a system where the squeeze
is small, ¢,/T < 1. At the end of the calculation ¢ will be set to 1. We rewrite the

equilibrium distribution function in terms of u as

—u

e
V2rnT/m, f_LL/fze—fﬁ(z)d(z/L).

To solve for 6f, we note that particles perform a periodic bounce motion along their

Fo(u) (1.24)

orbits in the equilibrium potential ¢,(z). Thus, in order to simplify our calculations,
we use the canonical action-angle variables of the orbits, y» and I, which are defined
by:

“dz
= —_—, 1.25
Y =w, LO (2) ( )
1
I=— dz.
oz
Here, the velocity of a particle with scaled energy u is given by

v(z)=vry/2(u—ep,(z)). (1.26)

The bounce frequency w),, is the fundamental frequency of the periodic orbits and

can be calculated from

dz

w,=2n/Tt, T=0 —, 1.27)
v(z)

where 7 is the time period of one cycle of motion for particle of action I. For parti-

cles with energy u > £p  (where v, = p,(0)), which we term “passing particles,” this

cycle of motion is from —L/2 to L/2 and back . For particles with energy u < ¢,



which are trapped on one side of the squeeze, there is a turning point as particles
reflect from the squeeze potential. The bounce frequency of the cycle of motion w;,

can also be expressed as
w(I)=Tou/dl. (1.28)

Using Eq. (1.25), ¥ can be written as a function of z and scaled energy u:

¥4

W = 27 dz
fﬁ\/#@(z)) z0 Ur 2(u—€¢1(z))’

21 fz dz
f]g \/% z0 V 1_851(2)/’1’
= Y(z,&/u). (1.29)

As aresult of inverting Eq. (1.29) we have:
z=2z(,e/u), (1.30)

where z is a periodic function of ¢. The mode potential 6 ¢(z) can then be written
in terms of action-angle variables. First, we note that for a long thin plasma where
w < Wy, to the zeroth order in w/w,, the boundary condition on the mode potential
at the plasma ends is approximately d,0 ¢(£L/2) ~ 0 [34]. Therefore, the standing
mode potential can be written as

5oz, 1)= Z (e7@'5 ¢, +e' 5% ) coslk(z + L/2)], (1.31)

m=1
where k,, =mmn/L, 6¢,, =6¢! +id¢! isthe mth complex Fourier component in
the position space and w = w, + iy is the complex mode frequency. Alternatively

we can write the above equation in terms of strictly real functions as

Sp(z,t)= 2> e (59! sin(w, )+5¢], cos(w, t))cos[k,(z + L/2)](1.32)

m=1
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Next, since z is periodic in ¢, we can write the z-dependence as a Fourier series in

(e,9)

cos[k,,(z(1), e/ u)+ %) = Z C(e/u)e™ (1.33)
where the connection coefficients C " are
1 27
C'(e/u)= EJ e " coslk,,(z(y, £/ u)+ %)] ay. (1.34)
0

These coefficients connect Fourier representations in z and . Using these coeffi-

cients we can write:

[o oI o]

Splp.e/ui)= 3 > (60nChle/u)e’™ ="

n=—00 m=1

+8¢% C"(e/u)e "N, (1.35)

Since u (or action I) is a constant of the unperturbed motion and Y = w;, t +y(0),
relation (1.35) expresses the mode potential as experienced by a particle with scaled
energy u, as a function of time along its unperturbed orbit.

The form of the mode potentials as a function of z and the mode eigenfre-
quencies can be obtained by simultaneously solving the linear 1D Vlasov equation
(1.11) and the Poisson equation (1.12), where the mode perturbation to the distri-

bution function is of the form
6f(z,v,;t)=6f(z,v)e " +c.c. (1.36)
Substituting for 6 ¢ from Eq. (1.31), multiplying both sides of Eq. (1.12) by
2719 coslk,,(z + L/2)], (1.37)

integrating in time over a period (271/w), and in z over the whole length of the plasma,
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from —L/2 to L/2 we have the following series of equations:

(ki +K.)50,,

2 o
:47rq2nozf f 6 f(z,v)coslky(z +£)dzdv, (1.38)

where m =1,2,.... The linear Vlasov equation (1.11) can also be written in terms of

canonical action-angle variables:
0,0f+w;,0,6f—0,6 p0,Fy(I)=0. (1.39)

This can be solved by expressing of in terms of action-angle variables,

o0

Sy, I;t)= > 6fu(l)e ™+ c.c. (1.40)

n=—oo

Substituting from Egs. (1.35) and (1.40) in Eq. (1.39) and solving for 6 f,,(I) we obtain:

5 1. (1) 100 X 89w Cile/ WD)/ T L

wW—Nnw,

On the right hand side of Eq. (1.41) we used

Zh) =17 (D) R =,

where F, is given in Eq. (1.24). Since ¢ and I are canonical coordinates, dzdp, =
dydI and we can exchange the integration over (z, v) variables (on the right hand
side of Eq. (1.38)) to (3, I) variables. Performing the integral in Eq. (1.38) over )
from 0 to 27t using Eqgs. (1.34) and (1.41) we obtain:

W' 4m J e nw,Fo(I) °°

SPm——— 6¢mc%(8/u)c,;”(£/w =0, (1.42)
wW—nwy

Kz LT | —

where K,, = 4/ kf + k2 is the total wave number, and U denotes integration with re-

spect to I, performed in the complex plane below the pole (using the Landau con-
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tour [29]). Due to the symmetry of the squeeze, we have C’(¢/u)= C "(¢/u). Fur-
thermore, in Eq. (1.42) we will neglect trapped particles, assuming ¢ < 1, and we
will only integrate over the energies of the passing particles, i.e. u > €y ,. Thus,

Eq. (1.42) becomes

n

@, © @y(u,e)e™
50n— s «/_v por ZJdu SInE—D(. 8)225% "(e/u)C!(e/u)
€9

=0, (1.43)

where we used w;, = Tdu/d I and Eq. (1.24). Also we define the scaled bounce fre-
quency w,(u, €) as w,(u, ) = w,/k, vy, and the (complex) scaled mode frequency
w = w/k,vr. Equation (1.43) is a linear, complex, matrix eigenvalue equation which

can be written in the simple matix form as:
M(w,¢).e=0, (1.44)
where the dispersion matrix M and eigenvector e are given by

Mmm(5 8)_5mm

_8(K Ap) 2 °°J wy(u,e)e
£
2

e—<7) U, e e W/ W), (145)

=(65¢,,00,,.. (1.46)

Equation (1.44) is solved by finding complex frequencies w such that an eigenvalue
of M equals zero. The corresponding eigenvector in the nullspace of M provides the
Fourier components of 0 ¢(z). Different Fourier components of the mode (elements
of the right hand side of Eq. (1.46)) are coupled through the off-diagonal elements

of M, which are generated by the squeeze potential.



13

1.2.3 Perturbation method for the small ¢, /T regime

In order to obtain the eigenvalues, eigenvectors and the damping rate of the
modes, we will use a perturbation approach and expand the dispersion relation in
orders of ¢ as the smallness parameter. We Taylor expand the dispersion matrix M

for small ¢ in Eq. (1.45):
1
M(w, £) = M(w, 0) + 0.M(w, 0)e + EajM(a, 0)e’+... (1.47)

We have the following series expansions in terms of &:

M = My+M,e+M,ye*+..., (1.48)
e = e +ectei+..., (1.49)
W = Wyt Ee+wEl ..., (1.50)
where:
_ _ 1 _
M,=M(®,0), M, =3M(w,0), M2:§8€2M(a),0). (1.51)

Details of calculation of My, M, and M, are given in appendix B. The complex col-
umn vectors e, e;, €, and complex frequencies w,, w,, W, determine the spatial
form and complex frequency of the eigenfunctions in the presence of a small squeeze
potential.

Usingrelations (1.48) through (1.50), we rewrite the dispersion relation (1.44),
collect the terms of orders £°, ¢! and £? and set the dispersion relation at each order

to zero separately.

Zeroth order in ¢

The zeroth order dispersion relation (for an unsqueezed plasma) is given by

M(w]').el" =0, (1.52)
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where @’ is the zeroth order, complex eigenfrequency of mode m. From Eq. (B.9)

the matrix M, is, in component form,

M7"(@) = (1 v W(B/m)) s (1.53)

Thus, we obtain the following zeroth order dispersion relation for mode m:

1+

e W(w)'/m)=0, (1.54)

where the function W(b) is defined as:

_xz/zdx
. (1.55)
W |

Equation (1.52) is the TG mode dispersion relation of an unsqueezed plasma. Since

M, is a diagonal matrix, each Fourier cosine function in Eq. (1.31) is an eigenmode.

Thus, the zeroth order eigenvector for the mode is
(e),=A,690. (1.56)

The zeroth order eigenfrequency w,' is obtained by solving Eq. (1.54). For weakly
damped modes with frequency w;' = @, + i7", scaled frequency and the damping

rate are given by:

1
1+ —~Re W(wy,/m)=0, (1.57)
D" m
P
—m MW, e 2
To = (1.58)

- ve v 2dy ”Z/Zdv )
Pf (%) a)Or/m v)?

Since we are dealing with linear modes, the mode amplitude 6¢" in Eq. (1.57) is
an arbitrary parameter, which we take to be real. In Eq. (1.58), ?(’)” is obtained by
perturbation, with the assumption that ;" > 7,". When @, /m > 1, the Landau-
damping damping rate 7" for the unsqueezed plasma is exponentially small.

Bothreal and imaginary parts of the zeroth-order (unsqueezed) scaled phase
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velocity w,/m are functions only of a single parameter, K,,Ap . In the limit that the
plasma is cold, so that K,,A, < 1, the solution of Eq. (1.57) is

2

w‘”: ! +346(K,,Ap)? +24(K,,Ap) +180(K,,Ap)° + ... (1.59)
m2 (I<rn)LD)2

The first two terms in this asymptotic series are equivalent to Eq. (1.1).

First order in ¢

We obtain the first order correction to the mode frequency w|" =] +i7}",
and the first order correction to the eigenvector e;* from the first order dispersion

relation given by:

where from Eq. (B.16) the components of the matrix M, are given by the expression

mn __ 4 m2 — m n2 - n
M =Tk g[l—W(w/m)]an+§[1—W(co/n)]am , (1.61)

where the coefficients ah are first-order in € corrections to the Fourier connection

coefficients C, given by

S"lm
6 m==£n

m (" Phnne Pz m+#+n
n 8 m—n + m+n ’ (1 62)

From Eq. (1.60) we solve for the first order correction to e, which is given by

the components

e").=———05p™  j+m. (1.63)

- M{"@y")

and (e!"),, = 0. Using relation (1.32), we can write the squeezed eigenmode m up to
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Figure 1.1: The change to the spatial dependence of mode potential formode m =1,
with cos(w, t)and sin(w, t) time dependence, in a plasma with k; L = 157 and scaled
plasma frequencies w,/k;v; = 90 and w,/k,vy = 200, corresponding to mode
phase velocities w, /k, vy =6.25 and 13.42 respectively.
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the first order in ¢ as:

o¢"(z,t) = 26¢T e 7 cos(w,t)cos[k,,(z+ L/2)] (1.64)

2¢ Z Im[5¢}"] cos[k;(z + L/2)]e " sin(w, )
j#Em

+

26 > Rel6¢p ™" cos[k;(z + L/2)]e™" cos(ew, 1)
J#m

+

where 0 ¢ 7= (ef"); (see Egs. (1.46) and (1.63)). Contributions to the mode poten-
tial from wave numbers k; # k,, are linearly proportional to the squeeze amplitude
@,. These terms (j # m) are also linearly proportional to the amplitude of the un-
squeezed mode potential 0 ¢ ™ (as seen from Eq. (1.63)). There are sin(w, t) depen-
dent as well as cos(w, t) dependent contributions from the j # m terms to the mode
potential. Using Eq. (1.63), the spatial dependence of j # m terms with sin(w, ¢) and

cos(w, t) time dependence are:

[ M]"(@5;)]
69l (z)=—2e0 Im | ———2" ki(z+L/2 1.65
Pln(2)=—2e69) Hézm m M“(wgﬂ) cos[k;(z + L/2)] (1.65)
5 (2)=—2669" > Re m cos[k;(z +L/2)] (1.66)
j#m

Figures (1.1) are plots of 6 ¢ /

s

(p00M),and 69"

cos

k, L =157 and plasma frequencies w,/ k, v; =90 and w,,/ k; vy = 200. We divide out

/(@ 6¢), for mode m = 1, with

the scaled squeeze potential maximum value ¢ so that the resulting functions are
independent of the size of the squeeze. The sin(w, t) dependent part of the mode

potential becomes smaller for larger values of the phase velocity.

The shift in the frequency of the mode due to the squeeze is found by taking
the product of Eq. (1.60) from left with (e/")”, The first term will result in zero, since
(el")".My(w™") = 0. Solving for w}" we obtain:

My @y)

ot=— > 1.
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Substituting from Eq. (1.61) for the numerator and from Eq. (1.53) for the denomi-

nator, we write the above equation as:
m? —m —1
A2 [1 —W(w, /m)] ¥

VST awarm (169

gl

where Ein = ¢} /T is the scaled Fourier component of the squeeze potential [see

Eq. (1.17)]. Using the following relation:
W(b)=—[1—W(b)]/b—bW(b), (1.69)

and Eq. (1.54) we can write Eq. (1.68) as:

o mvl /2
@y = 23 K2 5
1+7L2 K2( )

(1.70)

Furthermore, with the assumption that @, > 7" we can write the real and imagi-

nary partof 0" =)’ + i7" as:

—m 1+12 K2 m? _:n (1.71)
o" = — )
T ke 2 [(Sp—1] @0, 2
1-A2 K2 [3(Z2—1] 1!
?;n — ,)/0 ( AZ KZ) D — ]2 Sam ) (172)
D, (1-a3K2[(Gep-1]) 2

From Eq. (1.72), we see that when 5(']" > m, the first order correction to the damping

rate is exponentially small:
ylocy, oce mz &0, Wy > m. (1.73)
The real frequency shift given by Eq. (1.71) can be rewritten as

o), =05,9,,8(Knlp) (1.74)



19

where the function g(x) is found by substitution of Eq. (1.59) into Eq. (1.71):

7, 21 , 747 <1 (1.75)
X == X——Xx" =, X .

4 8 32 64

Equation (1.74) can be expressed in terms of the externally-applied squeeze poten-

tial ¢,(z)using Eq. (1.19):

2 m
m m KZm Sosq

w, =w
TN 4 K8 mye?

g(K,,Ap). (1.76)

To lowest-order in K,,Ap Eq. (1.76) describes a temperature-independent frequency

shift due to the external squeeze potential:

m

@
_ 2 sq
W) =0 K s KAp — 0. (1.77)

Equation (1.77) shows that, in order for the perturbation theory to be valid, the ex-
ternal squeeze potential need not be small compared to T. Rather, the requirement
that perturbation theory be valid is ¢, < m, wlzg/ K7 . The right-hand side is typ-

ically on the order of the plasma space-charge potential energy. This inequality is

2

consistent with ¢, < T since Eq. (1.19) implies that ¢} ~ K> A%

Py, at low temper-
atures where K,,,Ap < 1.

Figure (1.2) is the plot of mode frequency vs. the magnitude of the Debye
shielded squeeze potential ¢ = ¢,(0). Frequencies calculated from the perturba-
tion theory are the sum of the zeroth order frequency calculated from Eq. (1.57),
plus the first order correction to mode frequency using the relation (1.71), which is
depicted as a solid line. We use the same form for the squeeze as before (Eq. (1.21)).
Computer simulations results obtained from the 1D Vlasov-Poisson simulations (de-
scribed in section 1.3) are depicted with circles. The mode frequency is lowered for
positive squeeze potential and raised for negative squeeze potential. This is due to
the fact that the density perturbation in the mode, which for m = 1 is sloshing left
and right with its maximum velocity at the center of plasma, has to travel up and
down the squeeze, which acts as a kinetic barrier (for positive squeeze). This in-

creases the oscillation time period and hence, lowers the mode frequency. On the
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Figure 1.2: The real part of the mode frequency w,/w, vs. the size of the Debye
shielded squeeze potential ¢,/ T for mode m =1, where ¢, = ¢,(0), for w,/K; V; =
200 (which implies w, /K, V; = 13.42). Analytically calculated results, shown here
with a solid line, are up to the first order in ¢,/ T using Eq. (1.71); computer simula-
tion results are shown with circles.

other hand for a negative squeeze, the oscillation time period decreases since the
density perturbation speeds up as it passes the center of plasma, and as a result

mode frequency increases.

Fluid theory for the frequency correction

It is also possible to understand the TG mode frequency shift (but not the
damping) caused by applied squeeze using fluid theory rather than kinetic theory.
In fluid theory, the equilibrium plasma density varies in z due to the squeeze, and
this density variation affects the mode frequency. The density variation is given by

the Boltzmann factor,

n,,(z) = nyexpl—£@,(2)l/ (expl—£p,(2)]). (1.78)
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Afluid theory expression for the wave equation for TG modes in a nonuniform plasma

in a strong magnetic field can be found in the literature: [17, 33]

Voj 00  ,_ .
Ea(z,a))y+kl5¢ =0, (179)
where
a(z,w)= w;Z(z)/wz—l (1.80)

is adielectric constant for the plasma and w pe (z)isthelocal plasma frequency, given

by a)pz(z) = \/471'6]2 neq(z)/m,. Afirst order correction to the mode due to squeeze

can then be obtained by using Eq. (1.78) in Eq. (1.79) and Taylor expanding in ¢ :

226 ¢
02z2

20¢
Jdz

ay(w) +ki6p =0, (1.81)

o .\ _
+elag(w)+ 1]E(<(’01>_ ?.(2))
where

ay(w)= wj} Jw*—1 (1.82)

is the z-independent unsqueezed value for « .
To zeroth-orderin ¢ (i.e. for an unsqueezed plasma) the solution of Eq. (1.81)
has modes of the form (c.f. Egs. (1.31), (1.46), and(1.56))

09, (z)=cos[k,(z+ L/2)] (1.83)
with frequencies satisfying
—k2 ap(w)+ k* =0. (1.84)

Equation (1.84) can be solved for w to yield the cold-fluid TG dispersion relation for

unsqueezed frequency for mode m, w;’:

wy' =W,k /4y k2 + k3. (1.85)
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The first order correction to w can be found by applying perturbation theory to
Eq. (1.81). Let w = wj'+£w]" where w" is the first-order correction to the frequency.
Also, let 6¢p(z)=6¢"(z)+£6¢™(z) where §¢(z) is the first ARorder correction to
the eigenmode due to squeeze. Substituting these relations in Eq. (1.81) and Taylor

expanding to first-order in ¢ yields, at first order,
226¢p" oo™
Po’ a, 709"
02z2 02z2

7
+ o)+ 115(71) — 1 (2)

w{"ao'(w{f’)

(wy")
o9y
oz

+k25¢1" =0, (1.86)

where the prime on @, in the first term denotes differentiation. If we multiply this

equation by 6 ¢("(z) and integrate in z over the length of the plasma, we obtain

L/2

—gkfnw;”ao’(w(’)”)—k;[ao(wgl)—l- 1] f dzsin?[k,,(z + L/2){®,)—$,(2)) = 0(1.87)

—L/2

where we have integrated by parts and substituted for 6 ¢*(z) from Eq. (1.83). Note
that on integration by parts the terms involving 6 ¢;" vanish. Equation (1.87) can
be simplified using the relation a,'(w{") = —2[ay(w{") + 1]/ w{" , which follows from
Eq. (1.82). Substituting this into Eq. (1.87) yields the following expression for the

first-order frequency shift due to squeeze:

L/2
W= wm% f dz sin’[k,,(z + L/2)J(@,)—9,(2). (1.88)

—L/2
This result can be further simplified by substituting the Fourier expansion for ¢, (z)
given in Eq. (1.17), and by using k,, = mm/L. Then the integral in Eq. (1.88) yields

" =wmﬁ, (1.89)

where ¢! is the mth Fourier cosine coefficient of the squeeze potential. This ex-
pression for the first ARorder frequency shift due to squeeze agrees with the more

general result given by Eq. (1.74) when that equation is evaluated in the cold-fluid
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regime, K,,Ap < 1. This provides an independent check of the general result. How-
ever, in one sense, Eq. (1.89) is more general than Eq. (1.74): Eq. (1.89) was derived
from Eq. (1.88), which is valid for a squeeze of any functional form, not just a sym-
metric squeeze as was assumed in Eq. (1.74). In fact, Eq. (1.88) shows that only
the z-symmetric (cosine) component of the squeeze potential contributes to the
first-order frequency shift, since any odd (sine) component to the squeeze poten-

tial vanishes upon integration over z.

WKB fluid theory for m > 1

When the mode number m becomes sufficiently large, the Fourier compo-
nent of the shielded squeeze potential Gin becomes exponentially small, assuming
that the squeeze is a smooth function of z. In this regime Eq. (1.74) (or Eq. (1.89) )
implies that the first order frequency shift due to squeeze is exponentially small, and
may therefore be negligible compared to the second-order shift. To find the shift in
this regime it is useful to apply WKB theory. For large m, 6 ¢ (z) varies rapidly com-
pared to the squeeze, and can be determined using an eikonal approach where we

write 0 ¢(z) = exp[S(z)]. From Eq. (1.79) the eikonal S(z) satisfies
alS” +(S'V1+S'a’ + k: =0. (1.90)

If we assume derivatives of S are of order m > 1 but the derivative of « is of order

unity, the dominant balance in the equation is a(S')* = —k} with solution

z

SESO:ﬂ:ikLsz/\/a(z,a)). (1.91)

To next order in 1/m we rewrite Eq. (1.90) as

S’ =+iy/k2/a+S"+Sa'/a. (1.92)

Noting that the last two terms in the square root are small compared to the first, we

replace S by S, in these two terms in order to obtain the next-order correction to S,



24

S =xiy/ k2 /a+S" + S a/a

=+iy/k?/aF ik a'/2a32 ik a3 (1.93)

/

].

k ia
::I:i—J'[l +
a

\/_ 4]CJ_ \/a
where we used Eq. (1.91) in the second step and Taylor-expanded the square root in
the last step. Integrating in z, this yields

1
SIZSO_Zlna. (1.94)

Subsituting this eikonal into 0 ¢(z) = exp[S(z)] implies

¥4

6¢(z)=[a(z, )] exp :I:ikadz/\/a(z,w) ) (1.95)

These two independent solutions for the mode potential must be combined to match
the boundary conditions that the slope of the potential vanishes at both plasma

ends, which implies

s¢(z)=alz, )] *cos li dz/valz,w)|, (1.96)
—1/2
where
L/2
k| f dz/va(z,w)=mm. (1.97)
i

This is the WKB dispersion relation for a given mode number m. To solve the dis-

persion relation, we substitute Eqs. (1.80) and (1.78) for a¢ and Taylor expand in ¢,
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obtaining
(77
1 w Y1)~ ¥1

k d 1——,
’ Zvao(w)l 26‘)28 ay(w)

—L/2

@, o (<¢ >_¢ )2 2 2

R Y P 1 IV —\ = —\2 2 _

T wzag@)’ (3 o2 ag@) 2(@)-2,) +(@,) —(@N || =mn. (1.98)

Upon performing the integration this becomes

k L 3, a)i ’ —2 —\2q| _
ao(w) 1+g€ (m) [<g01>—<g01> ] =mr. (1.99)

Squaring both sides and rearranging yields

3 w? : _ _\2
k2 ap(w) = k2 1+32§(m) (@) —(@.) 1] (1.100)

At 0(£%) on the right hand side we can replace ay(w) and w by their zeroeth ARorder

unsqueezed values, given by Egs. (1.84) and (1.85), obtaining

k2 ag(w)=k*

3 krzn ’ 21/ =2 — \2
L+l 5| e (@) —(%.) 1. (1.101)
1

Substituting on the left hand side w = w" + £*w}" and expanding we obtain
2

) 3 k
ok o = 1K (1432 i)

(a)sn)fi 2

which implies

k2
"= ——2 (1+_m)[<¢§>_<¢1>2]. (1.102)
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Thus, for the regime m > 1 where the squeeze potential varies in z slowly compared
to the mode wavelength, the frequency shift is always negative, and is second-order

in the squeeze potential.

Mode damping at second order in ¢

In Eq. (1.73) we observed that TG mode damping due to squeeze is expo-
nentially small at first order in £ when the mode phase velocity is large. We must
therefore work to second order in this regime. The second order dispersion relation

is given by:

My(wy').e)' + )" zMy(wy').e]” (1.103)
——m
)2

m+(w O2My(@™).e"

+w, 5My(w,').e] e

+M1(5(’)”).e;"+a);”6%Ml( 0 el +My(w,').e)’ =0.

We take the product of (e")" and Eq. (1.103). As a result, the product of the first and
second term in Eq. (1.103) are zero and using Eq. (1.57) for e and Eq. (1.63) for e”

we have:

—) &M (o))
( )2 mm —m m m j,J (—m
wz O2M"" (@] +;M @™).M]"™ (@) M (@)
+ " M (@) + M, (wy"). (1.104)

Now we take the imaginary part of above equation assuming that @, > m, which

implies o, 2w,’, ", MJ""(w,,) and M""(w,,) are real. As a result:

7y osReM"" (@) =Im[M,""(w!")] (1.105)

Or)

+Im | > MM @M @)/ M (@) | -
j#m
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From Eq. (B.21) the first term on the right hand side of Eq. (1.105), in the limit &' >

m is given by:

3
mm —(wgr?/2n? 2
ImM,""(@!") = 7 KW_Z( ) (@), (1.106)

where a” is defined in Eq. (1.62). Thus, solving for 7," we obtain:

3 _(75m\2 2
16mn Yo, (2 ) e @’ en(an

o= - (1.107)
2 P[ e S
L[S M @M @M @)
OzReM"™ (@) '

The first term on the right hand side is the contribution to the damping rate due
to the mth unsqueezed mode (cosine in position space). Particles slow down as
they pass the squeeze and, thus, no longer see this mode as a simple cosine along
their bounce orbits, as a function of their angle variables (which is proportional to
time). As a result, the mth unsqueezed mode has nonzero Fourier terms in angle
variable space. Particles with bounce frequency w;, = w/n will resonantly interact
with the nth Fourier term and, thus, enhance the damping rate of the mode. The
lower bound of the sum in the numerator is n > m, since all the terms for which
1 < n < m are exponentially small (assuming w,,/m > 1).

Moreover, in the presence of a squeeze the spatial form of the eigenmode
is affected; see Fig. 1.1. Therefore, the shape of the mode potential is no longer a
simple cosine in position space and consists of higher harmonics in z, which are all
oscillating at the same frequency w. The contribution to the damping rate given by
the second term on the right hand side of Eq. (1.107), is due to the damping of these
higher harmonics.

In Fig. (1.3) we compare the damping rate calculated from our computer
simulations to the analytically calculated damping rates. Analytically calculated
results, which are depicted as solid black curves, are evaluated from the sum of
Egs. (1.58), (1.72), (1.107), up to second order in £. The computer simulation results

are depicted with squares.
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Figure 1.3: Mode damping rate vs. size of the squeeze potential ¢,/T, for phase
velocities: w/k,vr =4.56,6.25,10.13,13.42 and 20.03 for the mode m = 1. Analyti-
cally calculated damping rates are shown in solid black lines. Computer simulation
results are shown with diamonds.
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For the lowest value of B(I)r = 4.56, unsqueezed damping is large and be-
comes the dominant damping for values of ¢,/ T < 0.25. However, for ¢,/T 2 0.25
squeeze damping with quadratic dependence on ¢/ T becomes larger than the un-
squeezed damping rate. For B(l)r =6.25,10.13,13.42 and 20.03, unsqueezed damp-
ing is exponentially small. Thus, mode damping is only due to the presence of the
squeeze and the damping rate has a quadratic dependence on ¢/ T.

As the amplitude of the squeeze potential ¢,/ T approaches 1, the computer
simulation results deviate from the analytically calculated damping rates which has
a quadratic dependence behavior on s This is due to the fact that for larger
v,/ T’s, terms of order higher than (¢, / T)* become significant and thus, these higher
terms will be needed to more accurately evaluate the corrections to the eigenfre-
quencies and eigenmodes. Also, forlarger ¢/ T’s the population of particles trapped
in the Debye shielded squeeze potential, which was not accounted for, becomes
larger and resonant trapped particle-wave interactions can become significant and
further enhance the mode damping rate.

Figure (1.4) depicts the damping rate of the squeezed m = 1 mode versus
the Debye length. Solid curves are the analytically calculated results using the sum
of Egs. (1.58), (1.72) and (1.107), for squeeze potentials of value go?;,ax/quzwi =
8.75x 107% and go;‘;ax/ m, Lza); =3.5x 107°, which is 4 times larger than the former.
The dashed line is the damping rate of the unsqueezed mode given by Eq. (1.58)
and diamonds are the damping rates evaluated using computer simulations. For
Debye lengths such that 5(1) < 5, where 5(1) = w,/k,vr, the two solid curves con-
verge to the unsqueezed (dashed) curve. For Debye lengths for which 5(1) Z 5 the
unsqueezed damping rate (dashed curve) goes to zero exponentially, whereas the
squeezed damping rates (solid curves) are finite. There is an approximately 16 fold
difference between the values of the damping rates (solid curves), for Debye lengths
at which 5(1) Z 5. This shows the quadratic dependence on the applied squeeze po-
tential expected for large 5(1] ’s.

At very low values of A, /L the damping rate again begins to fall off expo-
nentially as T decreases further. This is because the Debye shielded squeeze poten-

tial ¢, is a smooth function of position and thus, Fourier coefficients of the Debye
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Figure 1.4: Damping rate (—y/w,) of mode m = 1 versus Debye length (1,/L),
depicted for constant squeeze potentials ¢ {}™/ quza)fj = 3.5 x 107° (upper solid
curve) and ™/m, L?w? = 8.75 x 10~ (lower solid curve) in a plasma for which
kL =15m. The dashed curve depicts the unsqueezed Landau damping (¢, = 0).
The dash-dotted lines depict Debye lengths for which 5(1) =5and 5(1) = 10, where
6(1) =w,/kvr.
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shielded squeeze potential i.e. E;, become exponentially small with growing 7. [9]
. In the small A, /L limit where B(l)r > 1, n > 1 bounce harmonics are necessary in
order to satisfy the resonance condition nw;, = w, . The effect of these higher har-

monics becomes exponentially small, since these terms depend on @; 'swith n > 1.

1.3 1D Vlasov-Poisson computer simulations

For our computer simulations we discretized the 2D phase-space (z, v,) on
a 2 dimensional grid (using the method of lines [36]). That is, the distribution is

discretized as f(z;, v, t) = f; (¢) where

zj=jAz—L/2, j=0,1,.., M,
v=(k+1/2)Av, k=—M,—1,...,M, (1.108)

and where Az = L/M_,, Av = V,,,/M,. The maximum velocity in the simulations is
usually taken as V., ~8vy.

The condition of specular reflection at the plasma ends implies that
f(EL/2,v,8)= f(£L/2,—v, 1), (1.109)
which translates to the grid as the boundary conditions

Jor(t) = fo—x(2)
F i (8) = fur, —ka(2). (1.110)

We finite-difference the spatial and velocity derivatives in Eq. (1.3) using the cen-

tered difference method, obtaining

0 £ e(8) =12 (7)
Efj,k(t)‘i' Uk oAz
1 (@jn(t)—p;a(t) 0 fi k() —1f ()
m, ( 2Az * oz Psq(2) 2Av =0. (.11

Poisson’s equation, Eq. (1.5), is also finite-differenced and solved at each time-step
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Figure 1.5: The m, = 1 Fourier component 0¢,(t) of the space-charge poten-
tial ¢,(z,t) and the exponentially damping amplitude g(z) = 0.0188 exp[—4.7 x
107%(w »1)] (thick curve), obtained by fitting to 5¢I(t), as functions of time.

using the FFT method. [16]

Time is advanced using the fourth order Runge-Kutta integration and each
time step requires four plasma force evaluations.

For simulation of a squeezed plasma, the initial velocity distribution of plasma
was Maxwellian. The squeezed equilibrium distribution function was obtained by
gradually (adiabatically) turning on the squeeze potential over a time of order of 100
wave periods, in order to avoid launching unwanted modes.

For the initial condition of the squeezed mode damping simulation run, we

add a perturbation to the squeezed equilibrium distributions Fy(z, v)
flz,v;t =0)= Fy(z,v)(1+ 06 cos[k,(z + L/2)]). (1.112)

The difference between this initial perturbation from the exact m = 1 mode is of
the order ¢,/T. The largest contribution to the squeezed mode potential comes
from the Fourier term cos[k,(z + L/2)]. (There are other contributions because our
simulation is nonlinear.) We extract the m, = 1 Fourier component, 6 ¢,(t), by in-

tegrating cos(k,(z + L/2))y,(z, t) over z, where ¢,(z, r) is the space charge poten-
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Figure 1.6: Schematic depiction of the trap geometry and squeeze potential ¢,
applied to a cylindrical sector of width A. Other parts of the trap wall are grounded.
Particles are assumed to reflect at the axial ends z =+L/2.

tial. The damping rate y and mode frequency w are obtained by fitting the curve
0@, (t =0)e " coswt to 6p,(t). A typical result for 0 ¢,(t) from our computer sim-
ulations is displayed in Fig. (1.5). The thick curve is the amplitude of the fitted func-

tion, which is exponentially decaying as a function of time.

1.4 Cylindrically symmetric, r and z dependent system

In order to make quantitative comparison between our theory and exper-
imental results, we extend our 1D theory to a 2D system of axial(z) and radial(r)
dependence. Figure 1.6 illustrates the confinement geometry for the rz system.
The plasma is confined in a Malmberg-Penning trap consisting of a long conduct-
ing cylinder, axially divided into a number of sections. Radial confinement is pro-
vided by a strong uniform magnetic field B directed along the axis of cylinder. In this
section we assume an azimuthally symmetric perfectly conducting cylinder with ra-
dius r,, and extending axially from —L/2 to L/2, with L large compared to r,,. The
squeeze potential is applied to a cylindrical section, which is centered at the axial
midpoint of the cylinder and has a width A. We neglect effects involving the De-
bye sheath at the plasma ends, and simplify by assuming flat ends on the plasma
at z = £L/2. Particles, which are traveling the length of the plasma along the mag-

netic field lines, are assumed to reflect specularly from the ends, as in Sec. II. The
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boundary conditions for the squeeze potential at the column ends are assumed
for later convenience to be homogeneous Neumann conditions. Other homoge-
neous boundary conditions could have been used with negligible effect on our re-
sults, since the squeeze potential is applied at the axial center of a long column (see
Fig. 1.6), so the squeeze potential is vanishingly small at the ends due to shielding
by the plasma and the conducting walls. Neumann conditions simplify our expres-
sions for the mode damping rate and frequency shift because the axial Fourier ex-
pansions for the mode potential and the squeeze potential then have a similar form.

The squeeze potential on the cylinder wall is taken to be

o(ry,z) = 0 —L/2<z<-=A/2 or A/2<z<L/2, (1.113)
(,O(TW,Z) = (;Dsq _A/ZSZSA/Z

For avacuum cylinder we can calculate the potential inside the cylinder, with poten-
tial on the conducting walls of the trap given by Eq. (1.113). The vacuum potential

@ satisfies the Laplace equation:
Vs =0. (1.114)

Standard Fourier analysis implies a solution of the form

@1(r2)= D Aulo(kour)cOS[kzy(2 + L/2)] (1.115)

n=0

where the Fourier coefficients A,,, are

2<p AJ2
A,y = —qf cos[k,(z+L/2)|dz

LIO(an rw) —A/2
= 290—”2 sin[k,,A/2]cos[k,, L/2], (1.116)
ko, LIy(ky, 1) " "
while for n =0 term we obtain
saA
Ay = Pea2 (1.117)
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1.4.1 Plasma equilibrium: unsqueezed and squeezed solutions

We assume the equilibrium plasma is a thermal equilibrium described by the

Boltzmann distribution

N exp|—(Hy+ @, py)/T]

Fnv)= fdrdvexp [—(H0 + a)rpg)/T]’

(1.118)

where N is the total number of particles, w, is the plasma rotation frequency,

m, v?

q
2

H,= +¢(r), (1.119)

and the potential ¢(r) is given by the sum of the vacuum potential ¢ (r) and the

potential due to plasma and its image on the conducting wall ¢, (r):

()= @r(X)+ @p(r). (1.120)

The canonical angular momentum is given by

B
Pe=mqv9r+z—cr2. (1.121)

Substituting from Egs. (1.121) and (1.120) in Eq. (1.118) after performing some al-

gebra we get:

m, \3/2 m N
Fo(r,v):n(r,z)(zﬂ—;,) exp[—z—;f(v+ w,@)z], (1.122)

where the density is given by:

exp [_(SDT + (;Ope + @c)/T]

N , (1.123)
fdrexp [—(in + Ype + cpc)/T]

n(r,z)=

and where ¢.(r) is the radial confinement potential due to centrifugal force and

magnetic field:

@c(r):mqwr(wc_wr)rz/z- (1124)
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In order to calculate the space-charge potential ¢ ,,, we must solve the Poisson equa-

tion:

V20,.(r,z) =— 4ng®n(r,z),

(1.125)

with the boundary condition given by ¢,,.(r,,z) = 0. We define the following di-

mensionless functions:

){(T,Z) = _<Ppe(r’z)/T,
a(r) = = (r)/T,
B(r,z) = —pr(r,2)/T,

and so rewrite Eq. (1.123) as:

exp[)(+a+/3]

n(r’Z):Nfdrexp[)(+a+/3].

We will use the following averages:

T'w L/2
J dz(...)/L,

—L/2

We may then rewrite the Poisson equation (1.125) as:

V(1 2) = 4nq*N exply+a+p]

TV (exp[)(+a+ﬁ])rz’

(1.126)

(1.127)

(1.128)

(1.129)

(1.130)

(1.131)

where V =7r? L. We expand the solution of Eq. (1.121) to first order in powers of the

(scaled) squeeze potential 3(r, z), introducing the ordering parameter ¢ as in Sec. I

and writing the scaled plasma potential as a sum of the unsqueezed and squeezed
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terms,

X=Xot+ €)1 (1.132)

We then expand Eq. (1.131) to first order in ¢,

Ang*N explyo+ey,+a+ef]

Vixo(r)+eViy(r,z) = (1.133)
Xo(7) x1(r,2) TV (exp[)(0+g)(1+a+£/5]>rz
ATG®N  elre e((y,1+PB)erre)
1 — =
TV (eﬂm+a)r( Texntep (exota)
Collecting powers of ¢ implies
Amg*N e/t
2 = 1.134
V7 xo(7) TV (exna), (1.134)
s 4RGN en o+ prente)
Von(nz)=—= ey 1+ erra), . (1.135)

Solving Eq. (1.134), we obtain the unsqueezed space-charge potential inside the
plasma, y,(r). Equation (1.135) provides y,(r, z), the Debye-shielding response to
the squeeze potential B(r, z), similar to Eq. (1.9).

Unsqueezed equilibrium

The unsqueezed potential and density of a thermal equilibrium plasma was

discussed in Ref. 18. The equilibrium Poisson equation (1.125) can be expressed as

10 0 )

) g:exp(g)— -1, (1.136)
(,0 op’ap r
where we defined the parameter y and function ¢ as:

C')r

4—"L(w.—w,)—1, (1.137)
W}

p) = xolp)—xo(0)+alp), (1.138)

\<
Il
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Figure 1.7: Plot of the equilibrium density for a plasma with T = 50meV, L =
10cm(L/Ap = 282.6), w, = 1.263 x 10Rad/s, r, ~ 0.42cm (r,/Ap ~ 11.87), r,, =
2.86cm(r, /Ap = 80.83). Maximum density of the plasma at r = 0 is normalized to
1.

a)’i =4me?ny(0)/m, p =r/Ap, Ap = vr/w,, and the density ny(r)is

N eXo+a

== . 1.139
m(r) =5 (eZora) (1.139)

Equation (1.136) is solved with boundary conditions:
£0)=0, 0,¢lp= = 0. (1.140)

The first boundary condition follows from Eq. (1.138). We can choose y,(0) so that
the boundary condition y,(r,) =0 is also satisfied. For a plasma with small Debye
length compared to plasma radius the plasma density and the potential inside the
plasma are constant up to the vicinity of plasma radius where the density drops to
zero in a distance of the order of A;,. We define the plasma radius r, as the radius
where the density falls to 1/e of its value at the origin [18]. Figure (1.7) shows an ex-
ample for an unsqueezed equilibrium, which is obtained from numerically solving

Eq. (1.136) with boundary conditions (1.140).
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Squeezed equilibrium: a perturbative solution
We rewrite Eq. (1.135) as:

<”0(P)()(1 +/3)>rz
(0(p)),

(1 Jo 0 32

, 1.141
pap"ap Toe ) (14D

)){1P§ nop)(ll B—

where 711y(p) = ny(p)/ny(0) is the scaled unsqueezed density profile, and £ = z/Ap.
We will solve for y,(p, &) using the Galerkin method, as in Sec. I. From Egs. (1.115)
and (1.126) we write f as:

B(p,&) = D Rup)coslry,(E+5)] (1.142)

_Psq Iy(K2pp) 2(=1)"
T IO(Kanw)

R,(p) sin[k,,A/2], (1.143)

where p,, =1,/Ap, A=L/Ap, K, = Apk,, and we neglect the n =0 term in 3 as the
constant term does not affect the solution. We expand y, using a complete series

representation in p and £ as follows:

1P, 8)=D > Apado(22p)cosiic, (& +3)], (1.144)

m=1 n=1

where x,, is the m'th zero of J,. Substituting from Eqgs. (1.144) and (1.142) in Eq. (1.141),
multiplying by cos[x,;(& +A/2)] and integrating from —A/2 to A/2 yields

© 2
D Ama [—(;—’”) — K3, —ﬁo(p)]JO(;—’;p) =To(P)R(p). (1.145)
m=1 w

Now we multiply both sides by pJ,(x,0/p.) and integrate from 0 to p,, to get:

2
K%) +K§1

Puw
= —f (P)R(PNo(5=p)pdp. (1.146)
0

w

_]2 n21+ZAmzlf no(P)]o( )]o(me)PdP

This relation can be written in the form of a matrix equation for each axial Fourier
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Figure 1.8: Contour plot of the difference between the squeezed equilibrium den-
sity and the unsqueezed equilibrium density (the latter is the same as Fig. 1.7) as a
function of the radial and axial positions for a plasma, for a squeeze with A =2.86cm
and ¢, =0.1eV.



41

number [:
N, A, =B, (1.147)
where:
Ay = Apan (1.148)
B), = —fpwﬁo(p)Rl(p)Io(%p)pdp, (1.149)
0
(NDum = (%)sz, Do 5,6

Puw
+J (PGP o5 p)pdp. (1.150)
0
The solution for A, ,;’s is given by:
A, =(N,)'.B,. (1.151)

Figure (1.8) is the contour plot of the difference between the squeezed equilibrium
density and the unsqueezed equilibrium density as a function of the radial and ax-
ial positions for a plasma of T = 50meV, L = 10cm(L/Ap = 282.6), w, = 1.263 x
10°Rad/s, r, ~ 0.42cm (r,/Ap ~ 11.87), 1, = 2.86cm(r,,/Ap = 80.83), for a squeeze
with A =2.86cm and ¢, = 0.1eV. The horizontal range of the plot shows the whole
length of the plasma, whereas the vertical (radial) range of the plot covers the vicin-
ity of the plasma surface, since the change in the density due to squeeze potential
is maximum close to the surface of plasma and goes exponentially to zero radially,
from the surface towards the axis of plasma (r = 0). To obtain this solution 200 radial

(Bessel) terms and 13 axial Fourier terms were used.

1.4.2 Squeezed linear modes

We now obtain the linear TG modes of the squeezed equilibrium. The method
is similar to that used for 1D case, the difference being that there is now radial de-

pendence. The linearized Vlasov equation in the presence of the squeeze is given
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0,6+ v8,6f—0,(po+£9,)/m,8,6f—08.6p/m,0,F,=0. (1.152)

Here, ¢, is the unsqueezed equilibrium potential which is the sum of the centrifugal
potential and the unsqueezed space-charge potential of the plasma, and ¢, is the

Debye shielded squeeze potential:

0o(r)=—=T[xo(r)— xo(0)+ a(r)], (1.153)
¢l(r!z):_T[Xl(rrz)-i_ﬂ(rrz)]' (1154)

where @, 8, y, and y, were obtained in the last section. The squeezed thermal equi-
librium distribution Fy(r, z, v) is given by Eq. (1.122). Using Egs. (1.126), (1.131),

(1.153) and (1.154) we can write F(r, z, v) as:

my, )1/2 ﬁo(r)efwl/T
2nT ) (ng(r)e=ew/T), /[ (fo(r)),

m,v?
exp l— ] ,  (1.155)

Fo(r, 2, v) = no(O)( ==

where 1,(0) is the unsqueezed density at r =0 and 72,(r) = e #("/7 is the unsqueezed
density profile normalized by its maximum value, 7,(0).

As in Sec. II we solve Eq. (1.152) as an expansion in ¢, i.e. assuming the
height of the Debye shielded squeeze potential is small compared to temperature:
[p1(r,0)— (1, L/2)]/T < 1. We define the scaled potential function ¢, and the

scaled energy variable u as:

©,(r,z)=[p1(r,z)—pi(r, L/2)]/T (1.156)
u=myv*/2T +£9,(r,z) (1.157)

The reason we defined the function ¢, is that the bounce frequency and action of an
unperturbed orbit of a particle at a radius r are functionals of the difference of the
Debye shielded squeeze potential from its absolute minimum at that radius, which
isdefined by ¢,. Atagivenradius r inside the plasma, trapped particles and passing

particles have scaled energy u such that 0 < u < £p,(r,z) and u > €9 (r, z) respec-
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Figure 1.9: Plot of the scaled Debye shielded squeeze potential ¢,(r, z) as afunction

of the axial position, at radii r = r,,0.97, and 0.75r,, for a plasma with the same
parameters as Fig. 1.7

tively. Figure (1.9) shows the Debye shielded, scaled squeeze potential ¢,(r,z), as a
function of z, for radii r = r,,, r =0.97, and r = 0.75r,, for the same parameters as
Figs. 1.7 and 1.8. This shows the squeeze potential height dropping exponentially
from the plasma surface towards the inner plasma.

The distribution F,, can be rewritten in terms of u as

e . (1.158)

mq )1/2 ﬁo(r)e—ewl(r,L/z)/T
(7o(

R 210 = ) retatAIT) [ (Ao(r)),

In order to solve Eq. (1.142) we again introduce action-angle variables for axial par-

ticle motion in the equilibrium potential,

m;:Té\/Z[u—eﬁl(r,z)]dz, (1.159)

1
I(r,u;s):§§pzdz:

Z
dz’

_ 1.160
o vz, u;8) ( )

¢(r,z,u;€)=wa

z



44

27 dz
T(r,u;e)=—= — (1.161)
Wy § vr/2u—ep,(r,z)]

Asin Sec. II, the angle variable y/(r, z, u; €) can be shown to have the functional form

Y =y(r,z,&/u):

z

27 dz’

§ =)o VI=£0\(n20u’
= Y(r,z,e/u), (1.162)

and this equation can be inverted to yield the position versus the angle variable:
z=z(ry,e/u), (1.163)

where z is a periodic function of i . We can now write the Vlasov equation in terms
of (r,y,I)as:

We expand the mode potential in a complete series in r and z, using the same
Neumann conditions at the plasma ends as in Sec. IIB, assuming w << w, [see

Eq. (1.31)]:

Sp(r,z,t)= GPime " +6¢;, e No(str)cos[k,(z+L/2)].  (1.165)

A particle at radius r and action I(r, u; €) follows an unperturbed orbit which is pe-

riodic in angle variable i/. Therefore we can write:

coslk(2(r,, u/e)+ L/2)|= > Ch(r.e/u)e™ (1.166)

n=—oo

where the Fourier connection coefficients C are again given by Eq. (1.26), but are
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now functions of r through the action-angle transformation:

i 27 dl/J y
Cr(re/u)= gcos[km(z(r,r,lj,u/8)+L/2)]e iny (1.167)
0

Using Eq. (1.166) we can write Eq. (1.165) as:
So(rip,e/u)=> > (Be " +5¢}, e No(2Lr) D Ch(r,e/u)e™(1.168)

=1 m=1 n=—oo

Asin Sec. 1, 6 f and 6 ¢ can be written in terms of Fourier series as:

of(r,y,e/u)= Z 0 fu(r,e/u)expli(ny —wt)]+c.c. (1.169)
(ry,e/u)= Z (r,e/u)expli(ny —wt)]+c.c. (1.170)

but 6 ¢,(r,€/u) now has an auxiliary radial expansion in terms of Bessel functions,

5o, (re/u) ZZE%, (r,e/wo(21). (1.171)

=1 m=1

Substituting Eq. (1.169) in Eq. (1.164) we obtain
—wo f,+nw,of,+nw,o09,F,/T =0, (1.172)

where we used 9;F, = (du/d1)d,F,=—%*F,. Solving for 6 f,, yields

50, Fy/T
5fn(r,8/u)=%. (1.173)
— Wy

The mode potential and mode distribution function satisfy the linearized Poisson
equation:

oo

1
(78,r3,+8zz)5<p:—47rq2f ofdv. (1.174)

—00

Substituting Eq. (1.165) in Eq. (1.174), multiplying both sides by 2 cos [ k;(z + L/2)]/L
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and integrating over z from —L/2 to L/2 yields

G

:47rq2— ofcos[kz{z+L/2)]dzdv.
L —oo J—L/2

Jo(sLr)e™ ! (1.175)

Asin Sec.II, we can use the canonical variables (i, I') instead of (z, v), since d zd p, =
dydl =(T/wy)dudy. Applying Eq. (1.169),Eq. (1.173) and Eq. (1.171) to Eq. (1.175)

we obtain:

Toon| (i)

-4 Z 5 mlo( f CI(r,e/u)C" (1, 8/ 1) ———d u.
=1

— /7’1 Wy

Jo(zET) (1.176)

Now we multiply both sides by ”0(% r) and integrate from 0 to r,,. The result is:

6¢7 _ (1.177)
5, tdo GG D oo [\ Clr e/ WG (r e/ Wigpitgrdudr
Im .

=1 m=1 [(E kﬁ] %”]f(xj

Equation (1.177) is in the form of a tensor eigenvalue equation:

Mflﬁm5¢lm =0, (1.178)
where
_4n_quforw rlo(%r)]o(rx_,z ) f Co(re/u)C(r, S/u)w/n —w) dudr

[(ﬁ)2+km] L2 x7)

rlU

Since we assumed the squeeze to be symmetric with respect to the cylinder we have
C” = C. ". Moreover, we assume the trapped particle population is negligible com-

pared to passing particles, therefore we set the lower limit of the integral on u in
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Eq. (1.177) to be the height of the Debye shielded squeeze potential at radius r i.e.
€p,(r,0). Introducing the scaled bounce frequency w,(r, u) = w,/k, vy and using

Eq. (1.158) for the thermal equilibrium distribution F), we rewrite Eq. (1.179) as

Mllﬁm — 5715ﬁm (1180)
Tw = _ 0o one—l
\/%% Jo" rdrIGEr G rImo(r)e WI(r’L/Z)/TZZilfewr,mdu(ac/o;f;—az Co(r )Gl )

b
< 7o(r) e—wl(r,z)/T> [(f-i)ﬁk%] 2 (xp)

(no(r)),

rz

where w = w, +i7 is the complex eigenfrequency w scaled to k; vy.

1.4.3 Perturbation method

Just as for Sec. I, the linear dispersion relation (1.178) can be writen in matrix

form:

M(@).e =0, (1.181)
where e is an eigenvector of the nullspace of M defined as:

€)™ =8¢im (1.182)

and (M)!!™m = prlimm [see Eq. (1.179)].
We again expand the matrix M, the eigenfrequency w and eigenvector e in
€ as in Egs. (1.48)-(1.50). The resulting matrices My, M; and M, are derived in Ap-

pendix C. For example, the zeroeth-order (unsqueezed) matrix has components

Ty

) [ rdraotar/rolxr/r,)
M = 55, | 87+ 2W(@/ m)*

(1.183)
A[xE + k2 r2]1(x;)
Zeroth order in ¢

The zeroth order dispersion relation for an unsqueezed plasma column is

satisfied by mode u = (n,, m), where n, and m are the radial and the axial mode
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numbers respectively. The dispersion relation is given by
M(w)- ey =0, (1.184)

From Eq. (1.184) and Eq. (1.183) we obtain the unsqueezed eigenvector (eg ) and

eigenfrequency /. We can write Eq. (1.184) explicitly as:

- S rdrlo(32r)o(E r)7g(r)
(ell)lm - (e.u)l mw(a,u/m)fo . r;/
' Z ' U R [(E) + k) )

Tw

(1.185)

This equation is only dependent on a single axial Fourier index m, while there is
coupling between radial Bessel indices related to I’ and /. In other words eigenmode
u =(n,, m)is proportional to a single cosine function cos[k,,(z + L/2)] and a series

in Bessel JO(% ryswithl’=1,2,...:
S¢h(r,z)= 169" |R,(r)cos[k,,(z+L/2)] (1.186)

where

( xl/
(r)= Z 5] Io (1.187)

Here, |6 ¢#| is the arbitrary linear mode amplitude and R,,(r) are normalized so that
R, (0)= 1. Eigenfrequencies w} and the radial dependence of the unsqueezed eigen-
modes ((e;)"™’s) are obtained by solving Eq. (1.185) as follows. We can rewrite the

dispersion relation (1.185) as:

—(W(@h/m))™'1.(e§)" = Qum-(e§)",
[0 rd gy rY7ag(r)
23 [(2) +k2]’w12(x,

Ty

(Qumir = (1.188)

where I is the unit matrix. Thus, eigenvectors of the matrix Q,,,, also satisfy the

dispersion relation in Eq. (1.185). From the eigenvalue A, of matrix Q,,,, we obtain
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the related eigenfrequency w} via inversion:

wh = mvrl(—/l;l), (1.189)

where W™ is the inverse of the function W.
An alternative description of unsqueezed modes can be obtained from Eq. (1.185),
(also from Egs. (1.152) and (1.174) setting ¢, = 0): the radial part of the eigenmode

ui.e. R, (r) satisfies:
W \—
—v? +kfn+7LBZW(7°)n0(r)]Ru(r):0, (1.190)

where V2 = %ﬁrrﬁr. We can show that modes u = (n,, m) and u’ = (n’, m), which
have the same axial mode number m and different radial mode numbers n, and n’,
are orthogonal with respect to the inner product f Or'” no(r)rdr(...). For the functions

R, and R, we can write:

(V2 4 2, 2 WS ()| Ry(r) =0 (1.191)
=V 4 2 AW ) | Ry =0 (1.192)

Multiplying Eq. (1.191) by rR,(r) and Eq. (1.192) by rR,,(r), subtracting Eq. (1.192)

from Eq. (1.191) and integrating from 0 to r,, we get:

A2 [W(%'ff) —w(Z

)]f w no(r)R,(r)R,(r)rdr
0

= f dro, (rR,(r)d,R,(r)—rR,(r)o,R,(r))=0 (1.193)
0

In the above equation, the right hand side is zero since R(r)’s are zero at the wall.

Thus, we arrive at the following orthonormality condition:

Tw

J Wﬁo(r)Ru(r)Rﬂ,(r)rdr = 51,1,J ﬁo(r)[RH(r)]zrd r. (1.194)
0

0

st
In a similar way we can show W(%) is real. Assuming ! and R,,(r) to be complex,
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from Eq. (1.190) we have:

(V2 4 2, 2 WS ()| Ry(1) =0 (1.195)

|72+ 2+ AW T (r) | Ry (1) = 0 (1.196)

Multiplying Eq. (1.195) by rR;(r) and Eq. (1.196) by rR,(r), subtracting Eq. (1.196)
from Eq. (1.195) and integrating from O to r,, we get:

Al—)2 [W(%ﬁ)* — (W(%g))]J ﬁo(r)RH(r)RZ(r)rd r
0
:f w drd, (rR,(r)3,R:(r)—rR:(r)3,R,(r)) =0 (1.197)
0

In this equation, the right hand side is zero since R,(r,,) = 0. Also for the integral on

the left hand side we can write:
f ﬁo(r)RH(r)RZ(r)rdr = f ﬁo(r)(Re[Ru(r)]2 + Im[RH(r)]Z) rdr>0 (1.198)
0 0
which implies

W) =(W(Z)y (1.199)
Using Eq. (1.199) in Eq. (1.196) we see that R ,(r) and R;( r) satisfy the same equation.
Thus, from the uniqueness of the solution of Poisson equation R, (r) is also real, and
therefore €} is real.

Figure (1.10) shows the first three radial eigenvectors with axial mode num-
ber m =1, R, ;(r),Ry1(r) and R;3(r). We evaluated the eigenfrequencies related to
these modes using both the Galerkin method and the shooting method. For the
Galerkin method, the matrix eigenvalue equation (1.188) is solved by keeping a fi-
nite number of Bessel terms (Ng,), to construct the matrix Q,,. For the shooting
method, the differential equation (1.190) with initial conditions 3,RM(0) = 0 and
R,(0) = 1 is solved for an eigenfrequency and its related eigenmode which satisfy

the wall boundary condition R,(r,) = 0. Frequencies obtained from the Galerkin
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method wg, and shooting method wyg,, are compared in table (1.1). In the sec-
ond column of the table, which gives the mode frequency obtained from Galerkin
method with Ng, = 20, we see that mode u = (n,,m) with n, =1 and m =1 is
undamped (Im[wg,/w,] = —3.84 x 107%). Furthermore the real part of its eigen-
frequency is equal to the Trivelpiece-Gould mode frequency for a cold fluid plasma
of the same parameters, obtained from Eq. (1.1) (see Table 1.1). The real part of the
eigenfrequencies become smaller with increasing radial mode number n,. Further-
more, modes with higher radial mode number, i.e. n, = 2,3, are heavily damped.
The third and fourth column of table (1.1) compare the frequencies obtained from
the shooting method to frequencies obtained from Galerkin method with respec-
tively Ng, = 20 and Ng,; = 50 terms. By increasing the number of terms for the
Galerkin method, frequencies obtained from the Galerkin method converge to the
shooting method frequencies. The fifth column of the table gives the modes fre-
quencies obtained from cold fluid theory with top hat profile, evaluated using Eq. (1.1).
In order to describe the squeezed modes, we find it useful to note that the

zeroth order dispersion tensor M, has the following form:

M;' 0 O
0 M? 0 ..
M, = : (1.200)
o o0 M»

where (M7"™)!" = M and M/"™™ is given by Eq. (1.183). The mth unsqueezed

eigenvector (e;)" satisfies
M (wh).(ey)" =0, (1.201)

and has components ((eg Yk = (eg )™ (see Egs. (1.184) and (1.185)). The explicit
indices (mm) are related to the axial Fourier components, which are not coupled at
zeroth order (hence the diagonal form of Eq. (1.200)).

The matrix My"™ (for axial mode m) has radial eigenvectors (e})™ and eigen-

frequencies corresponding to unsqueezed TG modes as shown in Fig. 1.10 (see Eq. (1.187)).
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The zeroth order damping rate, which is the Landau damping of the unsqueezed
system, follows from the same argument as for our 1D model of Sec. II. Assuming
wy> ri and using the fact that W(w};/m)isreal, a Taylor expansion of ImW(cwj, /m) =

0 yields

Y.
TTw, e 2m?
_ 0
TO - vev?2dy ’

(1.202)

—00 wOr/m v)?

the same formula as for the 1D model of Sec. II, Eq. (1.60). Since 7' is proportional
to e~ @)"/2"* in the regime where @/ > m, the zeroth order damping rate is expo-
nentially small.

We will also be using the left eigenvector &, of M,(w})). The left eigenvec-
tors differ from the right eigenvectors e}, because M;"™ is not symmetric. The left

eigenvectors satisfy
&y.M,(@})=0. (1.203)

Using Eq. (1.183) we can write the above equation explicitly as:

_ 00 o rdrlo(z-r)) (ZLr)7o(r)
(élol Im :_Z(é.g)l mw(w,g/m)fo - x/() 0 r;, : 0
,,:1 A5 [(2) + k2, | 902(x)

(1.204)

Comparing Eq. (1.185) to Eq. (1.204) we obtain the following relation between ég

and ej):

r —
> Jiep)(eg)™ (1.205)

First order in ¢

Analysis of the first-order correction to the eigenmodes follows similar steps

as for the 1D model of Sec. II, except that the matrix M;"™ is not symmetric so both



53

Riy m(M)

0 20 40 60 80
r/Ap

Figure 1.10: Plot of the radial dependence of the modes u = (n,, m), with axial mode
number m = 1 and three radial mode numbers n, = 1,2, 3, in an unsqueezed plasma
with the same parameters as Fig. 1.7.

Table 1.1: Frequencies of unsqueezed eigenmodes u =(n,, m): (1,1),(2,1)and (3, 1),
where n, is the radial and m is the axial mode number, for a plasma with the same
parameters as Fig. 1.7. Frequencies were obtained using Galerkin method wg, and
shooting method wg,,. Ng, is the number of Bessel terms used to construct the
dispersion matrix M;'

mode number Wga/ ®p (@sho — Wga)/|WGa  (Wsho — Wga)/|Wgay W/ W)
(n,, m) Nga =20 Nga =20 Nga =50 (from Eq. (1.1))
1,1) 0.1285 (4.14i3.7)x107°  (2.6+i2.4)x 107 0.1285
2,1) 0.0388—i1.08 x 103 (5.03+i1.1)x10™* (9.5+i2.1)x 1077 0.0316

(3,1) 0.0281—i5.21 x 1073 23x107° 1.7x 1077 0.0177
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Figure 1.11: Plot of the change in mode frequency for axial mode m =1 versus the
applied squeeze potential, in a plasma of L = 10cm, w, = 1.15x10°Rad/s, r,, ~ 0.4cm
and r,, = 2.86cm for temperatures T =10meV, T =30meV and T = 70meV.

left and right eigenvectors must be used.

To the first order in € dispersion relation is given by:

M,(@}).€] + @ a;My(wh).ep + M, (wh).ep =0. (1.206)

Taking the product of Eq. (1.206) from the left side with the left eigenvector &, and

using Eq. (1.203), the first term will be eliminated. We can then solve for 6’1‘ and

L .M, (w!).€;
1T T A M (@).e
0-Yw™"0 0/°~0
(&)™ M (wh).(eg)™

(@m.apMrm (@l (el

(1.207)

The real part of @' gives a correction of order ¢ to the mode frequency and the
imaginary part gives an order ¢ correction to the damping rate. The numerator
of Eq. (1.207) can be evaluated using Egs. (C.1), (C.5), and (1.185). We note that
Egs. (C.1) and (C.5) show that M}*™ () is a real function of W(c}, /m) and w; that s,
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M is real if W(w! /m) and ! arereal. Furthermore, the denominator of Eq. (1.207)
is also a real function of W(Bg /m) and Eg. This follows from Eq. (1.183) and iden-
tity (1.69). Therefore, the right hand side of Eq. (1.207) is a real function of W(wjj/m)

and @}, which we call f(W, o). Eq. (1.207) can therefore be written as
@ = f(W,a"). (1.208)

We can then obtain the first-order correction to the damping rate by taking the
imaginary part of this equation, substituting w}] = @} + iy} and Taylor expanding
in7y:

7 =7,%5f (W, @), (1.209)

noting that W(e}/m)is real. This shows that 7" is directly proportional to the zeroth
order damping rate 7. As a result when wj > m, 7" is also exponentially small.

Figure (1.11) shows the change in mode frequency versus the applied squeeze
potential. As in the 1D case, the squeeze causes a decrease in the mode frequency,
as the mode’s axial sloshing motion is impeded by the squeeze potential.

The first order correction to the eigenmode is obtained from Eq. (1.206) as:
ey = —(M (@) .M]"(@h).eh)", j£m. (1.210)

In the above equation, index j represents the axial Fourier mode number and radial
indices are implicit. We also used the fact that the matrix M, is block-diagonal in the
axial modes (see Eq. (1.200)), which implies that its inverse is also block diagonal,
with matrices (M}/)™ in each block.

Equation (1.210) applies only for the components (e’l‘ )/ with j # m. The j =

m term takes more work. For j = m Eq. (1.206) becomes
M- (e)" + [@h oM (@h) + M (@h)] - ()™ = 0. (1.211)

To solve this equation, note that M;"" () has a set of right and left eigen-
vectors E” and B" respectively with nonzero eigenvalues, in addition to the right

and left eigenvector ()™ and (&)™ whose eigenvalue is zero (see Egs. (1.201) and
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(1.203)). These other eigenvectors satisfy

M (w})-E" = A,,E" (1.212)

and [35]

an

E"-M" (@)= A,E". (1.213)

We solve Eq. (1.211) by expanding (e})™ in the set of right eigenvectors (assuming

they form a complete set):

(€)™ =Z ¢, E". (1.214)

n
Note that we neglect the eigenvector with zero eigenvalue in this sum since, by as-
sumption, (ef )™ is orthogonal to this mode (which is included in the zeroth order).
Substituting Eq. (1.214) into Eq. (1.211), and applying a left eigenvector yields the

solution, .
E - [t oM (@) + M (@0})] - (ef)™
AE" B

(1.215)

Cp=—

where we have used orthogonality of left and right eigenvectors, B E"=0 [provided
Az # Anl. [35]

Note that the inversion of matrix ng in Eq. (1.210) can be carried out only
when Det[ng ]1# 0. This condition will not be satisfied in cases where degeneracies
exist among the unsqueezed eigenmodes, [4] i.e. when w = 5‘;1 for unsqueezed
modes u and y’. Fortunately, for the particular cases studied here, no such degen-
eracies appear. In Ref. 4, degeneracies occured because ideal cold fluid theory was
used; but here Landau-damping of high-order modes breaks the degeneracies.

Using Eq. (1.186) the squeezed eigenmode u = (n,, m) up to the first order in

g is:

oot z,t) = 28¢5 (r,z)e " cos(w,t) (1.216)

+ 2Re[6¢!(r,z)]le " cos(w, 1)+ 2Im[6 ¢! (r, z)]e "' sin(w, 1),
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where

5pl(rz)=¢> > (&) ™13 r)cos|ky(z +L/2)] (1.217)

I'#£1 m'#m
Since elements of €, are linearly proportional to |§ ¢*| and elements of €/ are linear
combinations of elements of €}, both real and imaginary part of § ¢{'(r, z) are lin-
early proportional to |6 ¢#|. Figures (1.12a) and (1.12b) respectively depict the con-
tour plots of the cos(w, t) and sin(w, t) time dependent part of the change to the

m =1, n, =1 eigenmode due to a squeeze potential, which are given respectively by
the relations (1.216) and (1.217).

Second order in ¢

Evidently, damping from the squeeze is second order in ¢, just as in Sec. 1.4.

The second order dispersion relation is given by Eq. (1.106),

_ W) _ _ _ _ _
M,(wh).€; + TOagMO(wg).eg + @} O;M(@h).ef + @' M, (@}h).€f
+ M, (w)).e] + o) I5My(wh).€] +M,(w}).eq =0. (1.218)

In order to solve for 7, we take the imaginary part of the product of Eq. (1.218) with
é,. As for the derivations for the 1D case given by Egs. (1.103) through (1.106), for
5‘0‘ > m, terms 1,2,4 and 6 are zero. As a result, the second order damping rate is
given by:

T[> (&))" M} (@}).(e) V] + (&))" ImMy™ (3} (€)™

7 — - i (1219
2 (&))m.0,ReM"™(wh).(ey)m

where (e})/ is given by Eq. (1.210). Figure (1.13) shows the damping rate versus the
applied squeezed potential for various temperatures using relations (1.202), (1.209)
and (1.219), for typical confined plasma parameters. The second order damping
rate is the result of resonant wave-particle interaction. Thus, lowering the temper-
ature will move the resonances in phase-space to energies where the plasma is less

populated i.e higher phase velocities compared to thermal velocity. As a result low-
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Figure 1.12: Contour plots of the real and imaginary part of 6 ¢ (r, z), the change in
the spatial dependence of the eigenmode due to squeeze potential, for the lowest-
order mode u = (1,1). Re[6¢!'(r, z)] depicted in (1.12a) has a cos(w, ) time depen-
dence and Im[& ¢!'(r, z)] depicted in (1.12b) has a sin(w, ) time dependence. The z
axis extends from —L/2 to L/2 and the r axis extends from 0 to r,,. Plasma param-
eters are the same as for Fig. 1.7.
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Figure 1.13: Plot of the damping rate of axial mode m = 1 versus the applied
squeeze potential, in a plasma with same parameters as Fig. 1.11.

ering the temperature results in smaller damping rates.

1.5 Summary

In this chapter we have explored the effect of an applied squeeze potential on
the frequency, damping and spatial form of TG modes. The presence of a squeeze
potential results in additional resonant wave-particle interactions at the bounce fre-
quencies w;, = w/n, which enhances the mode damping rate. There are two differ-
ent reasons for these extra resonances to be generated: i) The squeeze potential
modifies the unperturbed orbits of the particles in such a way that a single cosine
wave in position space is seen by the particles (as a function of time) as perturbed,
containing higher harmonics with amplitudes of order ¢,/ T. ii) The shape of the
mode potential in position space is also modified and contains higher harmonics
of amplitudes 0(p,/T). Our analysis shows that in the regime where ¢,/T < 1 and
w/k,,vr > 1, the mode damping rate has a quadratic dependence on the ampli-
tude of the applied squeeze potential |¢,,|, while, for low-order TG modes the fre-

quency shift due to squeeze is first-order in the squeeze potential. This behavior is
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consistent with experimental results. A detailed comparison to experiments will be
presented in future works.

In the theory presented here, we assume that the squeeze is applied slowly
so that at every stage the plasma is in a thermal equilibrium state, described by a
rigid-rotor Boltzmann distribution. However, in experiments the squeeze may be
applied rapidly, so that while the distribution remains Boltzmann along any given
field line, the plasma is no-longer a rigid rotor. In following work we will generalize
our results to account for effects such as this, where the squeezed plasma is not in
a full thermal equilibrium state.

This Chapter, in part, is a reprint of the material as it appears in Physics of
Plasmas. Arash Ashourvan and Daniel H.E. Dubin, Physics of Plasmas 21, 052103
(2007). The dissertation author was the primary investigator and author of this pa-

per.



Chapter 2

Effects of a partition type squeeze on a

finite length 1D plasma

2.1 Introduction

In this chapter we study the effect on cylindrically-symmetric Trivelpiece-
Gould modes of applying a cylindrically symmetric, infinitesimally narrow "squeeze"
potential. The squeeze effect was studied in the previous chapter for a smooth
squeeze of finite axial extent. Here, the simplification of a narrow squeeze allows
the study of collisionless trapped particle heating and the effects of collisions on
the heating of a squeezed plasma, effects that were neglected in chapter 1.

The plasma is 1D and of length L, extending from z = —L/2 to z = L/2.
Squeeze potential (energy) ¢, is applied to the center of plasma, at z = 0 with a
magnitude given by

Qs :%mq v?, 2.1)
where v; is the separatix velocity. The separatrix divides the particles into two sep-
arate classes:

i) particles with energies E > ¢ (velocity |v| > v,) travel the whole length of the
plasma. We call these the passing particles. The unperturbed orbit of a passing par-

ticle consists of traveling from the left end of plasma at —L/2 to the right end of the

plasma at L/2, bouncing off of the plasma end and traveling back from L/2 to—L/2.
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In the current model, since we assume that the squeeze is infinitesimally narrow, the
passing particles do not feel the squeeze as they pass over it, as if the squeeze does
not exist for the passing particles. Had the squeeze been a given by a smooth ana-
lytic function with a finite width, the passing particles would have gradually slowed
down as they were climbing the smooth squeeze and speed up as the were descend-
ing from the top of the squeeze, and this would have altered their orbits (see Ref. 5/
chapter 1).

ii) particles with energies E < ¢, (velocity |v| < v) are trapped on one side of the
squeeze and cannot pass over to the other side. For a particle trapped on the left
side of the squeeze, the unperturbed bounce orbit for a particles consists of travel-
ing from the left end of plasma at z = —L/2 to the center at z = 0, bouncing off of
squeeze and traveling from z = 0 to the starting point z = —L/2. Particles on the
right side of the squeeze travel between the right plasma end at z = L/2 and the
squeeze at z =0.

In the collisionless theory and in the unperturbed orbits approximation, there
is no interchange of particles between trapped and passing population. Adding col-
lisions however can change the velocity stochastically and free the trapped parti-
cles(trap the passing particles) by adding a positive(negative) random displacement
to a particle’s velocity.

We assume a long plasma for which the Debye length A, issmall: A, < L. In
such along plasma we neglect the Debye sheath effect at the plasma ends by assum-
ing that the plasma ends are flat. This assumption is based on the fact that the time
a particle spends to turn around at the end Debye sheath is very small compared to
the time it spends to travel the whole length of the plasma. as a result, the reflection
of the particles from either the plasma ends or the squeeze( trapped particles only)
is taken to be specular.

In section 2.2 we introduce our 1D slab geometry plasma model. We apply a
small standing sinusoidal (in both space and time) drive potential with angular fre-
quency w to the plasma and obtain the linear distribution function of a collisionless
plasma in response to the drive potential. This drive potential performs positive

work on the resonant particles and consequently heats the plasma. We find that the
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trapped particles moving in z experience a non-sinusoidal mode potential caused
by the squeeze, whereas the passing particles experience the sinusoidal mode po-
tential. As a result, the distribution functions for trapped and passing particles are
discontinuous at the separatrix.

In section 2.3 we evaluate the resonant plasma heating. We find that the
trapped particles moving in z experience a non-sinusoidal mode potential caused
by the squeeze, producing high-frequency harmonics that can resonate with the
wave frequency to cause Landau damping and satisfy the condition w,(E,) = w/n,
where w,(E) is the frequency of axial bounce motion of particles with energy E,
even when the mode phase velocity is large compared to the thermal velocity. We
will see that these added resonances cause an enhancement to the plasma heating
rate has a |¢,|* dependence.

In section 2.4 we add weak collisions to the system in the form of a Fokker-
Planck collision operator. Due to the discontinuities at the separatrix, the velocity
derivatives of this collision operator are large in this region. Using the boundary
layer method we obtain a local solution to the distribution function at the separatrix
which has a width proportional to v'D and connects and smooths out the disconti-
nuities present in the collisionless theory. Furthermore we evaluate the heating in
the separatrix layer and compare our analytical results to the heating evaluated from
the numerical grids method. We find that for small diffusion coefficients D and for
an isolated separatrix layer, the heating in this layer also has a v/'D dependence. We
observe that in the limit of small frequency w/k,, v, < 1, separatrix heating consid-
erably enhances the plasma heating.

We obtain an analytical solution for the linear distribution of the resonant
regions in the weak collisional regime in section 2.5 and verify our results by com-
paring to the numerical grids method solutions. We find that the width of this res-
onance region has a D'/® dependence while its peak has a D~'/® dependence. As
a result, for a weakly collisional system the resonance region is broadened due to

collisions but the change in resonance heating is small.
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2.2 1D model

In this section we neglect radial variation for simplicity, we assume the plasma
ends are flat, and that particles undergo specular reflection at the ends, z = £L/2.
We also assume that the squeeze potential is symmetric in z with respect to the
center of plasma. This is not necessarily the case in the experiments, however this
added symmetry simplifies the problem.

We focus on azimuthally symmetric modes in a strong magnetic field and we

assume the following ordering for the time scales:
Vel KWp SOOI W, < W,. (2.2)

Here, v.,, is the collision frequency and w, = g B/m,c is the cyclotron frequency.
Reading from left to right, the first inequality allows us to use collisionless theory;
the second inequality is necessary so that waves are not heavily Landau damped;
and the fourth assumes a strong magnetic field. In such a strong magnetic field the
distribution of particle guiding centers is described by drift-kinetic equations. Par-
ticle motion consists of E x B drift motion across the magnetic field and streaming
along the magnetic field in the z direction. Since we assume the plasma consists
of one type of particles with charge g, in our calculation we make use of potential
energy instead of electrostatic potential, in order to simplify our notation. In this
1D strong-magnetic-field model, collisionless plasma dynamics is described by the
time evolution of the 1D Vlasov equation
of of 1 06¢pdf

Vgem————=0, (2.3)

ot U3z m, 3z dv

where f(z, v, t)is the particle distribution function, 6 ¢(z, t) is an externally applied
drive potential which drives the plasma adiabaticallly from ¢t = —oo. Due to the

reflective boundary conditions, the distribution function must satisfy the following



65

conditions:

f&EL/2,v)
f(O,v) = f(0,—v) Atsqueeze, for trapped particles only. (2.5)

f(£L/2,—v) At the plasma ends, (2.4)

For along thin palsma to the lowest order in w,/w,, the boundary conditions on the
mode potential at the axial ends of plasma are 7,0 ¢, (£L/2) ~ 0 [33], where 0 ¢, is
the mode potential, w,, is the mode frequency and w,, < w. Therfore, we take the

drive potential 6 ¢(z, t) to be in the form of a standing wave a s follows

S5¢(z,t) = |6¢|cos[k,,(z+L/2)]cos[wt —ay] (2.6)
= 8P(z)e ' +5¢*(2)e'™!, 6¢(z)=16¢ coslk,(z+L/2)] (2.7)
5 = |6¢le'™ 2.8)

Moreover, we neglect the space-charge potential by assuming it to be small in com-

parison to 0 ¢(z, t). Particle distribution is given by
f(Z, v, t): nO(FO(U)+5f(Z) v, t)) (29)

Here, n, is the density of a uniform neutralizing background charge (provided by ro-
tation at a given frequency through the uniform magnetic field in the actual plasma
system). nyFy(z, v) is the equilibrium distribution function and of is the perturbed
distribution function due to the presence of the drive potential, which has the fol-

lowing form:
6f(z,v,t)=6f(z,v)e " + 6 f*(z,v)e'™" (2.10)

We choose the equilibrium distribution to be of the Boltzmann type:

_exp[—m, v2/2T]

Ly/2nT/m,

Fy(v) (2.11)
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Figure 2.1: A schematic description of extension of the phase-space. Plot in or-
ange is the wave potential, solid part of the plot is inside the original system and the
dashed part is inside the extended region.

normalized such that

e3¢} L/2
f f Fodvdz=1. 2.12)
—o0 J—L/2

Presence of the squeeze is implicit in the Eq. (2.11): The function does not show a
spatial(z) dependence, however the squeeze potential is built into the distribution
function and particles with velocities |v| < v, are trapped and have different un-
perturbed orbits than the passing particles. Thus 6f must be solved separately for
trapped and passing particles. For a small amplitude perturbation we linearize the

Vlasov equation to obtain:

o6t  05f 08¢ F, _
or "Voz "V T

0, (2.13)

where we used J,F, = —F,/T. We want to use Fourier series expansion to solve for
of, however all the boundaries are of the reflective type.

We can convert these boundary conditions into periodic boundary condi-
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tions by even periodic extension of the phase-space. This is done by removing the
infinte walls at the end and replacing them with the mirror image of half of the
phase-space with respect to that wall. A schematic description of this method is
given in Fig. (2.1). An arbitrary passing particle would travel along orbit 01 in phase-
space, along which it would reflect off of the right wall and instantly go to nega-
tive velocity space and then moves in the negative direction. Now with the new
boundary conditions, where there are no walls and wave potential has been ex-
tended (even periodic) as well as phase-space, that specific passing particle will
move to the right side of z = L/2 where the right wall used to be, and it will move
along until it reaches z = L. At this point it will disappear and reappear at z = —L.
In the extended part of phase-space particle will see the same potential as it would
have originally, in the infinite wall case.

A particle in right trap would travel to the right along orbit 02, reflect off of the wall
at z = L/2 and move to left in the negative velocity space until it hits the squeeze
and reflects again and moves to right in positive velocity space. Now with the peri-
odic boundary condition, trapped particle moves to the right side of z = L/2 until it
reaches the image of the squeeze at z = L, there it disappears and then reappears at
the position of the actual squeeze at z =0 and again moves to the right. Notice that
with this type of boundary conditions, a particle’s velocity does not change sign and
particles keep moving in the same direction. Hence the new boundary conditions

are

of(z+2L,v) = 0f(z,v), passing (2.14)
of(z+L,v) = 0f(z,v) lefttrap (2.15)
of(z+L,v) = 0f(z,v) righttrap (2.16)

Similarly, the potential also has periodic extensions. For the passing particles
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the potential goes from —L to L and is sinusoidal:

5o"(2,0) = 6¢"(2)e ! +(5"(2)f e 2.17)
5¢P(z) = L6pcoslkn(z+L/2), —L<z<L; 6¢P(z+2L)=6¢"(2)
5¢p(z) — 5¢5)ﬂeikm(2+L/2)+5¢fme—ikm(Z+L/2)’ 5¢fn:i5$ (218)

For the left trap the potential is defined over —L < z <0 and is periodic over L:

¢l (z,t) = e 59l (z)+e (59 (2)) (2.19)
6¢'(2)

16¢coslku(z+L/2)], —L<z<0; 6¢'(z+L)=5¢'(2)2.20)
For the right trap the potential is defined over 0 < z < L and is periodic over L:

e 5 (2)+ e (69 (2)) (2.21)
16¢coslk,(z+L/2)], 0<z<L; 6¢"(z+L)=5¢"(z)(2.22)

o0p'(z,1)
09’ (z)

For odd m potential we see that trapped particles experience a non-sinusoidal po-
tential: As a trapped particle moves along its path, it will experience different forcing
by the external potential for odd potential modes and this leads to different dynam-
ics. Figures (2.2a) and (2.2b), respectively depict the potential experienced by a left-
trapped and a passing particle along their unperturbed orbit. z(¢)is the position of a
particles as a function of time, moving at a constant velocity v (in their unperturbed
orbits). Bounce frequency w,, is defined as the angular frequency of one cycle of
bounce motion of a particle, which for trapped and passing particles is respectively
given by w;, = 27|v|/L and w;, = w|v|/L. The potential for passing particles is a
cosine and the particles’ bounce orbiting motion is identical to the motion of a par-
ticle moving at a constant velocity, along an extended coordinate, under a periodic
cosine potential. For trapped potential this is obviously not the case and potential
is not of a cosine form. For even potential modes trapped and passing particles ex-
perience the same potential function along their paths and therefore the presence
of squeeze potential does not affect an even mode. From here on we take m to be

odd. By Fourier expanding the trapped potential in terms of the complete series of
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Figure 2.2: Plots of the potentials experienced by a left-trapped (Fig. (2.2a)) and a
passing (Fig. (2.2b)) particle along their unperturbed orbits.
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functions e’*n*, which are periodic over L, we obtain an infinite series of harmon-

ics:

oo

Z 5¢’lqeik2”z

n=—oo

5¢'(2)

_ 1 L2
69, = 3069C, C,iZ——J 5¢'(z)e™ " ?dz

oL —L/2
6¢'(z) = —6¢'(2)

We evaluate C' and obtain:

2k
I _ m i [ Km
C,= krzn_kzzn sin[4*]
C/=—C!

For the passing particles we have the following Vlasov equation:

oot a8t 35¢F, _
or "oz " Vaz T

Solution of the above equation is of the form:

5t (z,v,t) = e '“'§fP(z,v)+c.c.

0f"(z,v)

Substituting for passing particles we obtain:
. : . Fy
—iwo fl+ lvkm5fn5+lkmv5¢£l? =0

Solving for 6 /7 we obtain:

5 = vEPP Fy/T

w/k,,—v

5f,,'f(v)eik’”(z+”2) + 5f_pm(y)e—ikm(z+L/2)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
(2.30)

(2.31)

(2.32)
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The time independent part of the distribution function is the given by:

UEPPE/T

p
5fp(z’ U) — ikm(Z+L/2)+ U5¢—mF0/Tefikm(Z+L/2) (2.33)

w/kyn—v —w/k,—v

Solution of the above equation is of the form:

6t Nz, v,t) = e 51 (z,v)+c.c. (2.34)
5z, v) = Z 5f,ll(r)(v)eik2"z (2.35)

In the above sums the n = 0 term is excluded, since by adiabatically driving the
plasma, the average density in the left trap and right trap does not change. For
trapped particles we have the linearized Vlasov equation:

261 o6t d6¢p'Fy

ar Vo Ve T

0, (2.36)

We substitute for 6f' from Eq. (2.34) and solve for 6 fnl and obtain:

v6¢'Fy/T
S5fl=—2— 2.37
I w/ky,,—v (2.37)
The time independent part of the distribution function is given by:
> VOQLF,/T .
5 l(r) , — _r'n 7 lanZ 2.38
'z, v) Zoo Y (2.38)

Figure (2.3) depicts the time independent part of the perturbed distribution func-
tions of the trapped and passing particles at the separatrix (v = v;), evaluated from
Eq. (2.33) and Eq. (2.38) respectively. The plotted function (6 f /6 ¢)/(F,/T)is afunc-
tion of the dimensionless parameter w/k, v;, which is the phase velocity divided by
the separatrix velocity. The distribution function ¢ f is discontinuous at the sep-
aratrix and the form of the discontinuity is a function of w/k,v,. Also the veloc-
ity derivative of 6 f is discontinuous at the separatrix velocity, as can be seen from
Fig. (2.4). These discontinuities are unphysical and are the artifact of treating the

plasma as a collisionless system. Adding collisions to the system will allow the par-
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Figure 2.3: Plots of 0 f as a function of z for the trapped and passing particles at the
separatrix (v = v,), using Eq. (2.33) and Eq. (2.38) respectively.
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ticle interchange between the trapped and passing regions and as a result, the so-
lutions for 6 f at the separatrix will connect and smooth out. In the next section
we will add a weak collison operator and solve for the distribution function of the
collisional system at the separatrix region.

Furthermore, in Fig. (2.4) we can see many singularities presentin the trapped
region. These singularities are located in velocities v = w/k,,, in the trapped region
of phase-space (—v; < v < v;), which are the velocities of the particles which are at
resonance with the drive potential. Distribution of the resonant particles can be ob-
tained by adding a small collision term to the Vlasov equation(—vof), and applying

the Plemelj formula to the relations Eq. (2.32) for passing particles and Eq. (2.37) for

the trapped particles:
1.111511_—P fl 0/ —ino(v—w/k U5(P1F T 2.39
vl 0 n /%Zn l ( / 2n) n 0/ ( . )
1.1115’ "=Pp 0/ To(v—w km V5(]5 F,/T 2.40
Vlﬂo Cz)/km -0V ! ( / ) 0/ (2.40)

This treatment is equivalent to integrating along the Landau contour, i.e. dropping
below the poles [40]. In Egs. (2.39) and (2.40) the first term gives the distribution
of the non-resonant particles and "P" represents the principal value of the argu-
ment. The imaginary parts give the distribution of the resonant population, which
in the collisionless theory has zero width and is given by the Dirac delta function.
The drive potential performs work on the resonant particles which will result in the

heating of the plasma.

2.3 Collisionless heating

External potential(perturbation) performs work on particles as they move
along their (unperturbed)orbits. In case of a self consistent mode, wave potential
performs work on the resonant particles and causes the damping of the wave. Time

averaged heating of particles over one period of external force is obtained by inte-
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Figure 2.4: Plots of the time independent part of the perturbed distribution func-
tions of the trapped and passing particles at the separatrix (v = v,), using Eq. (2.33)
and Eq. (2.38) respectively, for the drive frequencies w/k, v, =0.9 and w/k, v, =5.5,
at the left end of plasma z =—L/2.

grating over the whole phase-space accessible to particles which is

dE w 2n/w pLJ2 oo
<E>t = Moo 0 f_L/ZJ_oodzvdv(Sf(z, v,t)(—3.6¢(z,1)) (2.41)
L/2 [e3)
= J dzvdv[6f(z,v)0,(6¢(2)) +6f*(z,v)3.6p(z)]
—L/2 J—oc0o
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We break the integration over the entire phase-space to integrations over the pass-

ing and trapped regions:

() [ s

x[6fP(z,0)0, (69" (2)) +(8fP(z,v))8,6¢"(2)]

0
—nof f dzvdv[6f'(z,v)8,(6¢'(2)) +(6f'(z,v)8.69'(2)]
i o
—nof J dzvdv[6f(z,v)0.(6¢"(2)) +(6f (2, v))0.69"(2)]
0 —Us

Using Egs. (2.30), (2.35), (2.23) and (2.18) in Eq. (2.42), only the resonant particles

are heated and have a nonzero contribiution to (”fo > which results in :

<Z—€>t=nLn0|5?|2( 2O[w/k,, — v, Jv*Fy(V)l, e

(oe)
D lanlCPF R0yt ) i =1225] (2.42)

N=Nmin

In the above equation O[x] is the step function defined as

O[x]

I, x>0, (2.43)

0, x<0.

Furthermore, [x] is the ceiling function, defined as the greater integer between two
integers which are the closest to the real number x. In Eq. (2.42), the first term on
the right-hand side corresponds to the average work per unit time, performed on
the passing particles in resonance with the drive potential. There is only a single
resonance related to the passing particles and this resonance only can exist for fre-
quencies w > k,, ;.
The second term on the right-hand side of Eq. (2.42) corresponds to the averge

work per unit time performed on all the trapped particles. Because of the symme-
try of drive potential and the squeeze, left trap and right trap heating have the same

average value. The sum is over all the different resonances between the trapped par-
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Figure 2.5: Plot of the heating of the collisionless plasma from Eq. (2.42) for large
phase velocities w/k,v; = 8 and w/k, vy = 32, for drive mode m = 1. The dashed
line depicts an arbitrary v!/v; dependence, for comparison.

ticles and the drive potential. The reason for the presence of a series of resonances
is that the potential as seen by the particles is non-sinusoidal and contains a series

of harmonics which are at resonance with the drive potential at the velocities

w

=—, n=1,2,... (2.44)
k2n

Un

Above equation implies that the higher the number of resonance n, the lower are the
velocities of the particles in that resonance. Moreover, the nth resonance can not
exist for v, > v,, which is reflected in the plot of the heating vs v,/v; in Fig. (2.5):
lowering v, at a constant w results in instant, discontinuous drops of heating, which
happens each time a trapped resonance disappears at the separatrix. The lower
bound of the sum is given by the highest velocity in the trapped region which is in

resonance with the drive potential and is located at the velocity

w

1) =
Nmin k
2 Nmin

) (2.45)

The upper limit of the sum, which is infinity, is unphysical, since for particles with
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small energies, the linear theory and unperturbed orbits approximation are no longer
valid: Newton’s law gives the change in particle velocity, due to work by the wave po-

tential in one period:
My = —3,0p (2.46)

The change in the velocity of a particle in one bounce motion is given by 6 v ~
(dv/dt)/(v/L). Thus, substituting (v/L)é v for dv/dt and using 8,0 ¢ ~ km5$ in
Eq. (2.46) we obtain:

kn09
(v/L)ov~ -2 ¢ (2.47)
my
Dividing both sides of the RHS relation by v? will give:
) Lk,6¢/m, 4m w?
ov  Lkno9/m, _4mwy, (2.48)

2 2
v v m w3y

wp =271v/L is the bounce frequency of the unperturbed orbit of the particle, and
wnr =4/ k2, 5¢/ my, is the bounce frequency of a particle in the trough of the wave
potential. The following condition must be satisfied for the linear treatment to be

valid:

2

w
<l (2.49)

B

Above relation states that in order for the nonlinearity to be negligible, w,y; must
be much smaller than the unperturbed orbit particle bounce frequency wj. For the
nth trapped resonance we have wp = w/n, and the above relation can be written

as:
w3, € w?/n (2.50)
At low phase velocities such that v,,/v; < 1, where v,, is defined as

Vo = w/kyvr, (2.51)
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in the heating equation (2.42) we will have F, ~ 1 and as a result, the heating equa-

tion will have the following functional form:

—12 o0
<‘;—f>t =rLn, '5;’?'2 Z; kanl O PV Fo()l o 0/ kpur <1, (2.52)
Therefore, in the small phase velocity limit the collisionless plasma heating is inde-
pendent of the size of the squeeze (v;).

In the high phase velocity regime v,/ vy > 1, the heating due to the passing
resonance becomes exponentially small, because of the F; term in (2.42). However,
heating of the trapped particles consists of many resonances for which F is not ex-
ponentially small. As a result, trapped particle heating is finite at v,, /vy > 1. The
functional from of the heating due to trapped particles at v,,/vr > 1 depends on
vs/vr. Aswe can see from the Fig. (2.5) for v, /v > 1 the plasma heating is indepen-
dentof v,/ vy, since plasma is practically cut in half and further raising v, is not going
to change the plasma configuration. On the other hand, in the limit v,/ v; < 1, the
sum of the large number of resonances results in a v} dependence for the plasma

heating. We have derived these functional forms in appendix D, which yielded the

following results:
dE' 2|6 Q12| 2 v
_ Zmlog] S, sl (2.53)
dt my TV, T r
nlogl,| 2 vt
_ Tulo9] \ =5, Z>1>s (2.54)
my T4V, vy ! !

The small squeeze form of the heatingin Eq. (2.54) has the same scaling with squeeze
potential (proportional to ¢?) as in chapter 1. There, the squeeze was not assumed
to be infinitesimally narrow and therefore, passing particles were also affected by
the squeeze, and in fact provided the largest contribution to the wave damping.

Here, we see that trapped particles dominate the heating rate when v, /vy > 1
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2.4 Collisional heating at the separatrix

In this section we will add a weak collision effect to the system. Besides our
analytical solutions, we use numerical methods to verify our results. We use the
grids method to solve the differential equations related to the linearized, collisional
Boltzmann equation, details of which are described in section E. In a weakly colli-
sional regime, small-angle scattering has the dominant collisional effect in scatter-
ing of particles in velocity space. In this regime the collisional effect is well described

by the Fokker-Planck collision operator given by:

0 0 v
cth=4 (D(v)%f—?f) (2.55)

D(v) is the velocity space diffusion coefficient, which is a function of velocity. Since
the Fokker-Planck collision operator contains derivatives of f with respect to v,
the effects of collisions are significant in regions where these derivatives are large.
The results from the previous section indicate that at the separatrix there is a dis-
continuity in f and 0 f/Jdv. Therefore , in the vicinity of the separatrix, derivi-
tives of f become large and collisions significantly change the distribution function.
Other regions in which collisions have significant effect due to large derivatives are
the resonant regions. The equilibrium distribution function satisfies the condition
C(Fy) = 0. Moreover, the linearized Boltzmann equation with the Fokker-Planck

collision operator describes the time evoluiton of the system:

dof odof 1 do¢ OF
_+V____¢_°:(j(5f) (2.56)

We approximate the collision opertor by its dominant term at the separatrix:
C(6f)~D(v)3}6f (2.57)

Using Egs. (2.9) and (2.10) in Eq. (2.56), for the time independent part of the linear

distribution function and Eq. (2.11) for F,(v) we obtain:

. oo f 009 Fy )
iwof+v 32 +v 32 T-D(v)&’v(Sf (2.58)
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Considering that 6 ¢(z) has an odd symmetry with respect to the center of plasma,

the inherent symmetries of the solution to the above equation are:

0f(z,v) = —0f(—z,—v) (2.59)
o0f(z,v) = —o0f(z+L,v) (2.60)

In order to obtain a smooth and connected solution to o f at the separatrix,
trapped and passing solutions must match at the separatrix v = v;. We will solve for
passing and trapped particles separately and match the solutions across the separa-
trix. Although the drive potential includes only a single harmonic drive with mode
number m(see Eq. (2.6)), due to the collisions, the response of the plasma is not

limited to the mth harmonic and has a series form

oo

5fP(z,v)= . BfL(w)e’EH (2.61)
odd m=—o0
Substituting from Eq. (2.6) in Eq. (2.58) we obtain
517
adv2

F
i(knv—w)ﬁfnfﬂkmuw;?":D(v) (2.62)

For the left and right trapped particles we substituting from Eq. (2.34) in Eq. (2.56)
and obtain
F, 2o fbr

=D(v)

i(k2nv—w)5fnl'r+ik2nv5¢fl'r? 5

(2.63)

The exact solution of these equations involve complex Airy functions and their in-
tegrals. We can use the boundary layer approximation method [6] to find local solu-
tions to these equations at the separatrix region. In the narrow separatrix layer the
functions 6 f nl" and 0 f7 are rapidly varying. whereas all of the other functions of
v present in Egs. (2.62)and (2.63) are slowly varying. We approximate all the slowly

varying functions of v to be constants, with their value equal to their given value at
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Fo(v)~ Fy(vq) (2.64)
D(v)~ D(vy) (2.65)
(kv —w)o fF =~ (ky,vs— )6 f7 (2.66)
(kpnv — )6 f17 ~ (kppvs — )5 f17 (2.67)

In order for the approximations in Egs. (2.66) and (2.67) to be correct, i.e. the varia-
tion of the functions (k,, v — w) and (k,, v — w) to be small compared to their value
at the separatrix, the resonant regions for which v, ~ w/k,, for trapped, and v,, ~
w/k,, for passing region, must be far from the sparatrix layer. Hence, the following

condition must be satisfied:
Afs+Afl<<|v—w/kn| (2.68)

where A? is the width of the separatrix layer and A’ is the width of nth resonance.
In the collisionless theory resonances are singularities in the velocity space and have
zero width. However, introducing collisions into the system broadens these reso-
nances and we represent the width of the nth resonance with A™. Equation (2.68)
dictates the condition that the resonance regions and the separatrix layer must not
overlap. In other words, regions of rapid variation of the solutions must be iso-

lated. The boundary layer approximated differential equation for the passing region

is given by
: , Fy(vy) a*6 fh
k,vi—w)of’+ik,v6¢? ——=D ’" 2.69
itk vy )8 [} + ik 5@}, = D(v)— (2.69)
This equation has a particular solution which is given by
0¢ vsFo(vs)/T
ofr= = 2.70
fm w/km —Us ( )

This solution corresponds to the collisionless solution (2.32), evaluated at the spara-
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trix v = v;. The homogeneous solutions to Eq. (2.69) are given by

Sfr=5¢" F"( Foloy) | * exp[£i*?/(w—k,, v;)/ D(v —vy)] 2.71)

Since we expect the solutions to stay finite as v — 400, the only acceptable solution
for the passing region will be the plus sign and we take a* = a,,. Using Egs. (2.70)

and (2.71), the total solution inside the separatrix layer is given by

yin(”):5¢¢%/UZF°£VZ)/T+5¢,’;F° Y a, expli® 0=/ D(v—1,)), 272

which has an undetermined coefficient, a,,. These coefficients, together with all
the other undetermined coefficients from the trapped region, will be determined
from matching the boundary values at the separatrix. The first term on the right
hand-side is the contribution from the collisionless system. The second term on the
right-hand side is the perturbation to the collisionless solution, due to the effect of
collisions. This solution falls to zero rapidly in a region with a thickness approxi-

mately given by

=4/2D /(w—k,, vy), (2.73)

which is the inverse of the coefficient of real part of the exponent in Eq. (2.72).

The boundary layer, which is characterized by the rapid variation of solu-
tions, connects to the outer region. In the outer region, the solution to Eq. (2.62)
varies slowly and the derivatives of 6 f? are small. Since the system is weakly colli-
sional and D(v) is small, we can take D(v)226 f /2 v? ~ 0 in the outer region. As the
result of this approximation, the outer region solution to Eq. (2.62) will be:

0P vEy(v)/T

Youlv)=—" T —— (2.74)

which is identical to collisionless solution in Eq. (2.32). So far we have the solu-
tion for 6 f? inside the boundary layer given by equation Eq. (2.72), which we called
¥in(v), and the solution for the outer region, given by Eq. (2.74), which we called
Yout(V). In order to connect these to solutions and obtain a uniform solution over v,

we compare the asymptotic form of y;,(v) and y,,(v) to obtain a solution describing
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the middle region, i.e. between outer and inner solutions:

09? vFo(v)/T

hm Yin(v) = Py — (2.75)
0P vFo(v)/T
llm yOth( ) w/k —v

Therefore, we take the middle region solution to be:

07 vsFo(vs)/ T
Ymig(V)=—" J— (2.76)

We can define a uniform solution as follows:

yuniform( V) = yln( U) + yout( U) - yrnid( U) (277)

Substituting from Egs. (2.72), (2.74) and (2.76) into Eq. (2.77), we obtain a uniform

solution for 6 f7:

5f,fl’(v):5qi:m/l;€1:—0(_vl)j/:r 5(,15” a mexpli®?y/(w—k,v,)/D(v—1,)] (2.78)

As the effect of collisions become weaker, D decreases and the boundary layer shrinks.
In the limit where D goes to zero, the boundary layer vanishes and we retrieve the
collisionless solution at separatrix from the first term in Eq. (2.78).

Following the steps taken for the passing region, a uniform boundary layer

solution to Eq. (2.68) for the left trapped particles is given by

8¢ vFy(v)/T
5fnl w +5¢;%bn exp[—ia/zv (CL)—kgn US)/D(U— Us)] (279)

w/ky,,—v

The first term on the right hand side is the collisionless solution and the second
term is the correction due to collisions and we took the negative sign in order for the
solution to stay finite as v — 0. b, is the undetermined coefficient which must be
determined by matching the solutions at the separatrix. Due to symmetry, the right

trap solutions are redundant and contain no extra information. Boundary thickness



84

for the nth trapped Fourier component is defined as

AS =4/2D/(w—F,,v;) (2.80)

As was the case for the passing solutions, boundary thickness, which is proportional
to v/ D, vanishes as D goes to zero and the collisionless solution will be retrieved.
Therefore in the presence of weak collisions, separatrix is surrounded by a layer of
width proportional to v/D from both above and bellow v,. In this separatrix layer

0 f rapidly changes from the passing to the trapped side of the separatrix.

2.4.1 Matching the boundary solutions at separatrix

By matching the solutions obtained for trapped and passing distribution func-
tions, we obtain a uniform solution over the whole separatrix region in (z, v) phase-
space. Passing distribution has the functional form given by Eq. (2.29) with 6 f?
given by Eq. (2.78). We expand the functions e?*»(?+L/2) in terms of the complete set

of functions e *»# which have L periodicity:

) 1 0
o ikm(z+L/2) Z lrrlneikz,,z, l':n:_J eilkn—kan)z g

n=—00 L
l’”—ﬂ m odd (2.81)
" nn—m/2) '

As aresult, we can rewrite the passing distribution given in Eq. (2.61) as

6fP(z,v)= Z( Z l;"5fnf)e”“2nz (2.82)

n=—00 \odd m=—00

Comparing the above equation to Eq. (2.34), the matching conditions at the sepa-

ratrix for the left half of the plasma are given by

6/, (vs) o o fn(vs)
I (2.83)

265 f!(vs) odd m=—o0 36 fL(vy)
av v
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For the right half of plasma we use the symmetry relation Eq. (2.59), instead
of matching the solutions, to obtain the uniform solution over the separatrix. We
substiture the boundary layer solutions, Eq. (2.79) for 6 f! and Eq. (2.72) for 6 f?, in
the sets of equations in Eq. (2.83) and solve them to determine the unknown coeffi-
cients, a,’'s(trapped) and b,,’s(passing). a,,’s and b,,’s are only functions of w/k,, v,
since we factored out their dependence on T which was of the form Fy(v,)/T. For
the purpose of practicality we need to truncate the infinite series in order to evalu-
ate the unknown coefficients. For M number of terms kept in the trapped side there
are 2M equations and we need to keep M terms on the passing side. Keeping more
number of terms results in smoother solutions.

Using Mathematica, we solve for the unknown coefficients a,,’s and b,,’s. Fig-
ure (2.6) compares the contour plots of the time independent part of the distribu-
tion function ¢ f in the vicinity of the separatrix v ~ v, over the (z, v) phase-space,
for mode m =1 drive potential, with v;/v, = 1.73, w/k, v, = 0.8 and two values of
diffusion constant D;L/v? =2 x 107 and D,L/v? =5x107°, (D, = 4D,). M =101
terms are kept for trapped particles (n =—50,—49,...,49,50) and M = 101 for pass-
ing (m = —101,-99,...,97,99) in the matching Egs. (2.83). In Fig. (2.7), 6 f(z,v) is
plotted near the separatrix, at the left end of plasma z = —L/2, for the same pa-
rameters as Fig. (2.6). The results from the numerical grids method are plotted in
diamonds. The dashed curve shows the 6 f from the collisionless theroy. Width of
the separatrix layer for the plots related to D, is approximately 2 times larger than
the width of the separatrix layer in the plots related to D;, which implies the vD
dependence of the width of the separatirx layer.

In the collisionless regime Reo f(z, v) at separatrix has an odd symmetry, and
so does the drive potential, when resonances are away from separatrix. The drive
force, on the other hand, has an even symmetry and is out of phase with Re[5 f /5 ¢ ].
Thus, the total work on the particles in the separatrix region is zero, since the forc-
ing and Re[& f /& ¢ ] are spatially orthogonal. Because of the collisions, which cause
diffusion in velocity space and change the solutions particularly at the separatrix re-
gion, Re[ f /8 ¢]in the separatrix layer will develop a term with an even symmetry,

which is in phase with the external forcing. This results in a non-zero time-averaged
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Figure 2.6: Contour plots of the real and imaginary part of 6 f in the z, v phase-
space, near the separatrix (v/v, ~ 1), for v;/v, = 1.73 and for diffusion coefficient
DL/v?=2x10"" Plots (2.6a) and (2.6b) are obtained from the analytical bound-
ary layer method and plots (2.6a) and (2.6b) are obtained from the numerical grids

method.
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Figure 2.7: Plots of the real and imaginary part of 0 f as a function of v/v; near
the separatrix (v/v, ~ 1), at the left end od plasma z = —L/2, for v;/v, = 1.73
and for diffusion coefficient given by a)DL/v? =2 x 10~* and b)DL/v? =5 x 107°.
Solid curves are obtained analytically via the boundary layer method. Dashed lines
are the collisionless solutions. Numerical grids method results are depicted in dia-
monds. Double-headed arrows show the width of separatrix layer.
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work on the particles in the separatrix layer.

Now that the undetermined coefficient in Egs. (2.72) and (2.79) are solved
for by matching the boundary conditions, we have obtained the collisional 6 f? and
6 f! and we can calculate the heating at separatrix. For small enough D, away from
resonances, separatrix layer can be considered as an isolated region in which 6 f
has nontrivial solutions. Heating in separatrix can be calculated independently and
added to the resonant heating in other parts of phase-space to get the total heating.
We substitute the solved collisional 6 f,,’s in the average heating equation (2.42) and
perform the integrals. At v ~ v;, the first term of 6 f? and 6 f/, given by Egs. (2.78)
and (2.79) are purely real and give the collisionless solutions. As a result, they do not
contribute to heating integrals. The second term which is the collisional correction

to 6 7 and 6 f! has nonzero value in the integral which is equal to:

2 D D
L Z kol 2) 2L Relan |\ )
m©vs m©¥s

for the passing side of separatrix layer, and

dE! & 16 ¢ D D
=L =2n,L E kyn(CLY2Fo(v,)———Re| b, | v;i™"/? —i? ,
dt ny . 2n( n) O(Us) T € n| Usl w— kzn v, l w— kzn v,

(2.85)

for the trapped side of separatrix, which is written in terms of 2 times the left heating

due to symmetry. In evaluation of Eq. (2.85), the limits of integration was from zero
to v, but the lower limit of integral has been taken to be —oo, since 6 f falls to zero
on the scale of separatrix layer thickness which is much smaller than v,. The total
heating in the separatrix layer is subsequently equal to the sum of the heating in the

passing (Eq. (2.84)) and trapped (Eq. (2.85)) side of the separatrix:

dEsep _ dEsZp n dEsiep

dt  dt dt

(2.86)

Although weak collisions broaden the resonance regions, the change in resonant
heating due to these weak collisions is negligible. As a result the total heating of the

plasma is the sum of the separatrix heating and the collisionless resonant heating
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Figure 2.8: Heating per unit time versus the diffusion coefficient D, for v; /v, =1.73
and w/k, v, =0.2 and for drive mode m =1.

obtained in Eq. (2.42).

In figure (2.8), d E /d t is plotted versus the diffusion coefficient D, for v/ v, =
1.73 and w/k, v, = 0.2 and for drive mode m = 1. At this frequency the resonances
are far from the separatrix and therefore, the separatrix layer is isolated, thus theory
is expected to work well. The results obtained from the numerical grids method are
depicted in diamonds and the analytically obtained heating is depicted in a solid
curve. As D — 0 the value of the d E/d t tends to the collisionless heating obtained
from Eq. (2.42). In the limit where D — 0, the separatrix layer vanishes and the
heating tends to the collisionless result. Furthermore, as D grows the heating at the
separatrix layer dominates which has v'D dependence.

Figure (2.9) depicts the heating versus the drive frequency w. Heating for a
collisionles plasma (D = 0) is depicted in a dash-dotted and evaluated using Eq. (2.42).
The collisional heating result is obtained from the numerical grids method and de-
picted in a solid curve for D = 1.5 x 1073, and a dashed curve for D =6 x 1073, The

collisionless heating is discontinuous for two values of frequency. At w/k;v, =1
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Figure 2.9: Heating per unit time as a function of w, obtained from numerical grids
method for D =1.5x 1073, and D =6 x 1073, and obtained from Eq. (2.42) for D =0.

the passing resonance appears at the separatrix velocity v,, which causes a discon-
tinuous jump in the collisionless heating curve. At w/k,v, = 2 the n = 1 trapped
resonance disappears at the separatrix and this causes a sudden drop at in the colli-
sionless heating curve. In the presence of collisions, the added heating at the sepa-
ratrix connects and smooths out these discontinuities, as we can see from the plots
relatedto D =1.5x 103 and D =6 x 1073,

In figures (2.10a) and (2.10b) we compare the heating obtained from the an-
alytical boundary layer method and depicted in diamonds, to the numerical grids
method results dipcted in solid curves, for the same parameters as Fig. (2.9). For
the smaller value of D we have a better agreement between the two methods. Fur-
thermore, we can see that as the frequencies approach resonance, at w/k, v, =1 in
Fig. (2.10a) and at w/k; v, =2 in Fig. (2.10b), the analytical results deviate from the
numerical results, since the separatrix layer and resonance regions are overlapping

the boundary layer theory is no longer valid.
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Figure 2.10: Heating per unit time as a function of w. The results from the analyti-
cal boundary layer method are depcted in diamonds. The numerical grids method
results are dipcted in solid curves.

Figure (2.11) depicts the heating versus the larger values of the drive fre-
quency w. At large values of w/k,, vy the discontinuity in the distribution function
between the trapped and passing regions becomes small and as a result the colli-
sional heating due to the separatrix is not a large effect. Instead, collisions simply
smooth out the steps in the heating rate caused by the disappearance of resonances
in the trapped particle distribution as w increases. For large wave phase velocities,
passing and trapped particles near the separatrix energy have nearly the same re-
sponse to the wave, so the separatrix discontinuity is small and not important to
the wave heating. This is as opposed to small wave phase velocities, where there
is a large discontinuity in the distribution function at the separatrix and hence a

dominant collisional separatrix heating effect.
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2.5 Resonance broadening due to collisions

In this section we study the effect of adding weak collisions, in the form of
a Fokker-Planck collision operator, on the plasma distribution function, in the re-
gions of phase-space where are in resonance with the drive potential in the colli-
sionless system. We show that collisions will broaden the resonance regions, which
were singularities in the velocity space of the collisionless plasma. Width of these
resonance regions has as D'/® dependence, which is the characteristic of Airy func-
tions close to zero of their arguments (also known as the turning points).
We approximate the Fokker-Planck collision operator by its dominant term
(see Eq. (2.57)). For the passing region, substituting from Eq. (2.32) in Eq. (2.58), for
the nth Fourier component we obtain:
Fo(v) 2%0f, ,fl)

i _ P p -D
i(kp,v—w)ofl +ik,o¢" v T Py

(2.87)
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We take 6 f7(v)=6y? (v)+ by (v), such that they satisfy the following equations:

Fov) _  2%515

(kv —w)oy? +i p
i(kpv—w)oyl +ik,6¢" v T 30

25!
Jduv2

(2.88)

i(kyv— W)Y =D (2.89)

For the trapped region we substitute from Eq. (2.34) in Eq. (2.61) and we take 6 f. n’ (v)=
61! (v)+6 x!(v) we obtain
. I . 1 Fo(v) 625%2
i(kyyv—w)oy, +iky,6¢,v =D

T duv2
226y
duv2

(2.90)

I
i(ky,v—w)oy! =D n (2.91)

oy ,’1 (v)and 6 y” (v) are the particular solutions and will take care of the source terms
in the differential Egs. (2.62) and (2.63). 0 wil (v)and 6 lpfn (v) are the homogeneous
solutions and connect the trapped and passing solutions at the separatrix. The
boundary conditions for )(,’1(1/) and y?” (v) are such that y” (v), ;(i(v) —0asv —
+00. The Green’s function g/ (v, 1) fo the differential equation in Eq. (2.90) satis-

fies:
azg,’;( v, UO)

i(w—ky,v)g (v, v)+ D 52 =o6(v—1yp) (2.92)
with boundary conditions given by
lim g'(v,v)—0 (2.93)

v—+00

For v # 1,, the value of the Dirac delta function on the right-hand side of the Eq. (2.92)
is equal to zero. Considering the boundary conditions given by Eq. (2.93), the Green’s
function should be of the form:

Ciai,,(v) v>ry,

g (v, v)= : (2.94)
’ {C_biz,l(v) V<
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where the functions ai,(v) and bi,,(v) are defined as

ai,(v) = Ai((v—rv,)/a,) (2.95)
bi,(v) = Ai(eSENE(y—y,)/a,) (2.96)
a, = (D/ik)"? (2.97)
v, = wlky, (2.98)

Constants C, and C_ are determined by matching two parts of the piece-wise func-
tion Eq. (2.94) at v = 1.
In general, a pair of the Airy function Ai(z) with any of the Airy functions
Bi(z), Ai(ze?*/?) or Ai(ze?"/3) are linearly independent solutions of complex Airy
equation [2]. We have constructed the functions ai,(v) and bi,(v) in such a way
that they are linearly independent, ai,(v) falls to zero as v — +00 and bi,(v) falls
to zero as v — —o0. From matching the values of the piecewise form of g/ (v, 1) in
Eq. (2.94) at v = vy, we get
C,ai,,(vy) = C_bi,y, (1) (2.99)

Furthermore, integrating Eq. (2.92) over v, with Green’s function replaced by Eq. (2.94)

yields
dai,,(v)

ov
From Egs. (2.99) and (2.100) we determine C, and C_. As a result the Green’s func-

_ ¢ Obiz(v)

D(C+ 17 v

)z 1 (2.100)

tion is given by

—aip, (v)big, (V)
— AT V>0
t _ D Wap(vo) 0
8,(V: o) = { iz (v )aion(10) (2.101)
DWW, U<

Wronskian W, (v) is independent of v and is defined as

W, = ai,(v)bi (v)—ai (v)bi,(v)

e—isign(n)ﬂ/S

= — 2.102
2na, ( )
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Finally, we obtain & y | using the Green’s function:

ol [
Sxl(w)=ik,, T”f g (v, v)uFo(vp)d vy (2.103)

Similarly for passing equations Green’s function is:

_aim ( V)bim(UO)

V>
gl (v, 1) = { o (2.104)
oW, V<W
The particular solution, 6 y?, is given by:
s¢pP [
oyl (v)=iky, T’" J g" (v, vy) voFo(vp)d vp. (2.105)
—00

In the limit where D — 0 the particular solutions 6 y” and & y . will tend to the col-
lisionless linear solutions given by Egs. (2.32) and (2.37). Therefore, in this limit we
expect the imaginary parts of 6 y” / S¢panddy !/ 5 ¢ to become proportional to the
Dirac delta function, located at the turning points.

Fig. (2.12) depicts the imaginary parts of 0 f as a functionof v/v; atthen =1
trapped resonance region around v, = w/k,, for v,/v, = 0.4, vy/v, = 2, at the left
end of the plasma z =—L/2, for diffusion coefficients given by D, L/v? =5 x 107° in
Fig (2.12a) and D,L/v? =6.25x107° in Fig. (2.12b), which is 8 times smaller than the
diffusion constant of Fig. (2.12a)). The solid curve depicts the analytical result from
Eq. (2.103). The width of the 6 f, which we take to be the width of the function at
half of its maximum, is approximately 2 times larger for D, than D,. This behavior is
consistent with D'/* dependence of the resonance width. Furthermore, we see that
the peak value for Fig. (2.12b) is approximately 2 times larger than that of Fig. (2.12a).
Further decreasing the value of D will result in further narrowing and peaking.

The homogeneous solutions y? 's and 1! ’s will connect and smooth out the
solutions at the separatrix, by using the matching equations (2.83). The indepen-
dent homogeneous functions in the passing region (v > v,) are ai,(v) and bi,(v).
Since we want the solutions to remain finite, only ai,(v) is permissible for v > v,.

Furthermore y?(v) should be finite for v < 0, therefore only bi,(v) is acceptable for
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Figure 2.12: Plots of the imaginary parts of 6 f as a fuction of v/v; atthe n =1
trapped resonance region around v, = w/k,, for v, /v, =0.4, vy /v, = 1.73, at the left
end of the plasma z = —L/2, for diffusion coefficients given by DL/v?=5x 107" in
Fig (2.12a)and DL/ vf =6.25x 107% in Fig. (2.12b), which is 8 times smaller than the
diffusion constant of Fig. (2.12a)). Solid curves are obtained analytically. Numerical
grids method results are depicted in diamonds. Double-headed arrows show the
width of the resonance region.

V< U

a,ai,(v) v>v,
yr(v)= : (2.106)

d,bi,(v) v<-—v

However, in the left trap we have a combination of ascending and descending solu-
tions:

Yl (v)=b,biy,(v)+ cpaiy,(v), —v,<v<u,. (2.107)

From (2.95), The function ai,(v) is finite around the zero of Airy function Ai’s ar-
gument, which is located at v = w/k,, and falls to zero on a scale of |a,|. Thus, in
the special case where the resonances (v = w/k,,) are far from separatrix at v;, i.e.
v, —w/k,,| >> |a,|, at the separatrix we will have ai,, (v,) ~ 0 and thus, Eq. (2.107)
will become:

P! (v)~ b,biy,(v); v~ v, (2.108)

For anisolated separatrix layer (where the resonances away from separatrix), we can
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use the asymptotic series form of Airy function(with & =2/3z%2):

e—S
Ai(z)~ — (2.109)

Z4
For the passing region, from Eq. (2.95), substituting z with (ik,,/D)3(v — w/k,) we
see that for large z, since the exponential varies much faster than z71/4 in the sep-

aratrix region we approximate:
ai,(v)=Ai(z)~e™, v>v, (2.110)
Now series expanding the exponenet —£ to the first order in v — v, we obtain

ai,(z)~ el /2 @ki—r)[Dlu=v) 4, > ) (2.111)

This solution is equivalent to the approximate solution we obtained in from the
boundary layer method. Therefore, away from resonances, the local scaling of the

solutions and thickness of separatrix layer is proportional to v D.

2.6 Summary

We presented a 1D model of a finite length plasma with its population di-
vided in its equilibrium state in the velocity space, to passing particles v > v, and
trapped particles v < v, by a squeeze, an infinitesimally narrow kinetic barriers of
finite amplitude ¢ = %vf We apply a standing sinusoidal drive potential of odd
symmetry with respect to the center of plasma. Passing and trapped particles ex-
perience different potentials along their unperturbed orbits. The response of the
trapped particles to the external drive is non-sinusoidal and contains higher har-
monics while passing particles are unaffected by the squeeze. Different dynamics
for passing and trapped regions has the following results:
i)The drive potential performs non-zero average work on the resonant particles due

to the series of higher harmonics in the trapped region at bounce frequencies w, (E,) =

w/n. In the regime where v,,,/vr > 1 and the resonant heating in the passing re-
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gion is exponentially small, the sum of all of these resonant contributions results in
a finite heating in plasma.

ii)Due to different dynamics, passing and trapped distributions are discontinuous
at the separatrix (v = v,). Adding a weak collisions in the form of a Fokker-Planck
collision operator results in large correctional terms at the separatrix which stem
from large velocity derivatives resulting from the discontinuity at v = v,. These cor-
rections connect and smooth out the solutions at the separatrix. Furthermore, the
drive potential performs nonzero work in the separatrix layer which can add large
contributions to the heating, scaling as v'D, in the regime where w/k, v, < 1 (wWhere
D is the velocity diffusion coefficient). However, when w/k, v, > 1 the discontinu-
ity at the separatrix becomes small and collisionless damping due to Landau reso-
nances caused by the squeeze is the dominant effect.

Moreover, we study the effect of collisions on the resonant regions, which
are singularities in the velocity space of the collisionless solutions. We observe that
collisions result in broadening these resonances, such that the width of resonance
regions has a D'/® dependence, while the heating in the resonances approximately
stays constant.p

Some of the material in this Chapter is in preparation for publication. The

dissertation author was the primary investigator and author of this material.



Chapter 3

Nonlinear interaction of

Trivelpiece-Gould modes

3.1 Introduction

We study the weakly nonlinear wave-wave interactions between cylindrically
symmetric Trivelpiece-Gould (TG) waves [40]. Due to nonlinearity, eigenmodes of
the system are non-sinusoidal and their forms and eigenfrequencies are functions
of the magnitude of nonlinearity. For large wave amplitudes in a long, thin and cold
plasma, resonant interaction in TG waves can lead to decay instability [20,31,37] in
which case a pump wave decays into two other modes.

This theory and simulation work is motivated by experiments where nonlin-
ear TG modes in the Malmberg-Penning trap are driven by external potentials ap-
plied to the cylindrical sectors of the trap wall. Nonlinear plasma modes (Langmuir
modes) have been driven in other experiments using various techniques such as
beat-wave excitation (using laser beams) [21], wakefield excitation using electron
beams [22] or ion beams [28], laser wakefield excitation [8] and stimulated raman
scattering[41]. In the experiments that our theory describes, a strong magnetic field
and the conducting cylindrical wall of the trap change the linear dispersion relation
for the plasma waves, which greatly affects the nonlinear wave-wave interactions.

Plasma waves can interact with particles and with each other. Waves interact

99
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with resonant particles which are traveling with velocities near the phase velocity
v = w/k, which consequently results in the Landau damping of the TG wave. In a
cold plasma for which v; € w/k, plasma distribution is not populated at the phase
velocity v,, = w/k. Therefore there are no particles at v, to interact with the wave.
As a result, the waves will be undamped on timescales smaller than the collision
time.

In a 1D strong-magnetic-field model and for a cold plasma, the dynamics
of the system is well described within the framework of fluid (continuity and mo-
mentum equations) and Poisson equations, written respectively in Egs. (3.2), (3.3)
and (3.4). These equations describe the self-consistent evolution of the macroscopic
quantities of plasma (density, velocity and plasma potential).

In cases for which the coupling between particles and waves are weak, the
dominant effect responsible for the time evolution of the wave amplitudes is the
nonlinear coupling to the other waves (wave-wave interaction). For a weakly non-
linear system the strongest wave-wave nonlinearity is the three wave interactions.

The condition for a resonant three wave interaction is given by:
0)3:w1+w2, k3:k2+k1 (31)

Matching of the frequencies implies the conservation of wave energy and the match-
ing of wave numbers implies the conservation of wave momentum. Also, similar to
the Heisenberg’s quantum mechanical uncertainty principle, these matching con-
ditions do not need to be exactly satisfied in order to have resonant interactions
between the waves [25], as we will observe later on in sections 3.5.3, 3.5.4 and 3.5.5.

The two factors which determine the behavior of the system in time are non-
linearity and dispersion. In our system of fluid-Poisson equations, nonlinear terms
are present in the fluid equations and the wave dispersion arises from the Pois-
son equation. The effect of nonlinearity is, often, to draw in and peak the pulses
(e.g. amplitude growth due to parametric resonance instability), whereas disper-
sion causes the disturbances to spread, and thus impedes the effect of nonlinear-
ity. The nonlinearity can be measured simply by the size of the normalized wave

density perturbation A, and the dispersion can be measured by A/w,, where A =
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w, + w, — w3 is the frequency mismatch, also known as detuning. We are inter-
ested in weakly nonlinear regimes for which A < 1. Generally, for a plasma of finite
Length L, A/w, is a function of k; ~ 1/r,. For a long and thin plasma for which
r, L L, linear dispersion relation Eq. (3.105) is near-acoustic and the detuning is
small (A/w, < 1). However for k; L — 0 (the slab limit) cold plasma modes become
degenerate with w ~ w,,. As a result three-wave interaction becomes impossible,
since the frequency condition in Eq. (3.1) can not be satisfied. In this regime which
has been studied in Refs. 13, 39, 43, nonlinear interaction of plasma modes is of 4-
waves type, which is a higher order nonlinear effect (than 3-waves interactions). In
this work we will mostly be concerned with the opposite regime k, L > 1, where the
detuning is fairly small and 3-wave interactions are observed.

Depending on whether the detuning is larger or smaller compared to the
nonlinearity, the time evolution of waves behaves differently. Sections 3.2 and 3.3
are in the large detuning regime for which A < A/w,. In our analysis of this regime,
we neglect the possibility of resonant interaction between the waves. We find thatin
the large detuning regime, the waves in the plasma can be described by the sum of
sinusoidal oscillations with constant amplitudes. In parts 3.2.1 and 3.2.2 we obtain
the eigenmodes of a weakly nonlinear 1D system, for traveling waves and standing
waves respectively. Eigenmodes of the 1D system are periodic non-sinusoidal func-
tions of space and time, with frequency w and wave number k. Using a weakly non-
linear analysis we obtain the lowest order correction to the linear mode frequency
and the lowst order correction to the linear eigenmodes for traveling and stand-
ing waves. We observe that as the mode amplitude A approaches A/w, the reso-
nant wave-wave interaction is no longer negligible and our perturbation formalism
breaks down.

In section 3.3, for a system in the large detuning regime, we present a general,
non-resonant, weakly nonlinear analysis for arbitrary number of waves present in
the plasma. We obtain corrections to the linear mode frequencies due to nonlinear
couplings to all the other modes present in the plasma. Furthermore, using our for-
malism, we obtain the same nonlinear eigenmode corrections obtained previously

in parts 3.2.1 and 3.2.2.
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In the small detuning regime for which A ~ A/w, < 1, resonant wave-wave
interaction is non-negligible. Furthermore in the limit of A > A/w, strong resonant
wave-wave coupling can lead to instability and the exponential growth of the mode
amplitudes. In section 3.4 we obtain the evolution equations for the slow varying
linear mode amplitudes, for the small detuning regime (A ~ A/w,) using a weakly
nonlinear perturbation method. These series of evolution equations (Eq. (3.148)),
together with the linear dispersion relations (Eq. (3.105)) which determine the lin-
ear mode frequencies, are the reduced version of evolution equations of the orig-
inal system of equations given by Eq. (3.84) and Eq. (3.85), since the variables of
the system are reduced from v;,n, to only the variable ngl)(t) = ny(t)e~ "', Weakly
nonlinear analysis based on both macroscopic plasma models, which employ the
moment-Maxwell equations [10, 12-14, 23, 27], and microscopic plasma models,
which employ the Vlasov-Maxwell equations [1, 3, 11, 24, 27, 42] leads to the simi-
lar dynamical equations as Eq. (3.148).

In part 3.4.1 we analyze approximate energy conservation principles for the
reduced system of equations Eq. (3.148). We obtain a relation for the time varia-
tion of the total energy of the waves in the plasma. The total energy of the waves
is of order &2, where ¢ is the size of the amplitude of the perturbations. Our energy
conservation relation implies that the energy of a system of small perturbations, in
which the resonant wave-wave interactions are negligible, is conserved to the 3rd
order in € (6 E ~ O(¢*)). whereas for a system of larger perturbations at which 4-
wave resonance is non-negligible, the total energy of the system is conserved only
up to the second order in £ (6 E ~ 0(&%)).

Next, we focus our study on the problem of the interaction between the modes
1 and 2. In section 3.5 we study the system of isolated modes 1 and 2 by keeping
only these two modes and their two related evolution equations given by Egs. (3.187)
and (3.188). In part 3.5.1 we develop a phase-space describing the evolution of these
two isolated modes. The solutions of these equations are reversible and the equa-
tions of motion can be written in terms of a conserved Hamiltonian. We observe
that the topology of this phase-space depends on a unitless parameter n which is

the measure of the strength of dispersion comparing to nonlinearity. For ) =0 the
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system is at exact resonance. For 0 < n) < 1 the phase-space contains two saddle
points, one of which corresponds to the exponential growth of a small amplitude
mode 1 in the presence of a dominant mode 2. The second saddle point is the in-
verse of the first saddle point, which shows the growth of mode 2 and the decay
of mode 1. The value 1 = 1 corresponds to the threshold of instability. For n > 1
the saddle points are absent from the phase-space and the solutions for the mode
amplitudes remain near their initial value while performing small amplitude oscil-
lations.

In part 3.5.2, for the isolated system of modes 1 and 2, we obtain the non-
linear eigenmode 1 solution for which linear mode 2 is a harmonic of mode 1. We
obtain a correction to the mode frequency and a correction to the mode function,
for the limit of small amplitude (non-resonant).

In part 3.5.3, for the isolated system of modes 1 and 2, we study the sub-
harmonic interaction of mode 2 and 1, for which mode 2 is the dominant mode in
the system and the amplitude of mode 1 is small. Our discussion follows the same
analysis as in Refs. 23, 32 for three wave interactions. In the presence of the domi-
nant mode 2, depending on the magnitude of the amplitude of mode 2, solutions for
mode 1 are either oscillatory or unstable. In the oscillatory regime, mode 1 exhibits
a beating between two solutions, one with frequency w, and one with frequency
w, — w,. w,; is the frequency of mode 1 modified due to the nonlinear coupling to
mode 2. The beat frequency decreases with increase in the amplitude of mode 2
and reaches minimum at the threshold of instability AS™ for traveling waves (A5™
for standing waves). This threshold depends on the strength of dispersion. Beyond
AY™ the system is in the unstable regime in which mode 2 shares its energy with
mode 1, and thus mode 1 grows exponentially and decays exponentially, in a re-
versible way:.

In part 3.5.4, we study a system of isolated waves 1, 2 and 3, for an initial
condition such that mode 2 is dominant in the plasma and modes 1 and 3 are ini-
tially small in comparison to mode 2. We find a general solution for the evolution of
modes 1 and 3. Similar to the previous case of isolated modes 1 and 2 only, we find a

threshold beyond which the solutions for modes 1 and 3 are unstable and grow ex-
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ponentially with the rate I'. In the oscillatory regime, below the threshold, we show
that the response of the plasma to driving mode 1 depends on the way the plasma
has been driven. Using a smaller drive potential over a longer drive time will result
in exciting only 2 frequencies for mode 1 in the plasma, w, and w,—w,. We observe
that contrary to the previous case of isolated modes 1 and 2, the beat frequency be-
tween these two signals given by w,,, = 2w; —w, grows with growing amplitude of
mode 2.

In part 3.5.5, we study a system of isolated waves 1,2,3 and 4, where a domi-
nant nonlinear mode 2 is present in the plasma, which consists of the linear mode
2 oscillating at frequency w, and linear mode 4 being the harmonic of linear mode
2 and oscillating at 2w,. Modes 1 and 3 are initially small in comparison to mode 2.
By adiabatically driving a small amplitude mode 1 while driving the large amplitude
mode 2, the response of plasma for mode 1 contains 2 frequencies w, and v, — ;.
The beat frequency between two signals w,,, = 2w, — w, falls with growing ampli-
tude of mode 2 and goes to zero at the threshold of instability. When the amplitude
of mode 2 is larger than the threshold, modes 1 and 3 grow exponentially with the
growth rateT.

In both the cases of isolated waves 1,2,3 and waves 1,2,3,4, we compare our
analytical results obtained from the reduced system of equations (3.148), to the nu-
merically evaluated results obtained for the same isolated modes, evolving in time
according to the original system of equations given by Eq. (3.84) and Eq. (3.85).

We extend our numerical evalution by including more waves in plasma evolv-
ing according to Eq. (E2) and Eq. (E3) (keeping more terms in the truncated sums).
In each case we drive a large amplitude mode 2 and a small amplitude mode 1. By
increasing the upper limits of the sums M the threshold of instability converges
to a finite value independent of M, which for standing waves with k, = 10k; is
A3 h 4 0.173. Furthermore the beat frequency of mode 1 (w,,,) as a function of the
amplitude of mode 2 and the growth rate of mode 1 (I') versus the amplitude of mode
2 converge to values independent of M. Furthermore we perform Vlasov-Poisson
simulations for the same parameters k; = 10k; in a cold plasma (w,/k,v; = 12.2)

and compare to the Fluid simulation results. For our Vlasov-Poisson simulations
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we used the method of lines, which we described in a previous work Ref. 5. The

results from the two methods of simulation are in agreement.
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3.2 Nonlinear eigenmodes of the 1D fluid plasma, large

detuning

In this section we obtain nonlinear corrections to the forms and frequencies
of traveling and standing waves, using a weak nonlinearity perturbation method.
We make no assumptions concerning the strength of the dispersion. From exam-
ining our results we obtain the conditions for which our derivations are valid: ba-
sically, we show that our perturbation method breaks down in the regime where
detuning is small, i.e. if the condition given by Eq. (3.36) for traveling waves and the

condition given by Eq. (3.75) for standing waves are not satisfied.

3.2.1 Traveling plasma modes, large detuning

We start from 1D equations for a cold fluid system, coupled with Poisson

equation:

O;,N+0J,(Nv) = O0(continuity), (3.2
ov+vd,v = E (momentum), (3.3)
[k*—8%]E = —a,N (Poisson), (3.4)

where E =—0J, ¢ is the electric field in the z direction. In the above equations, time
is scaled to plasma frequency a)fJ = 4mq*N,/m,, fluid density has been scaled to
equilibrium density N,. The system has periodic boundary conditions over 2 times

the length of the plasma.

N(z+2L)=N(z),
E(z+2L)=E(z2), (3.5)

v(z+2L)=v(z).
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Assuming that the system is in steady state in a frame moving with phase velocity

s >0, solutions to the above equations have the following form:

N,v,p~g(&), &E=z—st. (3.6)

This implies that
0,8 =—s0:§, (3.7)
0,8 =0:§. (3.8)

Therefore in the steady state frame, Egs. (3.2) through (3.4) become:

—s0:N+03:(Nv) = 0, 3.9)
—sd:v+vo:v = E, (3.10)
[k2-22]E = —&N. 3.11)

Using perturbation theory we can obtain the nonlinear mode potential which sat-
isfies equations (3.2), (3.3) and, (3.4). We assume the following perturbation expan-

sions:

N=14+enW+e2n?+..., (3.12)
v=evW+e20v®@+.
E=¢EW4+£E@+ .

S=sy+es+E%s,....

Superscipts for n, v and E represent different functions and are not exponents.The
First order of equations (3.9) through (3.11) yields the linear dispersion relation. The

equations are given by:

—s500:nV +8:0 =0, (3.13)
—sp0: vV =EW, (3.14)
[k2— a;]E(” =—0.n". (3.15)
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From (3.13) and (3.14) we get:

1
o-nW=——=EW. (3.16)
So

From (3.15) and (3.16) we obtain the linear dispersion relation:
2 » 1 (1)
ki—0:——|E"=0. (3.17)
> SO

The mth eigenmode satisfying Eq. (3.17) together with the periodic boundary con-
ditions Egs. (3.5) has the form:

nW=vW/s=A! cosk,&, k,=mn/L, (3.18)
EW=k's?A! sink,¢, (3.19)

where A! is the amplitude of density perturbation of the traveling wave. As the
result, s, for linear mode m is given by:
1

NGEY

Second order continuity, momentum and Poisson equations in ¢ are respectively

5= (3.20)

given by:
—5,0:n"M —5,0:n? + 8:v?@ + 2.(nMvV) =0, (3.21)
—5,0:0vV — 500:v@ + v o0V = E®) (3.22)
[k?—32E® =—0:n®. (3.23)

We eliminate 0: v®, solve for 8:n® from Eq. (3.21) and Eq. (3.22), use Eq. (3.20), and
substitute the result on the right hand side of (3.23) to obtain:

3 S
[-02— k2 | E® =_§ag(n(1))2 +28—18§n(”. (3.24)
0
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Figure 3.1: Plots of the density perturbation of the nonlinear traveling mode m =2,
for asmall amplitude wave in Fig. (3.1a) and a large amplitude wave in Fig. (3.1b), for
k, =10k,, obtained from fluid simulations described in appendix F, with M = 26.

The left hand side of above equation is similar to Eq. (3.17) and has homogeneous
solutions of the form sin[k,,,& +«a]. In order to have a periodic solution we need to re-
move the terms from the right hand side of Eq. (3.24) which can be in resonance with
the left hand side homogeneous solutions. Thus we set the last term in Eq. (3.24) to

Zero:
N .
Zs—;Afn k,, sin[k,,&]=0. (3.25)
As a result we find out that
5 =0. (3.26)

We substitute for n") from (3.18) in (3.24) and solve for the particular solution for
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E@ and obtain:

1
E® = W(Afn)z sin2k,,&. (3.27)

Using (3.27) in (3.23), for n®® we obtain:

_ ki+4k;

2) m t 2
n'“ = akz (A, ) cos2k,,<. (3.28)

Using (3.28) in (3.21) we solve for v? to obtain:

ki+2k>
T(Am) cos2k,,&. (3.29)

@ =g,
Figure (3.1) compares a small amplitude m = 2 traveling wave to a large amplitude
m = 2, nonlinear traveling wave, at the same phase. These plots are obtained from
fluid simulations described in appendix F with M = 26. In Fig (3.1b) the large am-
plitude mode is clearly non-sinusoidal.

Third order continuity, momentum and Poisson equations in ¢ are respec-

tively given by:
—500:n% — 5,0: 1 + 3: v + 3:(n@ vV + nWp¥) =0, (3.30)
—500: v — 5,0: vV + 2:(vP v V) = E¥), (3.31)
[k2—22]| E¥ =—a:n®. (3.32)

We eliminate J:v® and solve for d:n® from (3.30) and (3.31) and substitute the re-

sult on the right hand side of (3.32) to obtain:

S 1
[_afz_krzn]E(:-;) — 28—23;—71(1)—S—ag(n(z)vm+2n“)v(2)) (3.33)
i 0 0
s 3k? +8k?
= —2—2kmAfn sinkmf——%kz (A" )0:(cos3k,, & +cos k,, &)
So 2 -

Removing the resonant terms proportional to sin k,,,£ from the right hand side im-
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plies:

3k} +8k2

e (Al Y (3.34)

82 = SO
Thus s, ,which is the lowest order correction to the phase velocity of mode m due to
nonlinearity, is of the second order in the mode amplitude A! . Combining Egs. (3.24)

and (3.34), the mode frequency up to 0(&?) is given by:

3k} +8k2
16k2

Wy =k,s=w,|1+ (A! Y], (3.35)
where w,, = k,,/+/ ki + k2, is the linear mode frequency. Hence, to the second order
in £, the mode frequency grows due to nonlinearity quadratically in A’ .

However, in the case of a long and thin plasma for which k,, < k,, Eq. (3.35)

is only correct provided:
Al LI KR 0 /30, (3.36)

where A, 5, =2w,,, — w,,, is the detuning between mode m and 2m. Otherwise, if
Al ~ k2 /k?, the frequency correction in Eq. (3.34) will be in fact of the first order in
e. Therefore if A! ~ kZ /k* ~ ¢, the entire perturbation formalism of ordering used
here breaks down. We can see this breakdown of the perturbation from Eq. (3.28)
and Eq. (3.29) for the second order perturbations n® and v, and from Eq. (3.39)
and Eq. (3.40) for the third order perturbations n® and v®. All of these higher or-
der perturbations will become of the first order in ¢ if k2 /k? ~ €. In section 3.4 we
will discuss the problem for which the detuning is small, as well as the mode ampli-
tude. Now, for a long and thin plasma, we can expand the frequency correction in

Eq. (3.35) in terms of small k,,,/k, and to the lowest order we obtain:

3k?
WP xw,,—=
m = Om6kz

(A! Y (3.37)
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Moreover, solving for E®) we obtain:

w_ kI+24k,

For n® and v® we obtain:

( t 3

3 = 2 2 2 2

= (3K +8k2)(9K> +k )64k4 cos3k,,& (3.39)
3

v = 5,(3k} +19k° k2 + 24k ) ’76 cos3k,, & (3.40)

We can repeat this process up to an arbitrary order in ¢ to obtain more accurate

nonlinear mode frequencies and eigenmodes.

3.2.2 Standing plasma waves, large detuning

In this section we obtain steady, oscillatory, nonlinear, standing solutions of
the equations (3.2)-(3.4) in a plasma of finite length L, assuming boundary condi-
tions at the ends z = 0,z = L to be of Neumann type for mode potential ¢ and
mode density n. This boundary condition is in accordance with Prasad and O’Neil
for v < w, [34]. In order to take advantage of the simplicity of periodic bound-
ary conditions we extend the plasma to a system of length 2L and assume periodic

boundary conditions with solutions which are periodic over 2L and have the forms:

N(z,t):1+2nl(t)cosklz, (3.41)

M8

p(z,t)= D> @/(t)cosk;z, (3.42)

N
Il
—

v(z, t)= v(t)sink; z, (3.43)

M8

~
I

1

where k; = /L. These solutions will satisfy the boundary conditions we required
for the original system of finite length L. In what follows we find the evolution equa-
tions for the time dependent part of the above solutionsi.e. n;(t), v;(¢) and ¢,;(¢). By

substituting (3.42) and (3.43) in the Poisson equation (3.4), and taking the integral
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. 2L .
product with %fo cos ky;z we obtain:

N (1)

=——. 3.44
Ry (3.44)

Yml(t)

Substituting (3.41) and (3.42) in the continuity equation (3.2), and taking the prod-

uct with 1 | OZL cos kp;zd z yields:

d 2 d
kmvm+—nm+%f coskmz%[(N—l)V]dzzo- (3.45)
0

dat

The last term on the LHS of the above equation will be simplified as follows: using

integration by parts we write:

2L d
%f cosk;z—I[(N—=1)v]dz
0 dz
oo 00 2L
= ’”ZZ%f n, vy sinkg;z sink, z coskpzdz
=1 I’'=1 0

k oo o0
m
=7 E E (Om,1-10 + O, 141 — O —1—1y — O, )y V).
1=1 I’'=1

Substituting (3.41), (3.42) and using (3.44) in the momentum equation (3.3), and

. . 2L . .
taking the product with 1 f o Sinkzzdz we obtain:

2 2L d V2
_Vﬁ_—nm‘l‘ZJo Sinkﬁzﬂ[?]dzzo: (3.46)

W= — (3.47)
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Using the series in Eq. (3.43) we further expand the last term in Eq. (3.46) as follows:

2L
d 2
%JO sin k; Zdzlv ]dz

%) oo oo 2L
=~k 5 f cos ki z(sin klz)zdz—km%Z:Zf sink;;zsink; zsink; zd z
=1 51 1=
k— o
m m
:TZ V125l,m/2 ZZ s -1+ O, 11 — O —(1r1) — 5m,zf+l)1/z vy
=1 IS0 1=
= k_mz V28, — +k—m i v, Uy Sign(m — 1) (3.48)
pa 1Ot 2 1 V1| . :

I>m/2

Therefore, we can rewrite the continuity equation (3.45) and the momentum equa-

tion (3.46) as:
n +k %+—Z Ul(n” m nl+m) 0, (3.49)

w——n +—Z V6 + mz:vlvml ysign(m—1)=0. (3.50)

I#m
I>m/2

In order to carry out perturbation solutions of Egs. (3.49) and (3.50) it is useful to
apply J; to (3.49) and multiply (3.50) by —k;;, then sum the two equations to obtain:

2

K k2
103+ il === | U~ )~ -2 0F
=1

ki o0
+7m Z V) UpyjSign(m — 1). (3.51)

I#m
I>m/2

In Egs. (3.49)- (3.51), ny = 0 since the zeroth Fourier term was extracted from the
sum in Eq. (3.41). Also vy, = 0. In the next section where we use the perturbation
method, by removing the secular terms from the right hand side of Eq. (3.51) order

by order, we obtain the nonlinear oscillatory solution.
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3.2.3 Nonlinear standing eigenmodes

In this part we obtain the nonlinear standing eigenmodes satisfying the equa-
tions governing the system. These modes are oscillatory in time without damping
or growing. However their Fourier amplitudes i.e. the amplitudes of oscillations of
n,,’s are constant in time. We obtain the nonlinear modes as perturbations to a lin-
ear mode m. We will use the multiple time scale analysis using the following series

expansions for mode m:

Mo=0 (3.52)
n,=enV+e2n?+e3n¥ 4

L e A

Uy =€V
m=en?+enP+ .., I#m
v=e2vP+evP 4., 1#m

In the limit £ — 0, the lowest order solution in ¢ is the mth linear mode i.e. nl), vV

We define the following hierarchy of multiplie simescales [30]:

ty=t, t,=¢t, t,=€t,... (3.53)
d
E:ato'i_gat] +823t2+"' (3.54)

In the equation Eq. (3.51), the time derivative on the left hand side, up to the third

order is given by:

%4

o%n,,

’ (8, + €0, +£°0, ) (enV) + £2n? + £3n¥) (3.55)

04

0l n) +&*(02n? +20,0,n\))+ £33 nl) + 02 +28t26t0n )+28, 0,,n?)
= €020+ 202 —2k,,0, vV) + £402n®) + 82nM) — 2k, 8, v +28, 8, n?).

In the last line of the above equation we used Eq. (3.58). We will substitute from
the series introduced in Eq. (3.52), (3.54) and (3.55) in Eq. (3.51) and solve for n; and

then solve for v; from equation (3.49) at each order of € and use the results iteratively
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in the higher orders in ¢. For the lowest order in ¢, i.e. the first order, we obtain:
2 2 1) _
[8% +w In,’ =0. (3.56)

The solution to the above equations is of the general form:

nsl) :Ajn(tl’ tz, . ..)COS(CI)m to + am(tl, tz, .o .)), (3.57)
w .
U,(n) == k_mAin(tl’ tz, . .)Sln(a)m to + am(tl, tz, .o .)), (3.58)
m

where A¢ is the amplitude of the density perturbation of the mth standing mode.
Since the right hand side of Eq. (3.51) is of third order and higher in ¢ for m =
m, the second order equation comes solely from its left hand side. Using Egs. (3.55)

and (3.56) in Eq. (3.51), for the second order in £ we get:

h"m

[0} + w? In2) =2k, 0, v} (3.59)

=20, 0, A} Sin(w,, ty+ ) +2w,, A} O, Ay, COS(W Ty + A yy),

where Eq. (3.58) was used in the second line. Both terms on the RHS are resonant

with the homogeneous solutions of the LHS unless:

0,A5 =0=> A5 =A% (6, 1s,...), (3.60)

Oty =0= = ap(ty, 13,...). (3.61)

Therefore, the lowest order correction to linear frequency w,, is of the second order

in . This correction can be obtained from Eq. (3.51) in the third order in ¢. In or-

@

der to obtain this nonlinear frequency correction, we need to evaluate ”2;31 and vg,)l

From Eq. (3.51) for 7 = 2m in the second order in ¢ we get:

[0} + @3, 1n ==Kz Oy, (v 1)) + (K V (V)
wfn s )2 3 2 s )2
= T(A’”) —Ea)m(Am) cos[2(w,, ty+ a,,)], (3.62)
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Figure 3.2: Plots of the density perturbation of a large amplitude nonlinear standing
mode m =1, for k; = 10k,, obtained from fluid simulations described in appendixF,

with M =26.
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where in the second line we used Egs. (3.57) and (3.58). As a result we obtain:

w? k?+4k?
(2) _ 2 1 2
n,, = nglm (A )+ —8k,2n (A ) cos[2(w, ty+ a )]
+C, coswy,, by + C,sinw,,, 1. (3.63)

The functions C, cos w,,, t, are C, sin w,,, t, are the homogeneous solutions for Eq. (3.62),
with C; and C, determined from the initial conditions. Assuming that only the non-
linear mode m is present in the plasma, the only frequencies present in the plasma
must be w,, and all its harmonics 2w,,,3w,,,.... Therefore in Eq. (3.63) we set C;

and C, to zero to obtain:

w? k2 +4k?
nf) = S (A, )+ W(Ajn ) cos[2(w,, tg+ ). (3.64)
2m m

We obtain 02(2 from Eq. (3.49) substituting for néz,zl from Eq. (3.64):

- (2)
n 1
p@ —_Tem  2o0) ()

2m k2m 2 2m " "m

k? +2k?
(wm)W(Afn)Z sin[2(w,, &y + a,,)]. (3.65)

K

Figures (3.2) and (3.3) depict the nonlinear standing modes m = 1 and m = 2 re-
spectively, at times t = ¢, t,+ T /4 and t,+ T /2. These plots are obtained from fluid
simulations described in appendix F with M = 26. We can see that these modes
are non-sinusoidal and where mode m =2 has an even symmetry, mode m =1is a
combination of even and odd symmetric terms.

The lowest order correction to mode frequency due to nonlinearity comes
from the & order equations. Using Eq. (3.55) in Eq. (3.51) we get the following third

order equation:

k k,
[0+ I =2k 0, v, = =20, (v ) — v nif ) — =2 (v v,)). (3.66)

L%m m m "2m 2 2m " m

Since the first order solutions are independent of ¢, all derivatives with respect to t;
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Figure 3.3: Plots of the density perturbation of a large amplitude nonlinear standing
mode m =2, for k; = 10k,, obtained from fluid simulations described in appendixF,
with M = 26.
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resulted in zero. First we simplify the RHS of above equation. Using (3.57) we write:
0, v\ = k—atzAfn sin[w,, ty+a,,] Miad] - —2AS 8,0y COS[ W, Ty + . (3.67)

m

Using (3.57), (3.64) and (3.65) and trigonometrical identities we write:

ki +2k2

2,1 Zm s )3

VZmnm_(k ) I6k2 "(A ) (sin[3(w,y, T + )]+ sin[w,, T + @, 1), (3.68)

m

2 2

n@ p = Lm ﬂ(As) 3(sin[3(w,, ty + )] —sinfw,, t, + &,y 1)

2m - "m km 16k2 m*0 m mto m

3
+ﬁsin[wmt0+am], (3.69)
m>2m
2ky+2k2
:(k—) W(A ) (cos[w,, to+ A,y ] —COS[3(w,n Ly + )]) .- (3.70)

Using Eq. (3.67) through Eq. (3.70) in Eq. (3.66) we obtain:

3k?+8k? w?
[85 +w? In% = (Zo);lAfnﬁtzam — W(A;f + ﬁ(%&fnf) cos[w,, ty+ ]
m m
N kJZ. 1 N
2w, 0, A} sin[w,, [+ a,, ]+co 32k2 (A ) cos[3(w,, ty+ )] (3.71)

Removing the resonant terms from the RHS of above equation (those with frequency

w,,) we obtain:

0,A, =0=>A° =A° (I3, 1y,...). (3.72)
Also we obtain
3k?(k?+3k2%)
Kl =W 1Vl m As 2’
@m = @ 64kr2n(kf+k,2n)( n)
which implies
3k?(k?+3k?
G m)(A;)2t2+ajn(t3,...). (3.73)

G = Omeake (k2 + k2)
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Equation (3.73) gives the lowest order correction to mode frequency w,, due to non-
linearity. Defining w,, to be the nonlinear mode frequency and setting € = 1 so that

t, — t we get:

W, = 1+3ki(kf+3k’2")(As >+ (3.74)
W, =W, 64kr2n(kf+kr2n) " R .

Similar to the traveling wave result, in case of along and thin plasma for which k2, <

k?, the above result is only correct if
AS LK KR Ay 0 /30, (3.75)

where A, 5, = 2W,,—W,,, is the detuning between mode m and 2m. If AS ~ k2 /k?,
the entire perturbation formalism of ordering in terms of small parameter breaks
down, since kfn/ kf itself can be small and comparable to wave amplitude A? , which
has not been worked into the perturbation formalism above. Now, for a long and
thin plasma, we can expand the frequency correction in Eq. (3.35) in terms of small

k,,/k, and to the lowest order we obtain:

2
0., 3K

We can continue the above calculation to the desired order in &.
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3.3 General 1D simplified fluid model, large detuning

In the previous section we focused on the nonlinear corrections to a single
traveling mode or standing mode m. For this mode, the mth spatial Fourier is of
order ¢ and all the higher harmonics, which appear in plasma due to mode m being
nonlinear, are of order £* and higher.

In this section, an arbitrary number of spatial Fourier terms of order ¢ are assumed
to be present in the plasma and we analyze the weak nonlinear interaction between
these terms for both the traveling and the standing waves. We are interested in the
nonlinear effects in the regime where the nonlinearity is much weaker than the dis-
persion. This condition quantitatively is given by the inequality in Eq. (3.107) which
compares the size of the plasma density perturbation to the ratio of frequency mis-
match(detuning) and mode frequency. Because of the large detuning (strong dis-
persion), nonlinear resonant wave-wave interaction is absent from the plasma. We

start from 1D, fluid equations coupled with Poisson equation:

;N + 0,(N v) = 0(continuity), (3.77)
o,v+vd,v=—0,¢ (momentum), (3.78)
(—k?+27)¢p =—N (Poisson). (3.79)
In the above equations
v=v(z,t), N=N(z,t), ¢=¢(z1t). (3.80)

Time is scaled to plasma frequency w, = 1/471q2n,/m, and plasma density has been

scaled to the average density n,. We expand the spatial dependence of the variables
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in terms of Fourier series:
(3.81)

where all the sums exclude the m =0 term and since v(z, t), N(z, t) and ¢(z, t) are
real, we have the following relations:

G_p(t)= @) (1) (3.82)

n_p(t)=n, (1),

We multiply Eq. (3.77) through Eq. (3.79) by 7 e %% and integrate over the length of

the plasma L and use the Fourier expansions given in Eq.’s (3.81). From the Poisson

equation Eq. (3.79) we obtain:

[k + k19, =n, (3.83)

We use the following relation in the continuity equation (3.77)

lf O,[(N(z,t)—1)V(z, t)]le " "*dz
0

=ik E E f N,V e Fntkm =Kz g 7 — ik, E n,,Vi_m,
m=—0oQ

We use the following relation in the momentum equation (3.78)

[V(z,1)0,v(z, t)]e " **dz
0

[os) 0o 1 L 0o
= E E Zf v,e*mZik, v, e knthn—kz g, — i E KV Viem
0

m=—0Q

m=—00 m’/=—0oQ
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As aresult we obtain the exact equations

d ()

—1N + iklvl + lkl Z n,v._,= 0 (384)
dat S

ivl +1i i kv \'% =—i%nl (385)
dt m*m=i—m ki+k; ’

m=—oQ

where we used Eq. (3.83) on the right hand side of Eq. (3.85). Using multiple time-
scale expansion, we assume weak nonlinearity and propose the following solution

forms for all m:

v, =ev+ 20 4 2By (3.86)
n,=¢en+en@+en®+..,

v =Wy, p) =mUy,  j=1,2,... (3.87)

To=t, T,=€t, T,=¢€t,... (3.88)

(3.89)

To the first order in ¢, eqn’s (3.77) through (3.79) give:

o, nV+ik,, vV =0, (3.90)
W __;_k )
oV, __lkalkfnm . (3.91)

Elliminating v!) from Eq. (3.90) and Eq. (3.91) get

k2
ol +-1

(09
ot | =0 (3.92)
m

m




where

Kn=+/k2+k2.
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(3.93)

For traveling modes, the linear solutions with axial Fourier number m: is of the form:

niylz)(fo» 7)) = ny(T)e O™,

where from Eq. (3.87) n,,’s satisfy
n_,=n,,
and with w,,, the mode frequency to be determined, which satisfies

Wy =—W .

The amplitude of the linear traveling mode A’ (), (m > 0) is defined by:

n' (z;t)=A! (t)cos[k,z—w,t+a,,(t)]
Al (1)

2

= nm(Tl)el(k"’Z*“”"TO) + n;(fl)e*’(ka*“mTO), m> 0.

[e i(kpz—wpm Tot+a,(t)) + e_i(kmz_wm70+am([))]

Thus, for traveling waves we obtain the follwing relation:

Al (t) .
nm(t):%e’“’", m > 0.

From Eq. (3.90) and Eq. (3.94) we obtain v!):

1)

—iw,To
py .

= Up(71)e

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

For standing modes, the linear solutions with axial Fourier number m is of the form:

iw,To
y

1 —itwp,
nin)(TO’Tl):nm(Tl)e Ot (Th)e

(3.101)
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with w,,,, the mode frequency to be determined, which satisfies Eq. (3.96) , and since
nﬁ}l)’s satisfy Eq. (3.87), n,,’s satisfy Eq. (3.95). The amplitude of the linear standing
mode A’ (1) is defined as:

n (z;t)=A; (t)cos[w,,t —a,(t)]cos[k,z] (3.102)
s

o Am(t) [e*i(meO*am(t)) + ei(wmfofam(t))] [eikmz + efikmz]
4

z(nm(fl)e_i“"”" + n;(fl)ei‘”’"TO)[eik’”z _I_e—ikmz].

Thus we obtain the following relation for the standing waves:

W . w ,
yW="Mp (1,)e @n"0——p* (7,)e'®n%, (3.103)
which gives:
— (1) .km (1) _km — ] 1
v (z,t)=v e + v e """ = A (t)sin[w,,t —a,,(t)]sin[k,z]. (3.104)

Since the solutions have similar results for traveling and standing waves, we carry
out our derivation for standing waves and explain wherever the results for traveling

waves differ. From (3.92) we obtain the dispersion relation:

Wy =—2, (3.105)

where K, is given by Eq. (3.93). We define the frequency mis-match (detuning) A, ,

between the three linear waves [,/ —m and m as:

Am,l:wm'i‘a)l_m—a)l. (3106)

In general, the condition for exact resonance between three linear modes is that

ky+k_,—k =0andA,,; =0,i.e. exact wavenumber match and frequency match.
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In this section we are interested in the large detuning regime for which:

|nl|<<Am,l/Cl)l. (3.107)

Forlarge detuning (strong dispersion), frequency matching between three TG modes
and resonant wave-wave interaction is not possible.

Using the perturbation series Eq. (3.86), and multiple time-scale derivative
series given in Eq. (3.89), we keep the terms of the second order in ¢ for Eq. (3.84)

and Eq. (3.85):

oo
o+ o, n+iky > Dol +ik v =0, (3.108)
m=—o0
[} 602
o vP+ 8. v +i D kvl = it . (3.109)
m=—o00 l

Using Eq. (3.101) and Eq. (3.103), for a standing wave we use the following series in
Eq. (3.108):

. w)_ . . . )
=ik, E m(nme l‘”mT°+njne’“’mT°)(n,_me “‘”—m“—n;*_me’”’—m“’)

, wi_ —i (w0 —
=ik, E = (nm ny_ e @nternto 4 n, ny_e'©n “”*'")T")—i- c.c.

m=—o0 'l-m

Furthermore, using Eq. (3.103), for a standing wave we use the following series in

Eq. (3.109):

o
. 1
i E k, vr(;)vl(_)m
m=—o00
o0
w)_ . . .
=i E W, m(nme iW,To n* ew)m’ro)(nl_ e la)l_mTO_n;< mela)l_m'fo)
— kl—m
m=—oo
o0
w_
=i E W " (R 1y @ OO0 n:‘nnl_me’(“’"’ @mlfo 4 ¢ c.)
I—m
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We operate J; on Eq. (3.108), multiply Eq. (3.109) by —i k; and add the two equations
to obtain:

Wi_m
klm

[afo—i-wf]nl =2iw;0; n,(t)e " —k Z (3.110)

(@m+©i—m)

(Wi +20 )0, 0 _pe" —Q2w,,—w))n; ni_,e flon=wrnTo | 4 ¢ ¢,

We operate J;, on Eq. (3.109), multiply Eq. (3.108) by —i k; /K and add the two equa-

tions to obtain:

02 + ]y 2% n m(T))e e

To kl T1
o W
. By
— Z p = [(wfn + 0+ Wy )y 1y e T Om)To
m=—co '“l-m
Hw?, + 02— @) e e e e, (3.111)

The first terms on the right hand side of Egs. (3.110) and (3.111) are resonant leading
to secular growth of the solutions. In order to remove the secular terms on the RHS

of equations (3.110) and (3.111) we must have:
3.,n,=0, (3.112)

Note that by the assumption of large detuning (w,, + w,_,, — w;)/w; > ¢, there
are no other resonant terms. The remaining terms on the right hand side of equa-
tions (3.110) and (3.111) contribute to the oscillatory solutions of the the order 2.

()

Solving for n;” we obtain:

2) _ E * (W_p—wm)T * —i(Wj—p—wm)T
— ‘/l,m[nmnl_me I-m—®@m 0+nmnl—me I-m—®@Wm 0]
m=—00

4 Z Vvlm[nm nl_me—i(wzfm+wm)fo + n;kn n;k_mei(a)l,m+wm)fo], (3'113)
0o
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where:

Vi =y (2=2) w;‘”m“”lfm (m,l—m,1)#(0,0,0), (3.114)

ki—m —~(Wm—w;_m)?’

Vim=0, (m,1—m,1)=(0,0,0),
W, ==k () S2entein_ o (m,1—m, 1)#(0,0,0),

}_(wm"’wl—m 2

VVl,m:Oy (m,l—m,l):(0,0,0),

)

Solving for vl(2 we obtain:
o0
VI(Z) _ Z Yl,m[nm nl_me—t(wmwz_m)fo_nfn n;‘_mel(wm+wl—rzz)70]
m=—o0
+Zl,m [n; nl_me—i(wzfm—wm)fo —n,, n;k_mei(wl,m—a)m)ro] ’ (3.115)
where:
_ (Wem W2 +WTHW |y Wy _
Vi = () [ G ] (i, 1) £(0,0,0),  B.116)

Y, =0, (m,1—m,1)=(0,0,0),

2 2
Wy +WT—W_y Wy

Ty =— (9 )[ Spitent ] (m,1—m,1)#(0,0,0),
Zym=0, (m,1—m,1)=(0,0,0).

For traveling waves, we use Eq. (3.94) and Eq. (3.100) in Eq. (3.108) and Eq. (3.109)

and following the same steps taken for standing waves we obtain:

oo
nP= " Wity ,e @mmren, (3.117)
m=—o0
oo
v? = Z Y} R Ry @ (Om @m0, (3.118)
m=—oo

where W, ,,, and Y, ,,, are defined in Eq. (3.114) and Eq. (3.116)
We now write the equations in the third orderin ¢. From Eq. (3.112), Eq. (3.113)
and Eq. (3.115) we see that 2, ngz) =0and J,, vl(z) = 0. Therefore, keeping the terms
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of order &3 in the equations (3.84) and (3.85) we obtain:

8- ,n + 0., 1V +18,(n® vV + v@ W), + ik, v® =0, (3.119)
wz

8., v+ 0., v +18,(vP W), = —i—+n?, (3.120)
1

where the following notation was used:

1 L
[...], =—J (...)e""R*dz. (3.121)
L 0

Operating —J;, on Eq. (3.119), multiplying Eq. (3.120) by ik; and adding the two
equations yields:
[-02 + wiln) = i2k8.,v;"

+ikl(— 0, [nP v+ v@nW], + ikl[v(z)v“)]l), (3.122)
where we used —2; 2, ngl) =ik, vl(l), and also we used:

By removing the secular terms from the RHS of Eq. (3.122), we obtain a second order
mode frequency correction. Details of this calculation are worked out in appendix

G. Assuming the functional form:

n,(rz,rg,...):ﬁl(fg,,...)e_i“’(lZ]Tz, (3.124)

we can solve for the nonlinear mode frequency correction w(lz) from Eq. (G.12). Sub-

stituting from Eq. (3.124) in Eq. (G.12) we obtain:

2 k _m = k _m
w(l : = _Tl {Cljll_m (Vm,l + Vm,m—l - Wm,l - 5m,2[ Wm,m—l) + [1 — L2 ](Zm,l _Zm,m—l)

wp ki—m
m

w

-~ 1Y, + gmﬂ Ym,m—l)} In,_m|* (Standing waves). (3.125)

k
1+



131

where gm,n is defined in Eq. (G.10). w(lz) is a real correction to the mode frequency.
For traveling waves, we can obtain the frequency correction by setting the coeffi-

cients V and Z to zero in Eq. (3.125):

2 _ k& “m =
W, = 712 { ckoll_m (Wm,l + 5m,21 Wm,m—l)

m

+[1+ﬂ””—"”](YmJ+3m,21Ym,m_l)}|nl_m|2 (Traveling waves). (3.126)

w; ki—m

3.3.1 Nonlinear eigenmodes

As a check of these general results, we can retrieve the mode frequency cor-
rections obtained in the previous sections, i.e. Eq. (3.74) for standing waves and for
traveling waves Eq. (3.35), from the general nonlinear mode frequency corrections,
Eq. (3.125) and Eq. (3.126).

For mode ! (standing or traveling) we assume all linear amplitudes except
the Ith is zero

n;=0, j#=l (3.127)

Nonlinear correction to the standing eigenmode is obtained using (3.127) in (3.113):

40)? 6w? . .
=2 4 (e e, G
Wy 4wy — wy,
2 2
@ Wy Wy —207 —i20;Tg #\2 _i20;Tg
v, =|—|——|nje —(n7)e . (3.129)
=) el (o]

Substituting from Eq. (3.103) for n; and for w,; and w,; from Eq. (3.105) in Egs. (3.128)
and (3.129) we respectively obtain the previously derived results in equations (3.64)
and (3.65). Due to the presence of higher spatial Fourier term above, the eigenmode
is no longer sinusoidal in space. The correction to /th eigenfequency is obtained
from Eq. (3.125), using the m =21:

w(zz):_%[%(szl,z—sz,l)—ZYzl,z””ﬂz- (3.130)
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Using equations (3.105), (3.103), (3.114) and (3.116), '” will have the simple form:

@ 3k?(k?+3k?)

oY =w,————— | AS)?,
! ’64kf(kf+k;)| !

which is identical to the result in Eq. (3.74) for standing waves.

(3.131)

We can obtain the frequency shift for traveling waves from Eq. (3.126):

2 k,
! =B Woy ) =2 )l 2.

Substituting for W, ; and Y,; ; and using Eq. (3.99) we obtain:

@ 3k? +8k;

— 2
1

which is identical to the result in Eq. (3.35) for traveling waves.

(3.132)

(3.133)
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3.4 Wave-waveinteraction in the simplified 1D fluid model,

small detuning

In the previous sections we studied the cases for which the detuning was
large compared to the size of the mode amplitude (see Eq. (3.107)). In this section

we assume the detuning is small, as well as the mode amplitudes:
(W + @iy — @)/ Wy~ L1 (3.134)

Forlong, thin plasmasi.e. L>> r,, which s the area of our interest, detuningis small.
Equations (3.77) to (3.105) from the section 3.3 are applicable to this section as well,
which include the first order equations in ¢ and the resulting linear solutions. More-
over, in order to keep track of the smallness of detuning in our perturbation method,

we define the detuning A, ; as:

Oyt —w =7, (3.135)

TolWm+ Wi —w)=ToA =T A0 (3.136)

where we used (3.88) in (3.136) and ¢ is the same auxiliary smallness parameter that
is seen everywhere else.

The second order in ¢, continuity and momentum equations are respectively
given by (3.108) and (3.109). Using Eq. (3.136), in Eq. (3.108) and Eq. (3.109) we write
the exponential terms of the form e=/(@n+®i-n)%0 a5 e=iAmiT17i®1T0 Next, we oper-
ate d;, on Eq. (3.108), multiply Eq. (3.109) by —ik;, and finally add the two equa-
tions (3.108) and (3.109) to obtain:

oo
. i W » i
[02 + ) =2i,8; ()0 =Ky D @) + @)y Ry e AT
m=—co '“l—m
< Wi—m * (Wm—®i—m)To
+h > (20, — @)1 1y e @n=ern)o 4 ¢ ¢ (3.137)
m=—0o0 kl_m

We set the resonant terms (terms with e**“* time dependence on the RHS) equal
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). To this purpose, we set:

to zero to avoid a secular solution for n !
o
Gomy=—i D Xymhphy_me on" (3.138)
m=—oo
in Eq. (3.137), where the nonlinear coupling coefficients are defined as following
Xpm =k (1+22),  (m,1—m,1)#(0,0,0) (3.139)
(m) l —m, l) = (0,0,0)

Xl,m :0,

In the next section we investigate the energy conservation for a traveling
In order to solve for the second order

wave where we will be needing n;” and v,
perturbations n;” and vl(z), we substitute Eq. (3.138) in Eq. (3.108) to get

(o]
370;1;2)—1'161 Z Zwlclz -~ (1+ wm)n Ni-me (©n+@1on)
m=—o00
oo
tiky D Ry e ey ik P =0 (3.140)
m=—o0

In deriving Eq. (3.140) from Eq. (3.108) for a traveling wave, we used Eq. (3.94) and

Eq. (3.138) which imply:
—iw;Ty

1
o, ny =0, m(v))e

oo
=—i E Xl,mnmnl—me_lAm'lTl iw;Ty
m=—00
0 (3.141)

(o)
=—i Z Xl,mnmnl—me_l(wm+wl 2

In the last line above we used Eq. (3.136)

Equation (3.140) may now be simplified to
Y=0 (3.142)

(e0)

k
@ ;™M E Wi—m
&Onl + lg - (C()l

I m=—o0

—i(Wm+wi—m)T . (
W)y Ny "m0+ g kv
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Furthermore, we substitute Eq. (3.138) in Eq. (3.109) and use Eq. (3.100) to obtain

oo

or, Ul(z)—iwl Z ;}C’:ZI (1+‘:’0—’7)nm ny_, e @ntemto
m=—o9Q
i( ) @] @
. Wi_m —i(Wm+wi_m)T . _
+i Z W, kll Ny, Ni_,e ! O—HEnZ =0 (3.143)
which is simplified to
o 1N ( jo 91 @
Wi_m —i(Wmtwi_m)T . —
o5, —EMZOO T W — W)y Ny e ! O—HEHZ =0 (3.144)
Elliminating vl(z) from Eq. (3.142) and Eq. (3.144) we get:
(82 +wi)n” (3.145)
o
Wyt W, —w | — @ ) Ry e @mten)To =
ZQ)ZZ( [—m l)klm( m)mlm
Solving for ngz) we get:
— k w W —w
nl? = Z L Zlom LM oy, e @ntermn)t (3.146)
e 26!)[ kl—m wtw,,+w;,_,

Substituting from Eq. (3.146) for ngz) in Eq. (3.142) and solving for vl(z) we obtain:

(e0)

wi_ wWw;—w s
l}l(z) = — Z I=m ! m nm nl—m e l(wm+wl—rrl)70 (3.147)
2kl—m W t+w,+w_,

m=—0oQ

Equation (3.138) expresses the time evolution of the linear mode amplitudes in both
the traveling and standing waves, due to nonlinear coupling between all the possible
triads of linear modes (three wave interactions). We drop the multiple time scales
perturbation notation and set € = 1. As a result 7, = ¢ and we obtain the following
equations in time ¢:

dn,

o0
=i Y Xty e, (3.148)
m=—00
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where the nonlinear coupling coefficients are given by Eq. (3.139).
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3.4.1 Energy conservation of the small detuning perturbation so-
lution
In the last section we obtained a perturbation solution for the plasma den-

sity and velocity to the second order in ¢. In this section we want to find out how

well these perturbation solutions conserve the energy. Total energy of the plasma is

given by:
Ky = f%szdz, (3.149)
Vp = f%Nq)dz, (3.150)

where N, v and ¢ are given by (3.86). Using Eq. (3.81) we expand E, K; and V; in

terms of spatial Fourier series:

KE = % Z lvlv—l+ Z an—me—l]» (3.152)

|=——00 m=—0cQ
o0

2
v, = %Z %nln_l, (3.153)

[=—00

o) ) (o)
E = %Z l%nln_l+vlv_l+ Z an—me—l]! (3154)

l=—00 m=—0oQ

where we used Eq. (3.83) for ¢; and we used the following integrals:

fvzdz=J( Z v, ek Z vyelfr?) = Z vV,

l’=—00
f( ndz_f E n, elk[Z( E Ve lk_mz E vy, elk,/z
l=—00 I’=—00
= E E D_ Vi Viem
|=—00 m=—00

Relations (3.152), (3.153) and (3.154) are for the exact density and velocity of plasma

and the energy in (3.154) is conserved exactly. From our computer simulations we
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Figure 3.4: Figure (3.4a) shows the energy of a traveling wave of amplitude A} = 0.24
and Fig. (3.4b) shows the energy of a standing wave of amplitude AJ = 0.24. Forcing
time was T w, = 97 and drive potential was V, = 1.8 x 10~[m, wi(L/Zn)z] and M =
8 Fourier terms were kept, for k;, =10k;.
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can see that this is true, for both traveling and standing waves, for any number M
of spatial Fourier terms kept M, and energy is conserved as we can see in Fig. (3.4a)
for traveling and Fig. (3.4b) for standing waves, where we depicted the energy of
the plasma for the amplitudes A, = A5 = 0.24 and M = 8. Now we substitute our
perturbation solutions for the exact density and velocity to obtain the perturbation

solution for energy:

n ()~ en(t)+e*n’ (3.155)

vi(t)~ e (t)+ e v (3.156)

We use Eq. (3.155) in K and V; given by Eq. (3.152) and Eq. (3.153), and keep the

terms up to the third order in &:

—m - -m

o o
Kp=3 Z lszv}”vfll)+s32v£11)vl(2)+£3 Z n U(l)l (3.157)

|=——00 m=—0oQ

oo

S [+ et2nnt)] @.158)

o~
I
DN =

|=—00
For a traveling wave ngl) is given by (3.94) and vl(l) is given by (3.100):

1)

nY=n (e, vV =y (1))@ (3.159)

where v, = %nl(fl) and the time evolution of n;(7,) is given by Eq. (3.138). ngz) and
vl(Z) are given by (3.146) and (3.147). From Eq. (3.157) and Eq. (3.158) the total energy
up tp &3 is given by:

E = Ky+V, (3.160)
oo 2 (e ]
=1 Z lez v+ 82;:—121 nInM 432000 + 3207 nl) 4 63 Z v v,(;)]
[=—00 m=—00
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Using Eq. (3.146) and (3.147), we obtain:

o0

$ o
|=—00
:_lﬂ Z Wi_m W) — Wy, n;knmnl_me_i(wm+wl_m_w1)To (3161)
Zklm ooklma)l+a) +wi_y
e 2
w7 _(2) (1)
> B
[=—00
oo
10), Wi_m W —wWy

n*n, n,_, e {@ntOm—eT (3 162)
Zklm Ooklmcol+co +wi_y, 1Tmmm

As aresult, the terms 3 and 4 of the sum in Eq. (3.160) will add to zero:

oo (o]

g Z vl(z)vfll)+€3 Z 0,:21 ng Int z) 0 (3.163)

[=—00 [=—00

For the first two terms of the sum in Eq. (3.160), which makes up the total wave

energy as given by the classic linear theory:

0 o
z Z v vl =3 Z (v v)) (3.164)
l=—00 =00
(o] [o’e) )
1 1 w
; Z e nl) =3 Z = (nny), (3.165)
I=—00 : I=—0c0 :

Since v, = ‘,‘:—;nl, from adding the equations (3.164) and (3.165) we get:

oo 2 oo
: Z (v}”v&@%n%”nf})z Z v, (3.166)
[=—00 ! [=—00

The last term in Eq. (3.160) can be written as:

o oo o oo
: Z Z n(_ll)vl(i)m v“):% Z Z Kivjv,_, v, AmiT (3.167)
|=—00 m=—00 |=—00 m=—00
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where we used n; = K; v/ As aresult, the total energy up to the order &3 after setting

€ =1is given by:

— Z [vlv_l+% Z K,v_,vl_mvme_m’"”l
[=—00 m=—o0
We will evaluate the time derivative of energy E given by Eq. (3.168):
d — [ d d <&
—E(t)= — (v )+ L1 — U Uy U e At (3,169
dt(),:_zoo[dt(”) zdz_ - ]( )

First we calculate the first term of the above sum. We symmetrize the coupling co-

efficients in Eq. (3.138) (with £ =1) as follows:

d
Enl__l_l Z X T T_me 21t 4 Z X T Tl €@ lAmlf] (3.170)

=—00
We change the dummy variable on the second sumto m’=1—m

d —iA
_ ——7— mit IA” m!t
dtnl i l E XimBmNy_py e +m/_E_OOX” m B Ny € 1(3 171)

We change the dummy variable on the second sum to m’ = m, and since we have

A=A, we can write:

d |~ »
=5 D K+ Xy e (3.172)

m=—0oQ

Since v,, = n,,/K,,, we rewrite Eq. (3.172) in terms of v,,,’s

—v, — Z X} U Ui 2mit (3.173)

(3.174)
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where

v _ w] k kl,
Xim = Tato(Xym+X1im)

= %(K1+Km+Kl—m)) l;'ézm (3.175)
= (Kyn+2K,) 1=2m (3.176)

Now we multiply (3.173) by v_; and sum over [ to get

oo

v l—v,——— XUy U Ve Bmi? (3.177)
2 Z Z

I=—00

In the double sum on the RHS of Eq. (3.177), for an arbitrary trio of —1,1—m,m we

have the following:

5 X iV Vit e =3 X g UVl e

_%Y—mj—m U U Vy_re Ol = _%(Yﬁm + _m—i,—i + Y—m,f—m) VU Up_me ol
=—Hwi+ w7+ 0_m) (K5 + Ky + Ki_)v_j U Ve~ Sl

= 1A (K + Ko+ Ky JU_p U Up_pe 27, (3.178)

where we used A7 = w_j+ wj_; + wy in the last line above. As a result the first

term in Eq. (3.169) is given by:

E — )= E —U_ + E — =2 E — _
) dt(vlv 1) Z (dtv DY l:—oo(dtyl)v l z:_oo(dtvl)v 1

. - - A —iA,t
=i > > T(I<’,+I< + K ) U U Ve 2 (3.179)
m= |=—00

Now we evaluate the last term in equation (3.169). Symmetrizing with respect to [

and m we get:

1 oo oo
> E E K v v v e 0t
|=—00 m=—00

1 (o) oo

=< Z Z (K + Ko + Ki_ )V Uy Uy 2mit (3.180)

|=—00 m=
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Now the time derivative of the right hand side Eq. (3.180) is given by:

—i i i Am’l(K + K, + K, v v, v,e Bmit
l m [—mJY] Vi—m Ym

[=—00 m=—00 6
i1 i i (K, +K,, +K )i(v*v v, )e  Bmi!t (3.181)
6 o I m I—m dt 1 Yl-mYm .

6 Z Z (Ki + K, +Kl—m)E(V—l Vi Up ) omt! (3.182)
=—00 M=—00
i o0 oo oo
g=—090 [|=—00 M=—0Q
i & )
+E Z Z Z (Kl + Km + Kl—m)Xl—m,q v yq Ul—m—q Ume—lAm,ll’e—lAq,l,mt
g=—090 [|=—00 m=—00
P & ) )
+E Z Z Z (K, +K,,+ Kl—m)Xm,q VoV Ug Vm_qe_lAm'lte_lAq*mt

In the second term on the right hand side of Eq. (3.182) we change the dummy vari-
ables (m =1"—m’, [ =1’), and in the first terms (m =—1’, | =—m’) and the simplified

result for Eq. (3.182) is given by:

18, Z K v v, vy, e Bmit (3.183)

|=—00 M=—00
P o =

gq=—09 |=—00 M=—0Q

Substituting from Eq. (3.179) and Eq. (3.183) in Eq. (3.169) we get:

d
45 (3.184)

dt
i oo o0 o _ ]
== Z Z Z (Ki + Ko + Ki )X g Vo Vi Ug Uy g @7 Ommat@m=ent

g=—090 [=—00 m=—00
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If we were to work to the order &* for energy E, by including the next terms of per-
turbation series i.e. n® and v'®, this will result in terms of the 4th order in &, which
will cancel out with the right hand side of Eq. (3.184) plus the terms of the order &°.
We analyze Eq. (3.184) and we estimate 6 E, the magnitude of the oscillation
of energy E, for the two extreme limits:
i) In the limit of very small perturbations |n;| ~ €, such that |n;| < (w ;+w g+ ;_p—
w,)/w;, time scale for variation of energy in given by the detunings, 1/6¢ ~ w, +
Wp—q + W;_,, — wy, since the perturbation amplitudes are approximately constant.
As aresult for small perturbations Eq. (3.184) implies
3
GE~G1Letn et (3.185)
kf
This relation implies that energy of a system of small perturbations, in which the
resonant wave-wave interactions are negligible, is conserved up to the 3rd order in
€ (6E ~ 0(e%)).
ii) In the limit where perturbations are large such that we have strong resonant
wave-wave interactions in the system, [n;| ~ € > (W, + Wy + W), — @)/ wy, the
timescale for the evolution of the system is given by 6 ¢ ~ 1/w,;|n;| ~ 1/ew,. This is
the timescale for resonance growths of the perturbations (see Eq. 3.232). As a result,
for large perturbations Eq. (3.184) implies
3
GE~G1—Letn e (3.186)
kf
This relation implies that for a system of large perturbations at which wave-wave
resonance is strong, the total energy of the system is conserved only up to the second
orderin ¢ (6 E ~ 0(&%)).
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3.5 Wave-wave Interaction between TG modes 1 and 2

Equation (3.138) describes the slow time evolution of mode amplitudes due
to nonlinear coupling to the other modes. We focus on the interaction between
modes 1 and 2, assuming all the other modes amplitudes are initially much smaller.
We drop the multiple time scales perturbation notation and ¢ =1. Asaresult 7, =¢

and we obtain the following equations describing the evolution of these two modes:

iy =—iX,, nynfe' ", (3.187)

fig ==Xy, (m)Fe™'%12, (3.188)
where nonlinear coupling coefficients are given by:

X,=9(1+2) (3.189)

and detuning is defined by:

AI,Z :2(1)1_(1)2 (3.190)

3.5.1 Phase-space analysis

We will study the evolution equations (3.187) and (3.188) using phase-space
analysis. n; and n, are complex mode amplitudes which can be written in terms of

a time dependent real amplitude and a time dependent phase.

nl(t) — dl(t)eial(t)-”Al’zt

ny(t) = ay(t)e ™ Hidizt) (3.191)

where we define the real amplitude a;(¢) as:

a;(t)=|n(1)| Aj/2, traveling waves (3.192)

= A;/4. standing waves (3.193)
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Also we define the phase a(t); as:

al(t):al(t)_Ath, l:1,2 (3194)

where the phase a,(t) for traveling and standing wave is respectively defined in
Eqg. (3.97) and Eq. (3.102). We eliminate the explicit time dependence on Eq. (3.187)
and Eq. (3.188) by substituting from Eq. (3.191). Defining the total phase of the

modes 1 and 2 as:

¢l:al(t)+A1,2t—(J)lt, l:1,2 (3195)

we define the dynamic phase as:

P(1) 2¢1(1) = @(1)

= 2a,(t)—a(t), (3.196)

where we used (3.195) and (3.190) to get (3.196). Substituting from (3.191) in (3.187)

we obtain:

@y + (A, +a))a; =—i X ,a,a, e @) (3.197)

o+ (A, +Qp)a, =—i X, a’ e~ @20 (3.198)
Taking the real part of (3.197) and (3.198) we obtain:

dl = _Xl’zazal Sin¢ (3.199)
dy=X,,a;sing (3.200)

Subtracting equation (3.198) from 2 times equation (3.197) we obtain:

, a?
(p :_(Zlezaz_Xzyla_l)Cos(p _AI,Z (3.201)
2



147

Furthermore, from eliminating sin ¢ from equations (3.199) and (3.200) integrating
in time we obtain an integral of motion A and the following conservation relation:
2 2

a; A

a
L4 = (3.202)
X1,2 X2,1 X2,1

The left hand side of Eq. (3.202) is an exact constant of motion for equations (3.187)
and (3.188). The conservation relation given by the Eq. (3.202) expresses the con-
servation of wave energy for the system of equations (3.187) and (3.188). In order to

see that we substitute from Eq. (3.189) in Eq. (3.202) to get

2 2 2
a; a, B A

21+2) 0 (1+2) " o (1+2)

Now, multiplying both sides of the above by w?(w; + w,)/2k we get:

2

20,0, , w] , 2ww, ,
— A = —Sa’+———a
k2 A
w? w5 Ay, W) 2
= Fa +F +—F 2 (3203)

In the last line of the above equation, the first and second term are respectively the

energies of the linear modes 1 and 2 and the last term is a small correction for small

detuning A, ,/w, < 1, due to the nonlinear coupling between the waves.
Substituting (3.202) in (3.201) to eliminate a, and after scaling the time by

introducing:
t=1/X,A (3.204)
we obtain:

d 1
E(p—[;—?)x]cosqb—Zn, (3.205)
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where the variable x and the parameter 1) are defined by

x=a,/A (3.206)
A, A

1= 2X,A (01 +wy)A

(3.207)

n is the ratio of a measure of the dispersion, given by A, ,/(w; + w,) to a measure of
nonlinearity, given by A. Furthermore, from the conservation equation (3.202) we

have the following relation for x:

X
P+ —at=1 (3.208)
XZ,I

which dictates the condition that x < 1
x<l1 (3.209)
We can elliminate a, from (3.200) by substituting from (3.202) and we obtain:

%x =[1—x*]sin¢ (3.210)

Equations (3.205) and (3.210) describe the evolution of phase-space (¢, x). Topol-
ogy of this phase-space is determined by the parameter r). These equations give the
time evolution of an integrable system. This system is described by the canonical

variables (¢, x?) and the Hamiltonian:

H =2[x—x>]cos ¢ —2nx* (3.211)
ﬁza—H (3.212)
dt 0x? '
d—xzz—a—H (3.213)
i 09 '

Different curves in phase-space are given by different values of the Hamiltonian. For

a curve with H = E, we can solve for cos ¢ from Eq. (3.211) and substitute in (3.210)
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to obtain

E +2nx2]2
: (3.214)

2[x — x3]

x::t[l—xz]\jl—

which can be integrated to give the time period of the curve as well as the amplitude
x as a function of time.

We can map out the phase-space of (¢, x) by locating its fixed points. By
lineaizing the equations (3.205) and (3.210) around fixed points in phase-space, we
can determine their identity. Linearized equations in this 2D space is given by the

following matrix

Dy(,, %)= o.f Of _ —2x,sin¢, [1—x;]cos¢p 5215
pr Xp o8 0,8 00 —[xi;+3]cos¢p —[xip—3xp]sin¢p

where f(¢, x) is the right hand side of Eq. (3.210) and g(¢, x) is the right hand side
of Eq. (3.205).
The eigenvalues A of the linear matrix D, at the fixed points are obtained from the

characteristic equation |D,— AI| = 0 which implies that:
A2 —trDyA—detD, =0 (3.216)

We set the left hand side of Eq.’s (3.205) and (3.210) to zero and we solve for fixed

points. For sin ¢ =0 there are two center fixed points. For ¢p =0 we have:

=0 = 3x*—1+2nx=0

2 1
> wm=—2+\(2) +3 (3.217)

which gives the coordinates of the fixed point ¢, located at (¢, x) = (0, x;) in the
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phase-space. For ¢ =+ we have:

=1 = 3x°—1-2nx=0
2 1
> w=2+\(3) +3 (3.218)

which gives the coordinates of the fixed point ¢, located at (¢, x) = (7, x,;) in the
phase-space. In obtaining ¢, and c,, since by definition in Eq. (3.206) we have x > 0,
solutions with x < 0 were discarded. Linearizing the equations (3.210) and (3.205)

around the fixed points ¢, and c, gives

0 1—x2
D, = 1 [1=x)]cos o, = (3.219)
—[— +3]cos ¢, 0

1
detD, = (1—x%)(—+3)cos*¢p >0
p xF2,
trDO = 0

Eigenvalues of ¢, and ¢, are obtained using Eq. (3.216). Since these pairs of eigenval-
ues are imaginary, fixed points ¢, and c, are center points [38]. Using the condition
that x < 1 obtained in Eq. (3.208) in the equation (3.218), we can see that the center
point ¢, exists in the finite phase-space of ¢ €[—mn, ] and x €[0, 1], onlyifn <1 and
disappears for n > 1.

For x =1 and cos ¢, = —n) another two fixed points s, exist in phase-space.

These fixed points are saddle points and are located at
Se:(£¢4,1), ¢,=m—arccosn>0 (3.220)

These two fixed points only exist if 1 < 1. Linearizing around these fixed points we
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get:
F2sin 0
D, = ?s = (3.221)
4n £2sin @
detD, = —4(1—-1n*)<0
trDO =0

We obtain the eigenvalues of the linearized system at these fixed points from the

characteristic equation Eq. (3.216) which are given by:

FA=424/1—n2 (3.222)

Since these pair of eigenvalues are real and opposite in sign, s, are saddlepoints [38].
For s, : (¢, 1) we find the eigenvectors related to £A. For +A the eigenvector v, is

given by:

4 JT=1 0
[Dy—Allv, = ( 1 ).v+ ~0
4n 0

0
=V, =( X ) (3.223)

For —A the eigenvector v_ is given by:

0 0
[DO + AI]V_ = v_=0
4n 44/1—n2

(3.224)

Functional form for (¢, x) as a function of time near the saddle point s, : (¢, 1) can

be constructed from the above solutions as:

x(__)_l ~a, O leripa | VITT ot (3.225)
¢( )_¢s 1 -
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where the constants a, and a_ are determined from the initial conditions. For the
initial point in phase-space given by (¢ (0), x(0)) in the vicinity of s, : (¢, 1), the so-

lution (¢ (%), x(¢)) as a function of time is given by:

x(t)=(x(0)—1)e‘”+l (3.226)
¢(1)=[p(0)— ¢, + 1/—x(O) 1)]e’’ — Jffm(x(O)—l)e—A?+¢s (3.227)

Above solution shows that x(#) grows towards 1, and thus brings the point closer to
s..From performing the same analysis for the saddle point s_: (—¢;, 1), we obtain
the following solution (¢ (¢), x(¢)) as a function of time, starting from an initial point
(¢(0), x(0)) in the vicinity of s_: (—¢,,1)

x(1)=(x(0)— 1)e“+1 (3.228)

p(1)=[p0)+ ¢, — i x(0)— D]e ™ + e — ¢, (3.229)

‘/f_—rlz(X(O)— 1)

Due to the conservation relation (3.202), decay of x = a,/A at the fixed point (—¢, 1)
will result in the growth of a,. To find the functional form for the growth of a, near
the saddle point at (—¢, 1), from (3.200) replacing a, with (a,(0)—A)e*124*' + A (after

switching back to time ¢ from 7) we get:

a,(t)= ‘L (3.230)

dZ Xl ZAA(A aZ(O)) e(Xl,ZAA/Z)
X2 1 SlIl(f) XZ,] Sln ¢3

which states that a,(¢) grows exponentially at a constant rate X; ,AA/2. Assuming

that at =0 mode 2 was much more populated that mode 1:
a,(0)~ A, (3.231)

we find the constant growth rate of mode 1 in Eq. (3.230) to be:

a,(0) A 2
I'=(w; +w,) 22 \/ 1—[(w1+w2'§,12(0)] (3.232)

There are another set of important points in phase-space: jump point J; located at
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(¢, x)=(—mn/2,0), and jump point J, located at (¢, x) =(—mn/2,0), at which the solu-
tion is discontinuous. Solution curve 72_]; connects these two points (see Fig. (3.5))
on a finite time (7271 is not an invariant manifold), and with its direction from J, to
Ji. dx/d¢ for ﬁ is finite at J; and J,. Two solutions jump from J, to J, at x =0,
from ¢ = —n/2 to ¢ = /2 and from ¢ = —m/2 to ¢ =—37/2. When the solution
has zero amplitude (x = 0) its phase is undefined; the phase can therefore change
discontinuously.

The closed curve m consisting of 7271 and the jump curve 7172, which
jumps from J, to J, at x =0, is a separatrix which contains a class of orbits encircling
the center fixed point ¢,. These orbits are the solutions in which phases of mode
1 and 2 are semi-locked, i.e. ¢ = 2¢, — @, oscillates around zero. The separatrix
m separates these solutions from the solutions which streams in phase-space,
for which the time average of ¢ is non zero.

As 1) becomes larger the separatrix m takes a smaller area in phase-space
and in the limit n — oo it disappears. We can see that from calculating the finite
dx/d¢ for7,J; at J, and J, and seeingthat d x/d ¢ goestozeroas1/n (see Fig. (3.5)):
At these points x(7r/2)=1 and x(—mr/2)=—1. In order for d x/d ¢, and thus g/) to be

finite at these points, cos ¢ to the lowest oder in small x must be given by:
cosp~bx for (¢,x)~(£n/2,0)and —n/2<¢ <7/2, (3.233)
Substituting Eq. (3.233) in the RHS of Eq. (3.210) we get:
. 1
[0} :(;—3x)(bx)—2n%b—2n,x—>0 (3.234)
Taking the derivative of cos ¢ with respect to time we obtain:
d .
77 cosQ =—¢@ sing (3.235)

Since at (¢, x) ~ (¢ /2,0) we have sin¢ = #£1, using Eq. (3.234) in Eq. (3.235) we
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obtain:
d
—cos¢ =F(b—2n) (3.236)
dt
Also from Eq. (3.233) we have:
d .
—cosp=bi==xb for (¢,x)=(£mr/2,0) (3.237)

dt

Equating (3.236) and (3.237) we get:
b=n for (¢,x)=(+r/2,0) (3.238)

Since, from Eq. (3.233) we have x(¢ = £mr/2)==*1, therefore

Z_; _ ;% (¢, x) = (£7/2,0) (3.239)

There are also a class of solutions which are also semi-phase-locked and en-
circle center point c,. These solutions are separated from the streaming solutions
by the separatrix §_s,s°, which is the closed invariant curve that passes through
the saddle points s_ and s,. However, unlike the solutions trapped in the separatrix
m, this region vanishes for p > 1. We can see the different forms of phase-space
for the different values of 1) depicted schematically in figure (3.5).

In the two-wave approximation used throughout this section, the interac-
tion between the isolated modes 1 and 2 is a reversible process. Even in the regime
where mode 1 grows exponentially from a small amplitude, its amplitude will reach
a maximum while mode 2 amplitude will decay and reach the minimum of its am-
plitude, and after this the reverse of the whole process happensi.e. mode 2 will grow
as mode 1 decays and so on. Therefore amplitudes of both mode 2 and mode 1 are
periodic functions of time in the whole parameter range of 1. For each 1) we have
a unique structure of (¢, x) phase-space. Since the energy between mode 1 and 2
is conserved (see Eq. (3.202)), whenever 4, is at its minimum a, is at its maximum
and vice versa. A given curve in the phase-space depends on the initial conditions,

which can be distinguished by the ratio of the minimum of a, to the maximum of a,
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Figure 3.6: Plot of a, and a, vs. time for ) =1.95, for the ratio a{nin/ a,;" ™ =0.48.
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Figure 3.7: Frequency of the oscillation of mode amplitudes as a function of 1/n,
for a™"/a*=10",10"2 and 10~*.

(see Fig. (3.6)). Each curve can equivalently be identified by the Hamiltonian given
by Eq. (3.211), however a{mn / a,"™ is more practical since it does not involve ¢.

Figure (3.7) shows the frequency of the amplitude oscillation as the function
of parameter 1 for different values of a™"/a*** (horizontal axis is 1/7) to be linear in
terms of the nonlinearity A). In the limit of > 1, which corresponds to large disper-
sion compared to nonlinearity, oscillation frequency tends to the detuning A, ,. As
1 approaches 1, the amplitude oscillation frequency reaches its minimum and for
the case where a™"/a " — 0 this frequency tends to zero. In the large nonlinearity
regime 1) < 1, Wy, becomes larger with nonlinearity A % a,(0).

As the frequency of the the amplitudes oscillation changes with ) the ampli-
tude of this oscillation also changes. Figure (3.8) describes maximum value that a,
canreach, starting from the same value of a{ni“, as a function of . We can see that as
1 — 0 and wave-wave interaction approaches exact resonance, the larger amplitude

mode 2 shares more of its energy with mode 1, and therefore a;"** becomes larger.
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Figure 3.8: Plot of the maximum value the amplitude of mode 1 reaches (a;"*) from
a minimum (a{ni“), as a function of the parameter 7, for initial conditions such that
mode 2 is dominant, i.e. ai“i“ /a;* is small.

3.5.2 Special case: Eigenmode 1 solution for the system of isolated

11 (0)] > |1,(0)]

modes 1 and 2:

In this section, using only the equations (3.187) and (3.188), we obtain the
nonlinear eigenmode 1 solution for which the full time variation of the spatial Fourier

component 2 is a harmonic of mode 1:
V() =m,e 2! (3.240)

where 77, and 72, are constants. , is the nonlinear mode 1 frequeny, which in the
limit 77, — 0, where the solutions are linear, must tend to the linear mode 1 fre-
quency w,. We compare the eigenmode solution and mode frequency correction
obtained here to Eq. (3.35) in section 3.2.1 for traveling waves, and Eq. (3.74) in
section 3.2.2 for standing waves. Keeping the nonlinear equations relating Fourier
terms 1 and 2 in Eq. (3.148), we obtain:

iy =—iX,nynte’ 2! (3.241)

Ty =—i X, nle et (3.242)
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where A, , =2w; —w,; and

W W, w,
X12:_(1+_), X21:w1(1+_),
' 2 w, ' w,

Taking the time derivative of Eq. (3.241) we obtain:

I.Al'zt

ﬁl = —in'z flz nike - in,Z n2 fflkelAl'zt + iA],Z fll (3.243)

We substitute for 72, from Eq. (3.242) and for 75 from the complex conjugate of (3.241)

and obtain:

iy ==X, X),lm *n + (X1_2)2|n2|2n1 il ,m (3.244)

Assuming oscillatory solutions for mode 1 and 2 of the forms n, = |n;|e?’, n, =

| n2 | e (Zq_iAl,Z

)t with g being imaginary and |n,| and |n,| constants, we obtain:
4%+ Xo, Xy olm P = (X0 2P nl? — i ,q =0 (3.245)

Solving the above equation we get:

q. =i +i6, (3.246)

0p= \/(%)2+X2_1X1y2|n1|2—(X1,2)2|n2|2 (3.247)
Based on the assumed ordering:
A/ w1 > |[ny(0)] > |n,(0)] (3.248)

we neglect the smallest terms —(X ,)*|n,|* in the square root in Eq. (3.247) and write

0, as:

00,= \/(%)Z + X501 X1 2l 2 (3.249)

Since both roots given by Eq. (3.246) are imaginary, mode 1 is stable. This means

that the amplitudes of n; and n, may oscillate about their initial values, but they
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are not going to grow or decay exponentially. The total solution comprising the two

solutions related to g is given by:
Al 2

n,(t)=Ae’ S + Beil™2 —0u)t (3.250)

However the constants A and B are not independent complex numbers. Substitut-

ing for n,(¢) from (3.250) in (3.241) we get:

Az
i(52+6,)Ae Sl +z(ﬂ— o)Bell2 ot
Apy Al
:_iXIan(A*e i( 2 +5 B* —i( —0,)t )eiAl,Zt
. 'ﬂ—é t 'ﬂ+5 t
=—iXi, (nZA*e’( 2 %) 4, B*el(2 “)) (3.251)

From Equation (3.251) we obtain the following relation between A and B:

(82 +6,)A=—X,, n,B* (3.252)

(B2 —§,)B =—X,, n,A* (3.253)

We can rewrite (3.250) using (3.253) as

Alz X A A2
( ) Be 2 —S=—0,)t % n B* i( 2 —S=+0,)t (3'254)
(55 +0,)

Based on the ordering assumption in Eq. (3.248), the second term in Eq. (3.254) is
small compared to the first term we can approximate n,(¢) as:
A12 5
m(t)~ Be'2 0 (3.255)

The full time variation of mode 1 is given by:

nY(t)=Be ", (3.256)
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where the frequency of the nonlinear mode is given by

@)
1 )

o? = \/(%)2 +X2,1X1,2|"1|2_% (3.257)

5126()14-5 1

—(2)

;" is the nonlinear frequency correction term. Substituting from Eq. (3.255) in

Eq. (3.242) we solve for n, to obtain:

i, =—iX,, B*e %! (3.258)
which implies that
_ Xon o aige
n,(t)=C+——B‘e (3.259)
20,

C is a constant of integration. The full time variation of spatial Fourier mode 2 is

given by:

. , X -
nél)(t) — nzeﬂwzt = Ce i@l 4 2,1 B2eg—iZont (3.260)
20,
Assuming that only the nonlinear mode 1 is present in the plasma, the only frequen-
cies present in the plasma must be w; and all its harmonics. Therefore, we set C =0

and obtain:

(1) = o= B?e 200! (3.261)
w
(D) £\ X541 2 _—i2et
ny (1) === B’e (3.262)
w

Substituting n,(¢) from Eq. (3.266) in the second term on the right hand side of

Eq. (3.254), which we neglected due to smallness we get:

b
n(t)=m,e' 2 )t (3.263)
n(r)=n,e”"" (3.264)

X, X
7, = L2721 BB (3.265)

25,32 +5,)
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Comparing Eq. (3.264) to Eq. (3.262) we can see that we have obtained the eigen-

mode 1 solution for which ngl)( t)is a harmonic of nil)(t), oscillating at twice its base

frequency w,. Now, in the limit % |7,|? < 1, we have 77; ~ B and therefore
26,(—5%+8.)
we can write:
Xot—2 _aig,e
n,(t)=—=—nje ¢ 3.266
2( ) 25@ 1 ( )
X .
n(t)= —2lpte 201! (3.267)
20,

Although the results from this section i.e. Eq. (3.255), Eq. (3.266) and Eq. (3.257), are
obtained for mode 1 and 2, they are valid for any pair of isolated modes m, 2m with
substituting 1 — m and 2 — 2m.

The assumption of small detuning compared to mode frequency A, ,/w, <
1, which we made in section 3.4, and later we used its results in section 3.5, is valid
for a long, thin plasma (k; < k;). We can expand A, ,/w, in terms of small k;/k;

and to the lowest order we get:

2
ASPYR OIS 3— (3.268)

k'
which shows that A, ,/w; < 1 for k) < k;.
Here we find the connection between the mode frequency correction which
we obtained in Eq. (3.257), and the frequency corrections which we obtained pre-

viously in Eq.( 3.99) and Eq.(3.103). For a small amplitude |n,|, which satisfies the

inequality:
A 2
212 (3.269)
4X2,1X1,2
we expand Eq. (3.257) and to the lowest order in |n,| we obtain:
X5, X
W 222 2 (3.270)

A
AI,Z

Now for small detuning, from expanding the right hand side of Eq. (3.270) in terms
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of small k,/k |, to the lowest order in k,/k,, is given by:

3 k2

(2
w Nw —_——
Y412

D x 72, (3.271)
Also, the inequality given by Eq. (3.269) for small detuning, to the lowest order in
k,/k, is given by:

| < kP /K2 (3.272)

Comparing the above condition to Eq. (3.36) and Eq. (3.75) we can see that this is
the condition for which the perturbation formalisms in section 3.2.1 and 3.2.2 were
valid for a long and thin plasma, i.e. the condition of large detuning compared to
nonlinearity. Using Eq. (3.271) we obtain a frequency correction for traveling waves
(from Eq.(3.99) we have [7,| = |n;| = A{/2) and standing waves (from Eq.(3.103) we
have [17,| = |n,| = A} /4):

2) 3 ki \2
w; Nwll_GP(Al) (3.273)
1
3 k?
w? wlak—g(Ai)Z (3.274)
1

We can now compare the above results in Eq. (3.273) and Eq. (3.274) to the frequency
corrections obtained in sections 3.2.1 and 3.2.2, for the case of large detuning com-
pared to mode amplitude. We can see that for a long and thin plasma, the results
are identical to Eq. (3.37) for traveling waves and Eq. (3.76) for standing waves. Fig-
ure (3.9) compares w,, the nonlinear frequency of mode 2, obtained from Eq. (3.257)
with 1 — 2 and depicted in a dashed curve, to w, obtained from Eq. (3.35) for travel-
ing waves, depicted in a solid curve, and computer simulation results with the num-
ber of spatial Fourier terms M = 4,8, 16. For the computer simulations we used the

following external potential to excite a nonlinear mode 2 adiabatically:
V2, t) =2V ,g%"(t)cos[k,z — w,t] (3.275)

with gSIOW( t) given by Eq. (E6), and integrate Eqs (E2) and (E3) in time with the num-
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Figure 3.9: Plot of the change in mode 2 eigenfrequency of a traveling wave due to
the its large amplitude(nonlinearity) for 4 values of k, /k;. The analytically evalu-
ated frequency obtained from Eq. (3.257) and Eq. (3.35) are depicted respectively
in dashed and solid curves. Numerically evaluated results for M = 4,8, 16 are also

depicted.
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ber of terms kept being M =4, 8,16. Due to the even symmetry of this drive, all the
odd Fourier components remain zero. For M = 4 only two harmonics m = 2 with
frequency w, and m = 4 with frequency 2w, constitute the nonlinear mode 2. For
M = 8, four harmonics, and for M = 16, eight harmonics constitute the nonlinear
mode 2. The dashed curve depicts the analytical relation Eq. (3.257) and the solid
curve depicts the analytical relation Eq. (3.35). The analytical mode frequency given
by Eq. (3.257) is obtained from Egs. (3.241) and (3.242), which are the reduced ver-
sion of Eqgs (E2) and (E3) truncated at M = 4, with the same interacting modes 2 and
4. Therefore, the numerically calculated results with M = 4 have a good agreement
with Eq. (3.257). However, the analytical relation Eq. (3.35) was obtained as a fre-
quency correction for a nonlinear cnoidal eigenmode and is closer to the numerical
data containing more number of harmonics M = 8, 16, which are better approxima-

tions for a cnoidal wave.



165

3.5.3 Special case: |1,(0)| > |n,(0)]

We are interested in the time evolution of n; due to nonlinear coupling to n,,

from initial conditions such that
|1,(0)] > [n,(0)], (3.276)

and we exclude all the other spatial Fourier terms of perturbation n,, with m # 1 or
2. Looking back at equations (3.187) and (3.188), we can see that assuming |7, (0)| ~
£|n,(0)| where € < 1, the RHS of (3.187) is of the first order w.r.t. £, whereas the RHS
of (3.188) is of the second order w.r.t. £. Hence we assume to the first order in ¢, n, is
constant in time. Following the same derivations as Eq. (3.241) through Eq. (3.244),
with the assumption Eq. (3.276) we neglect the term —X, , X; ,|n,|*n, in Eq. (3.244)

and obtain:
iy = (X1,2)2|”2|2”1 +iA 0 (3.277)

Assuming a solution for n, of the form n, = Ae?’, with g being complex and n,

constant, we solve for g and obtain:

q.=i—"*£io0, (3.278)

N — (AI,Z)Z _ 2 2
0y= 2 (X12)2ny| (3.279)

From Eq. (3.278) we can see that for A, ,/2X ,|n,| <1 we get exponentially growing
and decaying solutions and for A, ,/2X, ,|n,| > 1 we get two oscillatory solutions.
These regimes are identically seen from the phase-space: Forn~ A, ,/2X; ,|n,(0)| <
1(see Eq. (3.207)) saddle points exist in phase-space and solutions in the neighbor-
hood of these saddle points are in the form of exponential phase locked growth and
decay for n,, as we obtained in (3.230). However, for n > 1 saddle points vanish
from the phase-space and solutions for n, are of oscillatory form. In the oscillatory
regimei.e. A,,/2X;,|n,| > 1, n; will oscillate at a slow frequency in the vicinity of its
initial value, but it will not grow and as a result, |n,| will stay constant. As a result,

our assumption that |n,| > |n, | is satisfied for all time. Hence our solution is a steady
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solution in time.

For the unstable regimei.e. A;,/2X, ,|n,| <1, n; will grow and |n,| will decay due to
conservation of energy. As aresult, the solutions that we obtain for n, from (Eq. 3.277)
are only valid for initial times at which our assumption that |n,| > |n,| is still satis-

fied. This means that the exponential growth rate of mode 1 is a function of time.

Oscillatory regime for n,: A, ,/2X; ,|n,| > 1

Solution to Eq. (3.277) is of the following form:
A Ay

212 = B2
ny(t)=Ae 2 )l L Bl 00t (3.280)

Using Eq. (3.280) in Eq. (3.241), we perform the same derivation as Eq. (3.250) through
Eq. (3.254) and obtain:

ny(t)= Bei(%—gw)t _L n B*ei(%"'sm)t (3.281)
1 G +6,)
2 13)

Writing B = [71;|e?!, the full time variation for a traveling mode is given by

(1)
n; (t)

_ |ﬁ | e—i51f+l'¢1 _ X1,2 |n |e—i(a)2—51)t+i(¢2_¢l) (3 282)
1 (A1,2 +5 ) 2 '
2 w

=ny(t)e "

where in the second term of the above equation we used:

Ayp N

1245, — W =20,— 0, =0, — W, (3.283)
The total spatio-temporal solution of the traveling mode 1 is therefore given by:

ni(z, 1) =n(r)e™* + nl)(r)e~""* (3.284)

X —
(A1.2—~ |ny| cos[kyz —(w, — 1)t + ¢ — ]
2 w

:Zlﬁll COS[klz—alt +¢1]_
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Figure 3.10: Plot of Re[n, (¢)] for k; = 10k, and |n,| = 1073|n,|, where |n,| =6.2x 1073,
Forcing time was T, =400 and drive potential V, =2 x 10°m,(w,L/2m)*.

, is the nonlinear mode frequency of mode 1, modified due to nonlinear coupling

to mode 2:

= A
(J)l = (J)1+5w_%

«w
_ 72 N \/ Buf (x pin, 2 (3.285)

From the above result we see that as A} = 2|n,| grows from zero to the threshold
amplitude of instability at A} th— A;,/X;,, mode 1 frequency w, goes down from w,
to w,/2. As we will see later on from Eq. (3.290), beyond the threshold amplitude,
mode 1 fast-time frequency will stay at @, = w,/2 and will not change with |n,| at
the time of phase-locked growth.

Figure (3.10) shows Re[n,(¢)], which is the solution of the equations Eq. (E2)
with M =2, k; =10k,, and |n;| = 1073|n,|. There are two observable frequencies: the
frequency of the fast mode oscillation w; = 0.0992w,, which comes from the first
term on the right hand side of Eq. (3.282), and the frequency of the slow oscillation
of the amplitude W, ~ 0.77A, , = 2.2 x 103w, which comes from the beating be-

tween the second term on the right hand side of Eq. (3.282) and the first term, with
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their frequency difference given by:
Wamp = @) — Wy =20, (3.286)

, decreases with the increase in the amplitude of mode 2 and reaches a minimum
w,— %, when 6, = 0 (see Eq. (3.278)), which is the border between the stability and
instability regimes.

In the limit A} — 0, w,n, tends to A, ,, as we can see from Eq. (3.278). Fig-
ure (3.19) compares w;yny, /A, obtained from Eq. (3.286) depicted in a dashed curve,
to numerical results with M = 2,4,8 number of spatial modes, vs. the amplitude of
mode 2, A;. As A} grows from zero w,,,, decreases and eventually goes to zero at the
threshold of instability for which w,n,/A;, = 0. Presence of more spatial Fourier
terms pushes the threshold of instability further to higher values of A} and makes
the nonlinear mode 2 more stable to a small sub-harmonic mode 1 perturbation.

Turning now to the standing modes, the time variation of a standing mode 1
is given by:

n(6)=ny(t)e " +c.c.

X1,2~ |n2|e—i(a)2—51)t+i(¢2_¢l)

T +c.c.
(=+04)

X
— 2 || cosl(w, — @)t — P+ 1] | (3.287)

=2|n,| lCOS[wlt_(Pl]— (% +5.)

Equation (3.287) shows the oscillation of the amplitude of mode 1, due to the beat-
ing of the two terms on right hand side with the beat frequency W, = 26,
Unstable regime for n,: A, ,/2X,|n,[ <1

For the case of exponential growing-decaying solutions, i.e. &, imaginary,

defining the exponential growth rate as

5o =ib, = (Xl — 2 (3.288)
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Solution to Eq. (3.277) is of the following form:
('ﬂ-kﬁ —0 )t
ny(t)=Ae" 2 ‘+Bell2 00 (3.289)

From Egs. (3.94) and (3.289), the full time dependence for a traveling mode 1 is given
by:

n(r) = ny(r)e

_ e_i%t(Aegwt +Be—gwt) (3.290)

From the above equation we can see that in the unstable regime, the fast time os-
cillation frequency has shifted from w, to w,/2 due to nonlinearity, at the time of
phase-locked exponential growth of mode 1 and does not change with the ampli-
tude A} = 2|n,|. This means that while mode 1 and 2 are phase-locked the mode 1
is the exact sub-harmonic of mode 2.

Substituting from (3.289) in (3.241) we get:

B2 =
( A12+5 )Ae(t > +5”)t+(l%— )Be 5 "—0,)t

. * (—iﬂquﬁ * AIZ—E )t | iAst
=—iXi,ny|Ae 2 "+ B*e @t e 12

. 212 5, A12 —8 )t
=—iX, (nzA*e(’ 2 P00l L p, B*ell w)) (3.291)
From Eq. (3.251) we obtain the following relation between A and B:

(1202 +6,)A=—iX;, n,A* (3.292)

(i%—%)B =—iX,,n,B* (3.293)

A12

Dividing both sides of Eq. (3.292) by (i =* §,,)A* we obtain:

A Xipn
A_ el (3.294)
A* AIZ +5



Taking the absolute value of the above equation we get:

X1,

'AI,Z

————|=1
l7+6w

Similarly from Eq. (3.293) we get:

Xy 21,

. AI,Z =
15700

=1

Based on Eq. (3.295) and Eq. (3.296) we define ¢_ and ), as:

X121,

llei __'—
e =—1 N :I:g
IS~ * 0y

Substituting from Eq. (3.297) in Eq. (3.292) and Eq. (3.293) we obtian:

A=e™~A*, B=e?V-B*

Defining A= |Ale’® and B =|B|ef and using equation (3.298) we get:

a=y,, p=y_

Thus, the total solution for n,, given by equation (3.250) can be rewritten as:

_ iﬂm’w Bt | o ip_—yy) Bt
n,(t)=e' 2 |Ale®«" +e |Ble
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(3.295)

(3.296)

(3.297)

(3.298)

(3.299)

(3.300)

As mentioned before, the above solution is valid only for times where the assump-

tion |n,| > |n,| is still satisfied. The absolute value of the amplitudes of the growing

and damping solution in Eq. (3.300) which are |A| and |B|, are independent values.

However their relative phase yy_—1), is not an independent parameter. In order to



evaluate this phase difference, from Eq. (3.297) for e2-—¥+) we write:

— —=2 —
_ iA1’2+25w _ Aiz_45w_4l5a)Al,2
=" = = —
ZAI,Z _25w Aiz + 45@
AX2, I - 45,0,
203, X2 ny?

o 200-=1)

Substituting for X; , from Eq. (3.189) we obtain

43«)A1,2
() + w,y)2|n,[2

tan [2(y_—,)]=—

171

(3.301)

(3.302)
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3.5.4 Special case: Isolated modes 1, 2 and 3
with |72,(0)| > [1,(0)], [5(0)]

In the previous section 3.5.3, all of the spatial Fourier terms, except mode 1
and 2, were excluded from the plasma. In this section we keep three spatial Fourier
terms 1,2 and 3 and exclude the rest, with the initial condition such that |7,(0)| >
|n,(0)], |n,(0)|. We are interested in seeing the effect that mode 3 has on the nonlinear
interaction of modes 1 and 2. The evolution equations describing this system are

given by the Eq. (3.148) with [ =1,2,3, and n; =0 for [ > 3:

. . 2 _—iA,t —iAy 5t
fo=—iy,,(m) e "™ —iy,sninge " °15F, (3.303)
PR . * iAlzt H * iAlgt

m=—iyisnpnje =" —iy sngn,e =", (3.304)
Y — : —l‘Algt

I’l3 — _lzg,lnz Tlle Ty (3.305)

where AI,Z = 2(1)1 — Wy and A1y3 =W + Wy — W3 and

Yim=Xim+Xim» 1#2m (3.306)

XZm,m = XZm,m'

With the assumption that n,, n; ~ £n,, since 7, is of order £2 and is smaller compared

to n,, 13 ~ €, to the lowest order n, satisfies:
i, ~0, (3.307)

Therefore to the lowest order, 1, is a constant and the solutions to equations (3.304)

and (3.305) are of the following forms:

n, = Aet + Be(q*HAl‘Z)t, N3 = Ce(ﬁl—iAl,s)t 4 De(ﬁl*+iA1,2—iA1,3)f (3.308)
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Substituting from Eq. (3.308) in Eq. (3.304) and Eq. (3.305) we obtain the following

equations:

qA+iy,,n,B*+iy,3n,C=0, (3.309)
(q—iA)B =iy ,n,A—iy,3n,D* =0, (3.310)
(g—iA3)C+iy,3n,A=0, (3.311)
(g —iA,+iA5)D*— iy 3B =0. (3.312)

where A, B,C,D are undetermined complex constants. Above equations can be

written in terms of a matrix equation:

M(q).e=0, (3.313)

where e is the eigenvector related to g given by:

A
e= b (3.314)
C
D*
and matrix M(q) is given by
q [ Y121 1)137 0
—i)y12n; q—IiA;, 0 —1 Y131, (3.315)
i Y311, 0 q—ils 0
0 —i)s1N; 0 q—1iA,+iA;

The four roots of the determinant of M give the complex frequencies of the
n, and n; system. Figure (3.12) shows the real and figure (3.11) shows the imaginary
part of the four roots for g scaled to A, ,. These roots are q, ¢, g5 and q,, with their

related eigenvectors e, e,, e;, and e, which satisfy:

M(g;).e;=0,i=1,2,3,4 (3.316)
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Figure 3.11: Imaginary parts of the four roots, g, ¢, 43, g, vs. the amplitude of mode
2, for k; =10k;.
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Figure 3.12: Real parts of the four roots, q;, ¢, g5, g, vs. the amplitude of mode 2,
for k;, =10k;,.
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The un-normalized eigenvector related to eigenvalue q is given by:

' 213231121 . ‘ X132311m21
el =1, 4 M o igm 7 4-ih (3.317)
j ’ —1X1,2 ’ q] _ iAl 3 ’ qj*lA1,2+lAly3 —l)12 °

which can be rewritten as:

(q;— il +iA5)(q;— 1A 3)
i(gi—iA,+iA (g:—ilA5)+ 1,2
o — (q; 1,2 . 134q;(q; . 1,3) .Z1,3){3,1| 2121 202 (3.318)
—i Y31 M(q;— 1A, + 1A 5)

_%ng[qf(qj —iA3)+ )(1,3)(3,1|”2|2]

There is a value of amplitude of mode 2, A} = 2|n,| (see Eq. (3.99)) below which all
the roots are imaginary and above which there are 2 pairs of growing and decaying
roots. In figure (3.12) this value, which we call the instability threshold is given by
A5™ =0.09. In the values AL < Ay™ where all the roots are imaginary, there is the

following relation between the roots:
h=1iG, =181, —1G, G3=1G3;, 4 = 1D, — 04 (3.319)
In the limit n, — 0 these frequencies are given by:
Gi=0, =10, Gs=103, qs=18,,— 1A (3.320)

n, and n; as a function of time are linear combinations of the four eigenvectors
with real arbitrary coefficients a,, a,, as, a,, which are determined from the initial

conditions. As a result, n,(¢) has the form:

ny(t)= alene”’“‘t + azeﬂel(ALz—ﬁlu)f + agegle"k” + a4e4lel(A1,2—6I3i)l‘

+a,et e/ B g et e hit 4 gel e M1 m)l 1 g et el (3.321)
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The full time dependence of mode 1 is given by:

n(r)=(a e, + ase},)e’ M + (a,€t, + ayey e e m it

H(ases; +aqsel,)e BT + (a,e,) + agel, e BB (3.322)
Similarly for mode 3 we obtain:

I’lél)(l') — (aleIB + (126‘;4)61([1”_A1‘3)t_lw3t + (dleh + azez?))el(Al,z—A1,3—671i)[—lw3f

+H(azess +ayel,)e BRI 4 (g, 0,0+ agel, e AT B)ITIest (3 393
We used the following definition for the nonlinear mode 1 frequency:
W= w1 =Gy (3.324)

which is the sum of the linear mode frequency w,, and —q,; which is the frequency
correction due to nonlinear coupling to mode 2. There is also a correction to the
frequency of mode 3 due to coupling to mode 2. We define the nonlinear mode 3

frequency as ws:
W3 =w3— (3t (3.325)

Using the definitions in Eq. (3.330) and Eq. (3.325) we can rewrite Eq. (3.322) as:

i(wy—1)t

n(r)=(ae), + asel,)e " +(aet, + asey e~

+(ases, + asel,)e TN+ (a,e, + agel,)e ) (3.326)

For mode 3 we can rewrite Eq. (3.323) as:

n{)(1)=(a,e;3 + a,e},)e " 1 (a €%, + ayen)e’ D

H(asess + asel,)e P + (aseqs+ asel, e PO (3.327)

We are interested in the effect of a dominant nonlinear mode 2 on small am-

plitude mode 1, in the presence of a small mode 3 in the plasma. Thus, for three
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Figure 3.13: Figures (3.13c) and (3.13d) are Re[n,(#)] vs. time, obtained from the
time integration of Eqs. (E2) and (E3) with M = 3. Figures (3.13a) and (3.13b)
are their respective Fourier transforms for k;, = 10k;, [n;| = 1073|n,|, and |n,| =
1.24x 1072, The vertical dashed lines are the analytically obtained frequencies from
Eq. (3.324) and Eq. (3.325). Figures (3.13c) and (3.13a) are the result of driving the
plasma at the potential V, =5 x 1077 m,(w, L/2m)* for a forcing time Trw, = 3200.
Figures (3.13d) and (3.13b) are the results of driving the plasma at the potential
V,=5x10"m,(w,L/2n)? for a forcing time Ty w, = 320.

isolated spatial Fourier terms in the plasma, we use the following external potential

to excite a mode 2 and a small mode 1 as a seed:
V(z,1)=2g""(t)[V,cos[ky,z — wyt]+ €V, cos[k z — w, t]] (3.328)

were g%°"(r) is a slowly varying function of time with the form given by Eq. (E6).
Although our drive potential includes frequencies w, and w,, mode 3 and its related
frequencies are also nonlinearly excited (see Egs. (3.326) and (3.327)). Since our fo-
cus is on the interacting modes 1 and 2, we want to minimize the effects related to

mode 3. We find that the response of plasma to the drive potential depends on how
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itwas driven, i.e. depends on the values of the parameters of the drive, which are the
drive time and drive amplitude. Comparing Figs. (3.13c) and (3.13d) to Fig. (3.10),
we find the prescription for receiving a response from plasma that contains the least
effects related to mode 3: Adiabaticaly driving the plasma by choosing smaller po-
tential amplitudes and longer drive times results a plasma response in which n,(¢)
(or ngl)(t) of the reduced system given by Eq. (3.326)) contains large signals related
to w, and w, — w, and much smaller signals related to the frequencies w; — w, and
2w, — w3. Figure (3.13c) shows the time variation of Re[n,(¢)], which is the solu-
tion of Eq. (E2) with M =3 and |n;| = 1073|n,|. Our analytical perturbation solution
for n, is the function n%l)(t) which has the form given by Eq. (3.326). Figure (3.13a)
depicts the Fourier transform of n,(#) from the computer simulations, for a case of
slower and smaller drive vs figure (3.13a) for a faster larger drive, for the same value
of |n,| = 1.24x 1072, For the faster larger drive we can see that all the four frequencies
in Eq. (3.326) are present. On the other hand, as the result of adiabatically driving
the plasma (slow drive) terms 3 and 4 on the right hand side of Eq. (3.326) are ab-
sent from the plasma, since they are not resonant with the drive potential, i.e. their
frequencies are not close to w,;. This results in a solution with a; ~ 0,a, ~ 0. The
only term that is close enough to be driven resonantly is the first term in Eq. (3.326).
However, due to nonlinear coupling of mode 1 to mode 2, we can not excite the first
term in Eq. (3.326) without exciting the second term. From Eq. (3.326) we can see
that there is no solution such that the first term is nonzero and the second term be-
comes zero, and vice versa, since a, and a, arereal and e, e

e*,, e, are complex.

* *
22’ ~12°

Therefore the response of adiabaticaly driving Eq. (3.328) is of the form:

n(r)~(are, + asel,)e " +(a,et, + asey e’ @Y, (3.329)

The frequencies of the two terms in Eq. (3.329) i.e. w, and w, —®, are close to each
other and the beating between these two terms gives the slow time varying envelope

of amplitude oscillation with the beat frequency (see Fig. (3.13c)):

a)amp == 251 - C()z (3.330)
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Figure 3.14: Plot of the beat frequency of the mode 1 amplitude, as a function of the
amplitude of mode 2, for k; = 10k;. The analytical result is obtained from Eq. (3.330)
and depicted in a solid curve. The numerical result for M =3 and M =5 are depicted
in circles and squares.

Figure (3.14) depicts w,n,, obtained from Eq. (3.330), scaled by A, , in a solid curve,
and the beat frequency measured from the numerical simulation results(k, /k; =
10), with 3 isolated waves depicted in circles and the results for 5 isolated waves de-
picted in squares. From Fig (3.11) and Eq. (3.324) we observe that as the mode 2
amplitude A} = 2|n,| grows, the frequency of mode 1 w, also grows. This behaviour
is opposite to the case of isolated modes 1 and 2 for which the frequency of mode
1 was given by the relation Eq. (3.285), and is also opposite to the case of isolated
modes 1, 2, 3 and 4, which we study in the next section. Thus, from Eq. (3.330),
Wamp also grows with Aj as is depicted in Fig (3.14). Furthermore, from Fig (3.11)
and Eq. (3.325) we observe that mode 3 frequency w; goes down as the mode 2 am-
plitude A! grows. For A% > A} " which is the unstable regime, the following condition

holds between the frequencies:
W, = (w3 +w,)/2 (3.331)

The above condition is different from the sub-harmonicity condition w, = 2w, which

was satisfied in the unstable regime, for isolated waves 1 and 2.
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Figure 3.15: Plot of the growth rate of mode 1 vs. the amplitude of mode 2, for

M = 3 interacting modes, for k; = 10k,. The analytical growth rate I is defined in
Eq. (3.332). The numerical results are depicted in squares.

From Fig. (3.12) we can see that for k;, = 10k, the instability threshold is at
AY™ ~0.09. for values of amplitude below A;™, all four g’s are imaginary. For

values of amplitude above this threshold, frequencies will have a real part:

G =T+iq, (3.332)
G=-T+iA,—iq;
G =T+iA,—iq;

d=—T+iq,;

I is the growth rate of modes 1 and 3. Due to energy conservation, growth of these
modes will cause the decay of the dominant mode 2. As we can see in figure (3.15),
the growth rate I'increases with the amplitude of mode 2. ForlargerI', mode 2 shares
more of its energy and decays to smaller values, and the amplitudes of mode 1 and

3 grow to larger values.
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3.5.5 Special case: Four isolated modes 1, 2, 3 and 4 with |7n,(0)| >
|124(0) > |1,(0)], | 235(0))]

In this section the isolated spatial Fourier terms 1,2,3,4 are present and all the
other terms are excluded. We assume a dominant nonlinear mode 2 in the plasma
and the spatial Fourier term 4 is just a harmonic of term 2 due to mode 2 being
nonlinear: n,(t)oscillates at the frequency w, and, n,(t) oscillates at frequency 2w,.

Initial condition are such that
|1,(0)| > | n4(0)| > [1,(0)], | n3(0)] (3.333)

The evolution equations describing this system are given by the Eq. (3.148) with [ =
1,2,3,4,and n; =0for [ > 4:

iy =—iympnie’ ™ —iy snsnie’ ™ — iy, nyunie’ (3.334)
. . —iA13t . * IA 4t

n3—_lX3Y1n2nle ! _l%3y4n4n1 Ty (3335)
s . * 1Ay 4t . iA 3t 3336
Ny =—1l)o4MyN,€ =" —1)53N31 €, (3.336)
. . 2 —ilgat  : —iAat

Ny =—i),2(ny) e 724" —iy,snzn e =1, (3.337)

where Ay, =2w;—w;, A1 3= w,+w,—wsand A, , = 2w,—w,. With the assumption
that n;, ny ~ en, < ny, the second term on the right hand side of Eq. (3.336) and
Eq. (3.337) are of order £ with the respect to the first terms and we can drop them

to the lowest order:

flz = _iX2y4 n4 n;eiAzAt (3.338)

7.7/4 = —i)(4y2(7’l2)26_m2'4[ (3.339)

As the result, the evolution of n, and n, decouples from small amplitude n, and

ns. The solution to equations Eq. (3.338) and Eq. (3.339) for a nonlinear mode 2 are
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given by Eq. (3.255), Eq. (3.266) and Eq. (3.257), with 1 —» 2 and 2 — 4:

A24 5
n,(t)=T7,e' 72 )t (3.340)
ny(t)= —ggz Tile 2100t (3.341)
w
= \/(%)2 + 224 X42IM021, (3.342)

where 71, is constant. Using the definition of w, which is the frequency of the non-

linear mode 2 (see Eq. (3.257) with 1 — 2):

A24

52:w2+6w_T, (3.343)
We have the following definitions:
Z1,2 =2w,— Wy =A1,—0,+ 5" A“ (3.344)
Ay =y + w1 —wy :A1,3+5w_% (3.345)
Ny =20,—w, =26, (3.346)

We substitute from Eq. (3.340) and Eq. (3.341) in Eq. (3.334) and Eq. (3.335) and use
Eq. (3.344) through Eq. (3.346) and we obtain:

fll =
—leznzn*e’A”t—leSngn*e’A”[ i)(1425 ()’ nie A=At (3 347)
iy =—i g3 Tanye 319t — iy 4;‘T(nz)zn*e’(AH—AM) (3.348)

The solution to above equations is of the following form:

n, = Aelt + Be(q*"’iZl,Z)t’ Ny = Ce(q_iZI,S)t + De(q*‘f'iZLz—iZl,s)t (3.349)



183

Substituting from Eq. (3.349) in Eq. (3.347) and Eq. (3.348) we obtain the following

equations:

X4 42 -2

GA+i)1,T, B + iy 3,C+iy 47— 55 ,D*=0 (3.350)
(q_izl,z)B*_ill,zﬁ;A 1114}( 2(_2)* —iy13M,D*=0 (3.351)
(q—lAlg)C+1)(13n2A+1;534}(52_23*—0 (3.352)
—~ — B — 42 —2v% o
(q—iAp+iA3)D* — iy 3N, B —i)34>~ 55 (n,)’B*=0 (3.353)

Above equations can be written in terms of a matrix equation:

M(g)n=0, (3.354)
where n is a vector givn by:
A
B*
n— (3.355)
C
D*
and matrix M(q) is given by
q [ Y1270, 2137, 19(14)(7
—i 1,70 —iA —iy1a52 (n —iy14T0
M(q) = ')(1,2_2 | q - 1_2 2 X425, ( ) X1,312 3.356)
L3112 i Y3435, (12) q—il; 0
1X34§§2(n o =iy, 0 q_izl,z‘”zl,s

The four roots of the determinant of M give the complex frequencies of the
n, and n; system. Figure (3.17) shows the real and figure (3.16) shows the imaginary
part of the four roots for g scaled to A, ,. These roots are q, 4, g5 and q,, with their

related eigenvectors e, e,, e;, and e, which satisfy:

M(q,).e;=0,i=1,2,3,4 (3.357)
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Figure 3.16: Imaginary parts of the roots ¢, ¢», g3, q, vs. the amplitude of mode 2,
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Here we follow the discussion we had in the last section, for the response of the
plasma to a drive potential given by Eq. (3.328), which will excite a nonlinear mode
2 and a small amplitude mode 1 coupled to mode 2 due to nonlinearity. There is a
threshold value for the amplitude of mode 2, Ag =2|n,| (see Eq. (3.99)) below which
all the roots are imaginary and above which there is pair of growing-decaying roots.
In figure (3.12) this instability threshold is given by A5 ™ = 0.03. In the values A} <
AY™ where all the roots are imaginary, there is the following relation between the

roots:
Q=i =10 — G, s=iGs, §s=iD,—iqs (3.358)
In the limit n, — 0 these frequencies are given by:
Gi=0, =10, G3=103 g =10,,— A3 (3.359)

n, and n; as a function of time are linear combinations of the four eigenvectors
with real arbitrary coefficients a,, a,, as, a,, which are determined from the initial

conditions. As a result the full time dependence of mode 1 is given by:

n(1)=(a e, + ase},)e’ M + (a,€t, + ayey e e mt it

Hages) + azel,)e BTN 1 (ae, + ager,)e Brammiizient (3.360)
Similarly for mode 3 we obtain:

I’lél)(l') — (aleIB + 02624)el(qli—A1,3)t—lw3t + (ale*{4 + azeZB)el(Al,z—A1,3—LI1i)[—lw3f

+(asess + a4ej4)e“‘73ft_£13)t_iw3t +(aye,5 + a3e§4)e"(ZLZ_Z"T‘]”)I_"“’“ (3.361)
We define the nonlinear mode 1 frequency which as:
W) =Wy — Gy (3.362)

which is the sum of the linear frequency and —¢,;, which is the frequency correction

due to nonlinear coupling to mode 2. Furthermore we define the nonlinear mode 3
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frequency as:
W3 =w3— i+ A4 (3.363)

Using Eq. (3.362) and Eq. (3.363) we can rewrite Eq. (3.360) and Eq. (3.361) as:

n(r)=(a e, + a.e},)e " +(a,et, + a,e, e @)
* —i(w3—w,)t * i(w3—2w,)t
+(ases +a,€),)e +(aseq +asey,)e (3.364)
n{)(1)=(a,e;3+ a,e},)e " 1 (a €%, + ayens)e’ O
H(asess + ael,)e P +(aseqs+ asel, e PO (3.365)

We are interested in the effect of a dominant nonlinear mode 2 on small am-
plitude mode 1. Thus we use the external potential given by Eq. (3.328) to excite
a nonlinear mode 2 and a small mode 1 as a seed. Following the same discussion
as in section 3.5.4 in order ot minimize the effects related to mode 3, we drive the
plasma using the potential Eq. (3.328) adiabatically, which results in a solution with
as;~0, a,~0in Eq. (3.364).

Figure (3.18a) shows the full time variation of Re[n,(¢)], which is the solution
of the equations Eq. (F2) with M =4 and |n,| = 107*|n,|. Our analytical perturbation
solution for n, is the function ngl)(t) which has the form given by Eq. (3.360). Fig-
ure (3.18c) depicts the Fourier transform of n,(¢) from the computer simulations,
for a case of slower and smaller drive vs. Figure (3.18d) for faster and larger drive,
for the same value of [n,| =1.2 x 1072,

For the faster larger drive we can see that three of the four frequencies in
Eq. (3.360) are visible on the depicted scale. On the other hand, as the result of adi-
abatically driving the plasma (slow drive) terms 3 and 4 on the right hand side of
Eq. (3.360) are absent from the plasma. Therefore the response of slowly driving
the potential in Eq. (3.328) is given by Eq. (3.360) with only the first two terms. The
frequencies of the two terms, i.e. @, and w, —w, are close to each other and the

beating between these two terms gives the slow time varying envelope of amplitude
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Figure 3.18: Figures (3.18a) and (3.18b) are Re[n,(#)] vs. time, obtained from the
time integration of Eqs. (E2) and (E3) with M = 4. Figures (3.18c) and (3.18d) are
their respective Fourier transforms for k; = 10k;, |n;| = 1073|n,|, and |n,| = 1.2 x
10 and the vertical dashed lines are the analytically obtained frequencies from
Eq. (3.343), Eq. (3.362) and Eq. (3.363). Figures (3.18a) and (3.18c) are the reslut of
driving the plasma at the potential V, = 5 x 1077 m,(w, L/2m)* for a forcing time
Trw, =3200. Figures (3.18b) and (3.18d) are the reslut of driving the plasma at the
potential V, =5 x 10"°m,(w, L/2n)? for a forcing time Ty w,, = 320.
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Figure 3.19: Beat frequency of the amplitude of mode 1 vs. the amplitude of mode

2, for k; = 10k,. The analytical result for M =2, obtained in Eq. (3.286), is depicted

in a dashed curve. Analytical result for M =4 and given by Eq. (3.366), is depicted in

a solid curve. Numerical results obtained for M = 2,4 and 8 number of the present
spatial Fourier terms are depicted respectively with circles, squares and triangles.

oscillation with the beat frequency (see figure (3.18a)):
a)amp == 251 _52 (3.366)

Contrary to the section 3.5.4 for three waves 1, 2 and 3, and similar to the section 3.5.3
for two waves 1 and 2, w,,, decreases with growing Al’s. At the threshold of insta-
bility we have ¢;; = A, ,/2, and as a result W,mp = 0. Figure (3.19) shows the beat
frequency measured from the numerical simulations (k, /k; = 10) scaled to A ,.
Frequencies obtained from M = 2,4 and 8 number of the present spatial Fourier
terms are depicted respectively with circles, squares and triangles. Analytical result
for 2 waves, given by Eq. (3.286), is depicted in a dashed curve, and the analytical
result for 4 waves, given by Eq. (3.366), is depicted in a solid curve. The threshold of
instability moves to higher values of A} with more number waves kept: for 2 waves
at A5™ ~ 0.02 for 4 waves at A5™ ~ 0.03 and for 8 waves at A5 ™ ~ 0.048. This im-
plies that larger number of interacting waves will result in a more stable nonlinear

mode 2, in the presence of a small amplitude mode 1. Fig. (3.20) compares the beat
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Figure 3.20: Beat frequency of the amplitude of mode 1 vs. the amplitude of mode
2, for k;, =10k, and k;, =5k,. Analytical result for M =4 is given by Eq. (3.366) and
is depicted in a solid curve. Numerical results obtained for M = 4 number of the
present spatial Fourier terms are depicted respectively squares for k;, = 10k; and
diamonds for k; =5k;.
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Figure 3.21: Plot of the amplitude of threshold for instability A;’th versus k, /k;.

Fluid simulations of Egs. (E2) and (E3) with M = 24 Fourier terms are depicted in
diamonds.
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frequency of mode 1 vs. the amplitude of mode 2 for k, /k; =10 and k, /k, =5. The
latter case is more dispersive (has a larger detuning compared to mode frequency)
and thus, mode 2 is more stable with respect to nonlinearity, in comparison to the
former case.

In Fig. (3.21) the threshold amplitude for instability AS™ due to resonant growth
of mode 1, is depicted vs. k,/k;, for M = 2,3,4 in solid lines, and M = 24 in dia-
monds, the latter is closest to the realistic model of 1D plasma due to the large num-
ber of present terms. For larger k, /k, the detuning between mode 2 and 1 (A, ,) is
smaller compared to mode frequency, and as a result the onset of resonant instabil-
ity of mode 2 is at smaller amplitudes Atz'th. We can also observe that for any k, /k,,
A" for 2 waves is smaller than for 4 waves. However, anomalously for 3 waves A5™ is
larger than the A;'th for 4 waves. For M =24 and k, / k; <2 the threshold of instability
of mode 1 (A5™) could not be reached. In order to obtain larger A%’s with the driving
technique described in appendix F we had to raise the drive potential and shorten
the drive time. Otherwise, had we not shortened the drive time, the amplitude of
mode 2 would be driven up and then down again. Thus for larger amplitudes the
short driving time is not sufficient to excite nonlinear cnoidal mode 2, with phase-
locked harmonics, instead the resonse of the plasma is more chaotic than wave-like.
For M =24 and k, /k, = 2, A} was driven up to 0.3 and still mode 1 was stable and
oscillatory. This is due to the fact that satisfying the frequency condition for 3-wave
interactions (see Eq. (3.1)) becomes harder for smaller values of k, /k;. On the other

hand, satisfying the condition for the 4-waves interactions which is given by:
wm+wm/:wn+wn/, km+km/:kn+kn/ (3.367)

is possible for large wave number modes, due to the fact that from Eq. (3.105), for
m>1we have w,, ~1 (0w, ~ w, in proper unit of time). As a result, In our simula-
tions with large number of terms, for example M = 24, the highest number modes
become unstable and grow exponentialy, which leads to the decay or possible col-
lapse (irreversible decay) of the large amplitude mode 2, before mode 1 gets the
chance to become unstable. Figure (3.22) shows this decay for a traveling, nonlin-

ear TG mode m = 2 with amplitude A} =0.17, obtained from the fluid simulation of
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Figure 3.22: Plot of the Fourier components m = 2,4,12, 20, 24 of density, for a non-
linear traveling mode m = 2, with amplitude A; =0.17, obtained from the fluid sim-
ulation of a plasma with k, /k; =2 and M = 24.

a plasma with k, /k; =2 and M = 24. Drive time was T, = 100 and drive poten-
tial was V, =103 my(w,L/ 27)?. We can see that instability starts from the smallest
length scale with 72 = 24. As the term 7 = 24 grows exponentially, it leads to the
exponential growth of the terms 77 = 20 and then m = 12, with the same rate. Terms
m =2 and m =4 provide the enegy for this exponential growth and as a result, they
decay as the higher m terms grow. Furthermore, we can see that the instability does
not appear until fw, ~ 380. Keeping smaller number of terms makes this wait pe-
riod before the onset of instability longer and we obtained the frequency shift for
larger amplitudes during this time, in Figs. (3.9a) and (3.9b), which repectively have
k, =1.5k, and k, = 3k,. Note that this decay of the large amplitude, nonlinear mode
2 isindependent of the presence of the small amplitude mode 1 seed.

For values of A! larger than A; ™r: the four roots of the determinant of M are
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Figure 3.23: Growth rate of mode 1 vs. the amplitude of mode 2. The analytical
growth rate for M =4, which is I defined in Eq. (3.368), is depicted in a solid curve,
numerical result for M = 4 is depicted in squares for k; = 10k; and diamonds for
k| =5k,; and for comparison the analytical result for M =2, given by Eq. (3.288), is
depicted in dashed curves.

given by:

G =T+iA,,/2 (3.368)
G =-T+iA,/2

Gz = 1q3;

Gy =i0,—iqs

Substituting from Eq. (3.368) in Egs. (3.360) and (3.361) we find the unstable solu-

tions of modes 1 and 3:

nil)(t) - [(alell + aze;)ert +(ae}, + Clzezl)eirt] g2zt
Hazes +asel,)e @ +(ase + azel,)e @I (3.369)
ng)(t) = [(Cl1613 + aze;)ert +(a,e}, + 02623)3_“] e 20t
+(a3e33 + a4eZ4)e_i53t + (a4e43 + 03824)ei(53_352)t (3.370)

From Eq. (3.369) we can see that for mode 1, the fast time variation of the expo-
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Figure 3.24: Growth rate of mode 1 vs. the amplitude of mode 2, for travel-
ing waves (3.24a) and standing waves (3.24b). The numerical results for M =
2,8,16,20,24 are depicted in circles, squares, trangles and diamonds and inverse
triangles. For comparison, the analytical result for M = 2, given by Eq. (3.288), is
depicted in solid curves.
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nentially growing and decaying solutions has a frequency w; = w,/2, which means
that these terms are exact sub-harmonics of mode 2. We have previously seen this
happening in the unstable regime for isolated modes 1 and 2, as can be seen in
Eq. (3.290). However, in the unstable regime of the isolated modes 1,2 and 3 a dif-
ferent kind of resonance condition was satisfied, which was given by Eq. (3.331).

Moreover, from Eq. (3.370) we can see that the exponentially growing and de-
caying terms of mode 3 have a fast time variation frequency of 3w,/2, which means
that these terms are fractional harmonics of mode 2.

By driving mode 2 to an amplitude larger than the threshold amplitude A",
the solution for the small amplitude mode 1 grows exponentially. Figure (3.23) de-
picts I'/w,,. The analytical growth rate for M = 4, which is I' defined in Eq. (3.368),
is depicted in solid curve, numerical result for M =4 is depicted in squares, and for
comparison, analytical result, given by Eq. (3.288), for M =2 are depicted in dashed
curve.

We compare the growth rates of mode 1 due to the dominant mode 2, for
larger number of Fourier terms M kept. In order to launch a large amplitude non-
linear mode 2, where the even Fourier terms are harmonics of the basis mode 2, we
choose longer drive times and smaller drive potentials to avoid exciting unwanted
waves. However, using the driving technique described in appendix F, in order to
reach larger mode amplitudes we have to raise the drive potential and lower the
drive time, otherwise, if we don’t shorten the drive time, the mode amplitude will
be driven up and the down again. Based on this limitation of the driving technique,
we drive the plasma as slowly as possible to reach the desired amplitude.

Driving the mode 2 amplitude beyond the threshold amplitude A", which
is a function of M, will result in the exponential growth of mode 1 from its small
initial value. Figure (3.26) shows an example of the exponential growth mode 1 vs.
time, for M = 24. Figure (3.24a) depicts the growth rates of mode 1 due to dominant
mode 2 with M = 2,8,16,20 and 24 present. Figure (3.24a) is the growth rates for
traveling waves. We can see clearly that presence of more number of spatial Fourier
terms pushes the instability thershold to higher values of A). However as M grows

larger, A5™ tends toward the value AS™ ~ 0.086 (A3 ™ ~ 0.173 for standing waves),
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Figure 3.25: Comparison between the results from exciting a dominant mode 2
standing wave and a small amplitude mode 1 standing wave, in cold fluid simu-
lations by integrating Eqgs. (E2) and (E3), and Vlasov-Poisson simulation of a cold
system (w,/ k, vy = 12.2) by using method of lines [5]. In both simulations k; = 10k;.
Fig. (3.25a) is the plot of the beat frequency of mode 1 w,y,, versus A;. Fig. (3.25b)
is the plot of the growth rate of the amplitude of mode 1 versus A;.
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Figure 3.26: Plot of |n,(#)| vs. time, for k; = 10k, and |Aj| = 0.24. The plasma was
driven by the potential V, =1 x 10~*m,(w, L/2m)? for a forcing time T w, = 180.

which is independent of the number of terms kept in the Fourier series. The re-
sult for standing waves, depicted in Fig. (3.24b), are homologous to the traveling
waves, with the scaling A’ — A*/2. This is due to the fact that resonant wave-wave
interaction comes from the waves which are traveling in the same directions (see
Eq. (3.138)), and for a standing wave with amplitude A*, the amplitude of the waves
in each direction is A%/2.

Furthermore, we compare our fluid simulation results to the Vlasov-Poisson
simulation of a dominant standing mode 2 and a small amplitude mode 1 of a cold
system (w,/k,vr = 12.2) and for k;, = 10k, by using method of lines which is de-
scribed in Ref. 5. In these simulations the distributuion function is evaluated self-
consistently at grid-points in (z, v) phasespace. Fig. (3.25a) compares the beat fre-
quency of mode 1 w,y,, versus A, from fluid simulations with M = 24 and Vlasov-
Poisson simulations. For the unstable regime, Fig. (3.25b) is the plot of the growth
rate of the amplitude of mode 1 versus A, from fluid simulations with M =24 and

Vlasov-Poisson simulations.
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3.6 Summary

In a cold fluid regime, resonant wave-particle interactions are absent and the
time development of the plasma is controlled by 3-wave interactions. For along thin
plasma, the dispersion relation is near acoustic and large amplitude perturbations
can lead to resonant instabilities. Specifically for the case of alarge amplitude mode
2, a small amplitude mode 1 can grow exponentially due to nonlinear coupling to
mode 2. We studied the interaction of the isolated modes 2 and 1, as a simple ap-
proximate model to the real system. For our analytical study we obtain a reduced
system of evolution equations using a weakly nonlinear perturbation equations. We
observe that for a system initially set with a dominant mode 2 and small amplitude
mode 1, the dynamics of the system depends on the amplitude of mode 2 and the
detuning between modes 2 and 1, which represents the strength of the dispersion.
For a small amplitude mode 2, the amplitude of mode 1 remains near its initial value.
Alarge amplitude mode 2 shares its energy with mode 1 and causes mode 1 to grow
exponentially. In a realistic plasma exciting modes 2 and 1 will lead to exciting other
higher modes. We extend our analytical study of mode 2 and 1 interaction by in-
cluding modes 3, and then modes 3 and 4. In each case presence of more number
of terms leads to a more stable large amplitude mode 2 since the threshold of insta-
bility for mode 2 amplitude is pushed to higher values. Furthermore, we extend our
analysis using numerical evaluation of the larger number of interacting modes in
the system. As the number of present modes increases the threshold of instability,
beat frequency of mode 1 (w,np), and the growth rate of mode 1 (T') tend toward val-
ues independent of the number of present terms in the fluid simulation. For a short
plasma such that k, < k;, 3-wave interactions cannot occur, however condition al-
low for satistying 4-wave interactions. In our fluid simulations of short plasmas we
observe an instability of the nonlinear eigenmodes which has signatures of the 4-
wave interactions.

Some of the material in this Chapter is in preparation for publication. The

dissertation author was the primary investigator and author of this material.



Chapter 4
Nonlinear interaction between EAWSs

EAWs are undamped plasma waves which are absent from the fluid descrip-
tion of plasma. EAWs are nonlinear BGK waves and can exist in a non-Maxwellian
particle distribution. Trapped particles in the wave troughs flatten the velocity dis-
tribution at the phase velocity and allow it to propagate, without being Landau damped.
Since the existance of EAWs depends on the velocity distribution, wave-wave inter-
action between EAWSs requires the Vlasov-Poisson description of plasma.

In the first part of this section we will obtain the evolution equation for wave
amplitudes due to nonlinear wave-wave interaction between standing wavesina 1D
plasma from the Vlasov-Poisson desciption of plasma with length L and perpendic-
ular mode number k|, as a parameter to maintain the effect of radial confinement.

Although the EAWs are undamped nonlinear modes, a linear dispersion re-
lation and linear frequency can be obtained for small amplitude undamped EAWs,
by assuming a Maxwellian velocity distribution which is locally flattened over an
infinitesimally narrow region around the phase velocity. This is implemented by
taking the principal value of the integrals over the velocity. Since the velocity distri-
bution is flattened at the phase velocity, linear EAWs will be undamped.

Similar to the TG modes, in the cylindrical geometry of Malmberg-Penning
traps, EAWs also have near-acoustic dispersion relations, i.e. dispersion is weak.
Thus three wave interactions are important nonlinear effects for the evolution of
mode amplitudes. For the special case of interaction between modes 1 and 2, with

initial amplitude of mode 2 being much larger than mode 1, we will evaluate the res-
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onant exponential growth rate of mode 1, which we will compare to the numerically

evaluated growth rates from our 1D Vlasov-Poisson computer simulations.

4.0.1 1D wave-wave interaction in a Vlasov-Poisson system

We begin with 1D Vlasov-Poisson equations for a cylindrically symmetric

electrostatic wave along the axis of plasma

of+vo,f— quaZgaauf: 0 (4.1)

[k2—22]¢ :47rq2f fdv 4.2)

We assume we have standing waves with Neumann boundary conditions for ¢ at

the plasma ends J, ¢(+L/2)=0. Thus mode potential is of the following form:

@m(z; 1) = @"(t)cos[k,,z]
=[@n(t)+ ¢k (D] e + e 2], (4.3)

and we will have electrostatic potential and distribution function of the form:

o0

flz, v, t)=ny(R(v, t)+ Z £ (v,t)e*n?) (4.4)

m=—0oQ

where 7, is the equilibrium plasma density, f_,,(v, t) =f, (v, t) and the sum excludes

m =0 term. We can write the Vlasov-Poisson in terms of Fourier variables

i oo
= mZoo(km — k)P ()8, E e (0, 1) (4.5)
8, Fy(v, r):_mL > Km0, Elv, 1) (4.6)
94 m'=—o0

gom(t):Kr;ZM:qznoJ dvf, (v, 1) 4.7)
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where K? = k®+k? . Equation (4.6) describes the evolution of the background distri-
bution. In the following analysis we assume that the perturbation is small [f,,| < F,.
We carry out a weakly nonlinear analysis correct up to second order in the ampli-

tude of perturbed potential. We will expand using multiple time-scale expansion:

f,. (v, 1)~ Sf(ril)(l),’L’O,’L’l,...)+€2f{r§l)(v,’[0,’[1,...)+... (4.8)
(D)= eoW(To,7y,...)+50P (14, T1,... )+ .. (4.9)
(v, 1)~ E%v, 7o, 71,... )+ €EO(0, T, Ty, e ) o (4.10)

where € < 1 measures the strength of perturbation. in Egs. (4.8) through (4.10) time

scales satisfy:
0,10=1, 0,1,=¢, 0,1,=¢€% (4.11)
So that time derivative is expanded as:
0,=0,,+€0, +&°0,,+... (4.12)

Time-scales are treated as independent. We substitute the expansions Eqgs. (4.8)

and (4.10) in the Vlasov and Poisson equations, we can separate each order of ¢ in
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these equations:

0. fV(w, 1o, 7,) + ivkmf(;l)(v, To,T1)— i,’:l—;”QOm(TO,Tl)a,JE)(O)(U, T, T1)=0 (4.13)

To"m

2 1 . 2 i Ky
., f2(v, 7o, 71) + 0, £0(0, 70, 7)) + ik v (0, 7o, 7)) — ’m—qgo;?(fo, 718, (v, 70, 7))

T1™m

l- o0
=— > (kn—kn)plL, (T, 7O (0, 70 7))

4 m'=—o0
+ir];;_r;(10(nll)(fo’Tl)ayE)(l)(v)TO;Tl) (4.14)
¢£,11)(T0’T1):K,;24ﬂq2n0fdvf(,L)(V;TO;Tl) (4.15)
¢§)(TO,T1):K;24ﬂq2nOJdvt(jl)(v,ro,fl) (4.16)
8., E(v,7,7,)=0 (4.17)
aflP(‘)(O)(v)TO)Tl)-i_aTOP(')(l)(U)TO)TI):0 (418)

From Eq. (4.17) we see that P(')(O) does not depend on the fast timescale 7, thus P(’)(O) =

E)(O)(U, 7). Thus Eq. (4.18) can be integrated over 7:
EN(w,70,71) = (0, 70=0,71) =7, 0, F"(v,7)) (4.19)

Removing secular term on the RHS, we see that P(')(O) does not vary on the slow time
scale 7,. Thus for the current purpose Fo(o)(v) is constant in time. Later on we will

take it to be of the Maxwellian form:

1
= exp(—v?/2v?) (4.20)
Urv 2T P T
where vy = 4/T/m, is the thermal velocity. Now we assume that the first order
potential and distribution are oscillatory in the fast time scale with an amplitude

which varies slowly with 7,:

‘PS?)(TO, Ty)= (Pm(Tl)e_imeo + ‘P*m(ﬁ)ewt"fo 4.21)

f(nlj(v, TorT1)= (v, 1) n ™0 4 f (v, 7,)e “n™, (4.22)
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where ¢* (7,)=¢_,,(7;) and w,, = ! +i7,, is the linear complex mode frequency.

Using above relation in the first order Vlasov equation (4.13) gives:

m:'9,,(71)8,F"(v)

fulv,71)=—2 f_wl /kO (4.23)
mYo_ (118, F°(v)

Fom(v,m)=—2 v+w: /k" (4.24)

Using Egs. (4.21), (4.22), (4.23) and (4.24), and also the Poisson equation (4.15) we

get the first order dispersion relation:

[ o 3,F ) |
l—K—SJdv% Pn=0 (4.25)
w; 3, E(v ]

where w, = /471 nyq?/m,. Defining the linear dispersion function D(s, k) as:

1 Kc,u 8, F
D(s, ]Cm)—l——f ! lk D4s ) (4.27)

Equations (4.25) and (4.26) can simply be written as:

D(iw’ , k,)e, =

For long, thin plasmas i.e. L > r,, which is our interest, the frequency mismatch,
also known as the detuning, between linear modes m, [ —m, and [ is also small and

can be comparable to the mode amplitude:

(Wp+wi_y—w)w, <1 (4.28)



Thus we define the detuning A, ; as:

W+ Wiy — W =EA,

To(wm + Wiy, — C‘)l) = 870Am,l = TlAm,l
From the second order Vlasov equation we get:

2 . 2 ik (2 0
0. f9 + ik, vt )—’m—qgogn)ﬁ,,ﬁ)( )

To'm
M0, pm(71)0, m>10. ¢* (1,)0,F"
. q T1 m 1 V0 _imeO . q T\ Y'm 1 v1o
V—Wp/ky, v+t [ky,
+L Z SO SO a km// ay -FE)(O) + km/a,, _FE)(O) e
qu m,m" m’¥ m”"%v -U—C()m//km/ U_wm”/km”_
| (0) (0)
i © ot 2 k0, Fy k.0, E,
Tam Z(p’”'(’pm” AT
9 m/’,m" L m’ m’ m” m” ]
| [ (0) (0)
+ 1 (p (]0* a km//ayl:b n km/ayF'O e
zmq o, m’¥ mr*v i V_wm’/km/ U+C()tn/,/km,,_
j [ (0) (0)
+L Z (p* (p a km//ayF(') + km/aUE) e.
2mq m’,m" m/rm v _y+w;1//km/ v_w%/’/km”_

i(l)mTO

iA

*
mym/Tle

—i(wy—w

H k
iwh, 7o

*

m//)TO
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(4.29)
(4.30)

(4.31)

A ] e—imeo

In the above sums m” = m — m’. Laplace transform is performed on Egs. (4.31)

and (4.16) w.r.t. fast time variable 7, using:

o0
A2 2 —
@SC)(S,TI):J dTO(pEC)(TO,Tl)e $To
0

1
(2) 1 ~(2) ST,
Y2 Ty T1)= s To@ S, Tq1)e 0
k ( 0 1) 2 lL 0¥k ( 1)

(4.32)



with {?(v,7,=0,7,) =0 we get:

. ~2) ik A _
(s +iky vk (5)— B2 p2(5)8, FO =

m

1m0, ()8,
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(4.33)

1 om0, ¢ ()8, R

s+iw,, V—wn,/kny s—iw*, v+ wt [k,
i kmuﬁyFO(O) km/avl;(v)(()) 1 e itmmm
a2 e | e
q mm I m' | Km m ] K | m
R PP 0. GO .Y, l Ft
2myg o=, mEMET vt Wy Ky V@K | S — T,
- D ol kw0, B kw0, B 1
2mygy o=, I V=@ [y VA Ol K | S+ i — T,
2my o, |V Ky V=@ Ko | S— ik, + i

Performing the Laplace transform on the second order Poisson equation we get:

¢P(s, 79, 7)) = K;247rq2n0j d vfi:l)(v, To,T1) (4.34)
From Eq. (4.33) we solve for f(,i)(s) and substitute in Eq. (4.34) we get:
K?w? dv
P50 1) = e 4.35
(pm( 0 1) D(S,km) S+ikmy ( )
N G S 2 G
stiw, v—wu/k, s—iws, v+os/k,
n i Z P [ k,,.0, FO(O) k., 0, E)(O) 1 e—iBmmT
2ml,m//90m/¢m” v -v—wm//km/ U_Cl)m///km//_ S+i0)m
P e LT R P2l Ll
2m/’m//(10mlgom// v _V+wtn//kWZ’ V+C()>;n,//km//_ S_lC!)”;n
i [ kw0, ko, B 1
+§ Z som/go;kn//al/ v_rnw - /Ok U +mw>kv /Ok S + iw/ —ia)*
m’,m” | m’ m’ mr m” | - o
i \ [ k0, Ky 0, F” 1
+§ Z SOWSOW@U v-:ia)*v /Ok U_mw v /ok P —
m/,m” L m’ m/ m’ m” ] m’ m”
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Performing the inverse Laplace transform will result in secular as well as nonsecular
terms. D(s, k,,) hasroots at s =iw,, and s = iw,,. Secular term resulting from the

first term of the integral on the right hand side of Eq. (4.35) is given by:

w2 [ 4,00 enEARY [(ds/@mi) e
mop V—wp/kny s+ik,v D(s k,)s+iw,,)

o i2ar [ gy P enEIOE" [ ds/(2mi) et
Soom Ty v—w,,/k, S+ikyv 0,.D(S, kpp)ls=—ie, (S +iw,,)?

—iw, T . Krzzwii J 3T1g0m(71)8,,130(0)
=Tee "m0 dv
asD(S! km)ls:—iwm km(v_c‘)m/km)2

= —Toe_i“mT03T1 Oom (4.36)

(secular part only)

where we used

K2 0,5,
3SD(S,km)|s:—iwm: ik pfdvm

Above equation can identically be written for s = —iw?* for the second term of the
integral on the right hand side of Eq. (4.35). Secular terms resulting from terms 3

and 4 from the integral on the right hand side of Eq. (4.35) is given by:

a [ km//ﬁ,,Pb(O) + k,,,/a,,FO(O] ] dv
v

m/' m//

e_iwlTO _iA V=t [ Ky V=t [kt | by v—,,
+T0 E Som/ SOm//e Fomm 71 5 )
2 m’,m” mep asD(s’km)ls:iwm
. ) K11 0y F(')(O) Ky 0y Fb(o) dv
ei®iTo N f v| vret, Tk T vret, T | Fmvtay,
+T0 80* /(10* //el m'm/Tl
: : m' Y m _
2 K,%,wpzasD(S’ km)|s=—ia>’;n
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In order to remove the secular terms from RHS of Eq. (4.35) the following equations

must be satisfied:

d LA
E@m = Z{/M(m;m’, M )VP P s @ B! (4.37)
m’,m

M(m;m’,m”

M(m; m/, m//) — ( ) (4.38)
ZanqwgzasD(srkm)'s:fiwm
k.0, F" k,, 0, EY dv

M(m;m/,m")= | 3,| ———— e (4.39)

U_wm//km/ U_wm///km// kml/_Cl)m
km == km/ + km// (4.40)
Am'm/ = C()m_wm/_wm// (4.41)

where we dropped the multiple time scale notation. Coefficients M (m; m’, m”) given

by Eq. (4.38) can be simplified. The numerator can be written as:

k, .0,F" k, .0, E” d
M(m;m/’m//)zjav[ m v+ m v+ ] v
k,v—w,,
([ kwo,R” K 0, E) dv
km(v_c’)m/km)2

V_C()m//km/ U_C()m///km//

V= /Ky V=K

( Avd, FE (v —(w + @)/ ko)
) (= K )V = @ K 0 — @,/ K )2
 0,E%dv
A ro (A ] O < 1) (4.42)

J (U—C()m/km)?’

Assuming a Maxwellian distribution, we can substitute for FO(O) from Eq. (4.20) to

obtain:

(4.43)

o 1 vexp[—v®/2vildv
M(’””””"):__f =k

For the EAWSs, we assume a Maxwellian equilibrium which is flattened at the phase
velocities, so that the waves are undamped and we can take the principal value of

integrals. Above result can be further simplified and written as:

1
M(m;m',m") = —FE;W(b)/Z (4.44)
T



207
Since we have the following relation:
O7W(b)=(b*—3)W(b)+1, (4.45)

we can write:

vrkm

1
M(m;m’, m”):—z—w[(b2—3)W(b)+ Ulpeen (A p/wn<1) (4.46)
T

Substituting for FO(O) from Eq. (4.20), the denominator of Eq. (4.38) is given by:

2 ve V2
2K? w 20, D(s, k)l se—icy, =— d
m p N ( m)ls- LWy, ikm 3 f U(U_C()m/km)z

Ur
2
:_ikm 3 3bW(b)|b=;;—kmm
2
- =([1=W(D)]/b + bW(b))| = en_ (4.47)
ik, vy v km

Finally, the nonlinear coupling coefficient for the evolution of mode m due to the

coupling of modes ! and / — m, in the limit of A, ,,,/w,, < 1 can be written as:

N(m,l)=iM(m;m/2,m/2) (4.48)
J— km (b2—3)W(b) 1 —
=Ty [[1—W(b)]/b+bJ\r/\/(b)] 0, ' M= 21
:VTkm
N(m,l)=iM(m;l,m—1)+iM(m;m—1,m)
ok [ (B2-3)W(b)+1
= 22| ] o, 0 M#2
:UTkm
In the limit of V‘:—’k”m > 1 from Eq. (4.48) we obtain
. 3k?
—zN(m,l)M(m;l,l—m)+M(m;m—l,l)m—z2 1 (4.49)
m

In the limit of small detuning A, ;/w,,, < 1, the result given by Eq. (4.49) is identical

to the nonlinear coupling coefficient obtained from the fluid picture of wave-wave
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interaction given by Eq. (3.148):

o O
. E _ . krzn W] w] w] Wip—]
— i (X1 + Xy i) = =i = [ 3275 (14 25) + ke it (1+ 224
Wy W W) D) m
@ R
2
3k2
N —i (4.50)
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Interaction between EAW modes 2 and 1

We obtain the EAW mode frequencies from the linear dispersion relation

PD(—iw,, k) =0 (4.51)

with D given by Eq. (4.27). This equation has two roots. The root with the higher
phase velocity corresponds to the TG mode. The root with lower phase velocity
Wm/knvr ~ 1.4 is heavily damped, unless we assume an equilibrium distribution
which is flattened locally at this phase velocity. Taking the principal value of D in
Eq. (4.51) is equivalent to flattening the distribution function at the phase velocity.
This modified distribution function will allow the existence of undamped EAWs in
the linear limit. Similar to TG modes, dispersion relation for the linear EAWs is near
acoustic, with a dispersion much weaker than that of the TG modes, which allows
strong resonance wave-wave interactions for relatively smaller amplitude waves.
Time evolution of EAW mode amplitudes due to nonlinear wave-wave inter-
actions can be obtained by the Vlasov-Poisson description of plasma i.e. Egs. (4.37)
through (4.41) with coupling coefficients given by the principal value of Eq. (4.48),
since the Maxwellian is flattened at w,,/k,,,. From Eq. (4.37) for EAW modes 2 and 1

we obtain

%‘Pl =—iN(1,2)(,01‘<pzeiAt (4.52)
L, =—iN(2,1)p?e (4.53)
A =20~ w,, (4.54)

where N(m,1) is defined in Eq. (4.48) and the coupling coefficients in Eqs (4.52)
and (4.53) are given by

N(2,1)=N(1,2)=

2__
k, (b?—3)PW(b)+1 ] (4.55)

2vr [ [1—-PW(D)]/b + bPW(b)

1
b= UTkl

We are interested in the exponential growth of mode 1 amplitude in a regime where

l11/1¢2] < 1. We follow the same steps taken in section 3.5.3 for TG modes from we
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obtain the following solution for mode 1:

A , A ;
0= |A|e(l 2 HO)HIYL | |B|e(’ 2 —O)t+iy_ (4.56)

5= /(N1 22|, — & 4.57)

Real amplitudes of the growing and decaying solutions, i.e. respectively |A| and |B|,
are independent parameters set by initial conditions. However their phasesi.e. ¢/,

and y_ are given by:

_iN(l,Z)cp2

pi2Vs —
i2+6

(4.58)

0 is exponential growth rate which we will compare to the numerical result obtained

from our nonlinear 1D Vlasov-Poisson computer simulations.

4.0.2 computer simulations

We use the method of lines to simulate the 1D nonlinear Vlasov and Poisson
system with their equations respectively given by Eq. (4.1) and Eq. (4.2). Details of
the method are described in REE

In order to launch a standing EAW of mode number m, we use the following

external drive potential:
0pplz, t)=pp(t)cos[mmnz/L]cos[w,,t] (4.59)
where

vp(t) = EDexp[—(t—to)z/ZAzD], 1<ty
= vD’ t0<t<t0+tD

= Ppexpl—(t—ty—1tp)’/2A%)], f+ip<t (4.60)

We take the drive frequency in Eq. (4.59) from the linear dispersion relation in (4.51).
External drive potential is driven for approximately 30 to 60 cycles. As the drive is

being turned off, plasma settles itself into the stationary(periodic in time with fre-
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Figure 4.1: Amplitudes of the first four spatial Fourier components, m =1,2,3 and
m = 4, as a function of time. In figure (4.1a) external drive potential is cos[k;z]
to excite EAW,. In figure (4.1b) external drive potential is cos[k,z] to excite EAW,.
Dashed arrow shows the point in time where the drive is turned off. The physical
parameters of the plasma are k; L =18.44, L /A =37.3
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quency w,,) mode EAW,,,. EAW,,, are nonlinear plasma modes and the form of the
mode in space is the superposition of many spatial harmonics, with cos[mnz/L]
having the biggest amplitude. Therefore we can analyze the evolution of the mode
from the evolution of the time dependent amplitudes of the individual spatial har-
monics.

In Figures (4.1a) and (4.1b) we have respectively excited EAW, and EAW,.
Amplitudes of the first four spatial harmonics (m = 1,2,3 and 4) are depicted as
functions of time. In figure (4.1a), after the drive is turned off plasma quickly settles
into EAW, and as we can see it is stable. Time dependent variation of the spatial
harmonics of EAW, are phase locked. This means that for mode EAW,,, the r mth
spatial harmonics oscillates in time with frequency rw,,. In Fig. (4.2a) we can see
that for EAW;, m=1 harmonic oscillates at «», and m=2 harmonic oscillates at w,
and they are phase locked.

In Fig. (4.1b), after the drive is turned off plasma quickly settles into EAW,,
however this mode is not stable and we can see the m = 1 and m = 3 harmonics
growing as m = 2 and m =4 decaying. Since the drive potential was m =2 harmonic
with even symmetry with respect to the center of plasma, m =1 and m = 3 harmon-
ics which have odd symmetry, grow out of the noise level. We can see that after ¢
plasma reaches a steady state which, from comparing to the end state of Fig. (4.1a),
we can see that it is in fact EAW,. Therefore EAW, is unstable and collapses into
EAW,.

Figure (4.3) shows the distribution function f(z, v, t)in the(z, v) phase-space
and their related plasma density perturbations for EAW,, intimes ¢t =0, = T /4 and
t = T /2. We can see that the phase-space related to EAW, consists of a single hole
orbiting the phase-space in a relatively flattened region at v = +v,,. However this
EAW, is in its earlier stages of its formation and is not fully developed in these fig-
ures, as can be seen from the evolving filaments and fine structures in phase-space.
As seen from the mode density plot, since EAW, consists of both even and odd har-
monics in space, EAW,; does not have an either even or odd symmetry with respect
to the center of plasma.

Furthermore, from comparing the distribution function plots to the plasma
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Figure 4.2: (4.2a): Amplitudes of the two largest spatial Fourier components of
EAW,, which are m =1 and m =2, oscillating phase-locked in time, with frequency
of m =2 being 2 times the frequency of m = 1. (4.2b): Amplitudes of the two largest
spatial Fourier components of EAW,, which are m =2 and m =4, oscillating phase-
locked in time, with frequency of m = 4 being 2 times the frequency of m = 2. The
physical parameters of the plasma are k| L =18.44, L/A=37.3
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Figure 4.3: The three upper plots are density plots of the distribution function
f(z,v) of the EAW,. Horizontal axis is the position along the plasma from —L/2
to L/2, and the horizontal axis is the particle velocity from v =—2.8v; to v =2.8v;.
The three lower plots are density perturbations related to the distribution function
plots. The physical parameters of the plasma are k, L =18.44,L/A=37.3

on(z,t)

=0.4

-0.6

-0.8

@
0 50 100 150 200 I3 2
S 2r

Figure 4.4: Plot of the density perturbation of EAW, along the plasma as a function
of time, in a plasma with k; L =18.44, L/A=37.3.
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Figure 4.5: The three upper plots are density plots of the distribution function
f(z,v) of the EAW,. Horizontal axis is the position along the plasma from —L/2
to L/2, and the horizontal axis is the particle velocity from v =—2.8v; to v =2.8v;.

The three lower plots are density perturbations related to the distribution function
plots. The physical parameters of the plasma are k; L =18.44, L/A=37.3.

density plots, the location of the hole in the distribution function corresponds to
the location of the negative density perturbations along the plasma. In Fig. (4.4) we
can see the negative density peak (dark blue color) as it is traveling to the left or right
along the plasma and reflects from the plasma ends.

Figure (4.5) shows the distribution function f(z, v, t)in the(z, v) phase-space
and their related plasma density perturbations for EAW,, in times t =0, = T /4 and
t = T /2. The phase-space related to EAW, consists of two holes orbiting the phase-
space in the flattened region 0 f/J, =0 at v = v,,,. Comparing to the distribiution
function depicted for EAW, in Fig. (4.3), we can see that this EAW, is well developed,
with a more homogeneous and smooth distribution function and also the distribu-
tion function has a well formed flattened region at v = +v,,,.

Furthermore, comparing the density perturbation vs. position plots for EAW,
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Figure 4.6: Plot of the density perturbation of EAW, along the plasma as a function
of time in a plasma with k; L. =18.44, L/A =37.3.

in Fig. (4.3) and for EAW, in Fig. (4.5), to TG nonlinear standing eigenmodes m =1
and m = 2, respectively depicted in Figs. (3.2) and (3.3), we can see that the stand-
ing nonlinear TGs consists of (upward pointing) peeks or density clumps, traveling
the length of plasma and reflecting off of plasma ends, whereas the EAWs density
consists of traveling upside-down peeks or density holes.

Comparing the plots of the distribution function to the density perturbation
plots, the two holes in the distribution function correspond to the negative density
perturbations. EAW, is symmetric with respect to the center of plasma. The left and
right half of the EAW, are two EAW, s which are the mirror images of each other with
respect to the center of plasma. In Fig. (4.6) we can see the two negative density
peaks traveling in the opposite directions along plasma.

Figure (4.7) shows the process of decay of EAW, into EAW,. Amplitude of
m = 1 harmonic grows exponentially from the noise level with oscillation frequency
w, = w,/2. The growth of m =1 is due to the nonlinear coupling to m = 2, which
is the largest component of EAW,. As the EAW, decays in time and EAW, grows, the
two holes get close to each other along their bounce orbit in phase-space. Finally
the holes catch up with each other and merge into a single hole orbiting the phase-
space at the phase velocity. The process of hole merger is irreversible and the final
state, which is EAW|, is stable.

The growth of EAW, is exponential in its early stage and as its amplitude gets
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larger and amplitude of EAW, gets smaller growth rate decreases, and finally after
the hole merger, becomes zero. The onset of growth of EAW, is due to wave-wave
resonant interaction.

We evaluated the maximum exponential growth rates from the relation which
we obtained from our weakly nonlinear Vlasov-Poisson fromalism. The growth rate
of the numerical method is obtained using fitting. In Fig. (4.8) we compared the ex-
ponential growth rates obtained from our analytical and numerical methods, which

are in good agreement.

4.1 Summary

Decay of EAW, to EAW, was studied using both numerical and analytical
methods. For our numerical method we used the method oflines for the simulation
of 1D nonlinear Vlasov-Poisson system. We used a weakly nonlinear perturbation
theory performed on the Vlasov-Poisson system to obtain the relations describing
the nonlinear wave-wave interaction of EAWs.

The maximum growth rate of EAW, at the onset of its growth (and decay of
EAW,), obtained from our numerical method is in agreement with the growth rate
we evaluated from the weakly nonlinear wave-wave interaction theory.

Some of the material in this Chapter is in preparation for publication. The

dissertation author was the primary investigator and author of this material.
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Figure 4.8: Exponential growth rate of small amplitude EAW, in the presence of
large amplitude EAW,. Solid curves are obtained from Eq. (4.57). Physical param-
eters related to the plot are (4.8a):k, L = 15,L/A = 44.5, (4.8b):k, L =19.5,L/A =
45.9, (4.8¢):k; L=18.44,L/A=37.3



Appendix A
Orbit calculations

For a small squeeze potential such that ¢/ T <1, the energy of a majority of
particles is much larger than ¢,. We would like to expand the functions of energy in
the system in terms of the smallness ordering parameter ¢ introduced in Eq. (1.23),
assuming that adding the squeeze potential will result in a first order perturbative
correction to these functions. Thus for passing particles which have scaled energies
u > £y, we expand the functions of energy in terms of ¢ to first order in ¢£. From
Eq. (1.27) we calculate the period of the orbit for a passing particle at energy u which
orbits the whole length of the plasma:

J A.1)
\/ Lt 6‘(,01

w, ~ wol1—s<%(z)>], A.2)
2u

where the symbol (...) represents the spatial average along the length of plasma
L. Here, 7y = 2L/vrv2u and w, = Tvyv2u are respectively the time period and

the bounce frequency of the motion of particle with energy u in the absence of the
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squeeze potential. The angle variable as a function of z, for v > 0 is given by:

2 (° dz’
Yy = — p
T )i v(z’)
L ‘ 0,z
v Ploalye| ar®ERH (A.3)
L 2 1) 2u

In the above equation we substituted 7(E) from Eq. (A.1). Furthermore we defined
{p(2)}=9p,(z)— <¢1(z)>, which is the size of the deviation of ¢, (z) from its spatial

average <¢1(z)>. For v < 0 we have:

{%(z')}] A

T
Y :n——lz—L/2+€f dz'———|.
L L2 2u
Thus, the angle variable can be written in terms of the angle variable in the absence

of squeeze, plus a first order correction due to squeeze potential:

Yo =yt (A.5)
Wo :%[Z+L/2], >0
T
:n—z[z—L/Z], v <0, (A.6)
wl (@)
(U —851gn(v)L lJ_L/zdz | (A.7)
The action variable is:
1 L/2
I = — pzdz=7'f_1f mqu\/Zu(l—e‘El(z)/u)l/zdz
27 12
2ul ©
L Mqurv2ul Mll_,g@]_ 8
T 2u

Comparing Eq. (A.8) to Eq. (A.2) we get the following relation

L2
I=mgw,—. (A.9)
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Since in Eq. (A.8), action variable [ is given as a function of energy, we can reverse
this relation to obtain energy as a function of I to the first order of perturbation:
m_, (@) (A.10)
U=———+¢ . .
2myL2T 7
The position dependent part of the mode potential 0 ¢(z) can be written as a(periodic)
function of action-angle variable 0 ¢(z) = 0¢(y,I). Furthermore we can Fourier
expand 0 ¢ in terms of action-angle variables and calculate the nth Fourier compo-

nent:

0p,(l)= if e "5 p(2)dy
0

27
1 27
~6p0(I) e e M I§ o(2)(dipo+ dy,)
T Jo
27
©) 1 - —iny
o, (I)+— (dy—inydipg)e """ 0 p(z)
27'CJ0
1 271
~6p0(I) o d(y,e7"0) 5 p(z). (A.11)

0

Integrating by parts on the last line of Eq. (A.11), since y;(z =+L/2) =0 we obtain:

0p,(I)
21
~5s0§?)(1)—i J Y " d(5p(2)), (A.12)
2T 0

where 0 ga(r?)(I ) is the Fourier component in terms of action-angle variables, in the

absence of squeeze potential for which v is given by Eq. (A.5):

27
1 .
() =5 J e "G (2)dy,
0

L
2 dz

:J_L Tcos[%(z+§)]5(p(z). (A.13)

2
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Using Eqgs. (A.6) and (A.7) we can write Eq. (A.11) as:

81— 860(D) (A.14)
L
2dz © AP d
:_HJLTCOS[T(Z+%)]JLdZ ;u %690&).
-2

We will now use these results to determine the Fourier coefficients C” (1) given by
Eq. (1.34), to the first order in . For the squeeze potential we use the symmetric
form given by Eq. (1.17). From the wave potential 0 ¢(z, t) given by Eq. (1.31) we
can see that the wave is a superposition of cosine waves. For the mth cosine, we
substitute cos[“*(z + é)] for 0 p(z). Substituting from Eq. (1.31) in Eq. (A.13) we

obtain the unsqueezed Fourier components:

[Cn(D)]

"2 dz nm - mm
f_L/ZTcos[T(z+L/Z)]6¢ cos[T(z+L/2)] (A.15)

Il
o
3
3

+

[=7]
3

|
3
N—

Using the relation:

fz Mdz/ = i—m L sin[Zn?(z-l—L/Z)]
—L/2

2u 2u 2nmm

first we calculate perturbation to mth Fourier mode in angle space:

L/2
crn—[emn® = sf Emcos[%(z+L/2)]sin[%(z+L/2)]

L2 L L
oo —1 /
(pm/ L . [ 7 ]
X sin|2n—(z+L/2
m/2:1 2u 2mm’ L ( /2)
L oco —1
dy mrm 2mTm L
= ¢ —y—sin[—y]zﬁ sin[an'z]
0 L 2L L o 2u 2mm’ L
[
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Now we calculate the perturbation to n’th Fourier mode, where n # +m:

L co —1
d , L
C'(I)=¢ aymn cos(nﬂy)sin(nﬂy)z m sin[an’X]
o L L L L = 2u 2nm’ L
"rdy1 y YN~ P Y
= e&m ——(sm[(n+m)—]+sm[(m—n)—DZ —SIH[ZTCWL —]
o L 2 L L — 4nm’'u L
= EZ ﬂd ! (cos[(n+m 2m’)ﬂy] cos[(n+m+2m’)ﬂy]
4 L L
/ 7Ty / ﬂy (prln’
+ cos[(m—n—Zm )—]—cos[(m—n +2m )—D (A.17)
L L VAnm'u
Finally, the above integral simplifies to
o0 m¢1
C,Z(I) =& ’WZ:l (5n,—m+2m’ - 5n,—m—2m’ + 5n,m—2m’ - 5n,m+2m/) M (A.18)

In the above Kronecker delta functions, if m is odd, n must be odd and if m is even,
n must be even in order to get a nonzero result. Since m’ > 0, we can further simplify

Eq. (A.18) to obtain:

7 2 £
(I)— ( |m—n|/2 n |m+n|/2)(_), n 7é:|:m (A.19)
8 u

m-—n m+n

For both n and m odd or both even. In summary we have:

crn) =[N +ale/u, (A.20)
1
[C (I)](O) =55|n|,m, (A.21)
—1 —1
a :ﬂ[¢|m—n|/z+80m+n|/z ntm (A.22)
8| m—n m+n
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For the r z system, the Fourier series expansion for the scaled Debye shielded squeeze

potential ,(r, z), defined in Eq. (1.156), is given by:

©,(rz) = golrz) +Z<,0 cos[Zn (z+L/2)]

We can perform similar calculations, starting from Egs. (1.159) through (1.163). Fourier

coefficients of the squeezed r z system, to the first order in ¢ are given by:

C'(r, %)= 5|n|m+a (r)%, (A.23)

m\’u
where coefficients a? (r) are functions of radius given by:

allm—nl/z(r) ¢|1m+n|/2(r)

m
a’(r) =— + ,nEm (A.24)
m 8 m—n m+n
—1
r

)

16



Appendix B
Matrix calculation

In order to obtain expressions for the zeroth, first and second order disper-
sion matrices My,M; and M, from Eq. (1.51), we need the functional form of u,(¢)
for € < 1, where u,(¢) is the scaled energy at which w,(u,) = w/n. In dimensionless

form this relation is:
wy(u,,e)=w/n. (B.1)

We first expand w,(u, €) to second order in ¢, obtaining, from Eq. (A.1),

L/2 — —2
— _ 1 £p,(z) 3 »91(2)
wb—l/f_L/Zdz/L—m(l—i- ” +8£ - (B.2)

which implies

82

ab(u,e)=mll—iw+4—(<¢1>2—§<¢$>)+... .

B.3
2u u? 2 (B-3)

We can then invert this expression to solve Eq. (B.1) for u,,, writing u,, = u,g+€u,; +

... and collecting terms of the same order in ¢. The result is

w _ 3rnN2 ,__ _
o= g+ (P45 (5) (@-@))e" . ®.9
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As a result we have to second order in €:

e =e i (1-(@)e—3 (2] (@)-(F e F e ) ®9

Furthermore, we expand 1/ (e‘w1 ):
_ 1
1/{e™%) = 1/(1—(¢l)s+§(¢§>82+...)
= 1+(7))e—={(F) e +(3,) &*... (B.6)

Thus, we have:

e RGP ) wn

=

We also need dw(u,, €)/d u. Taking the derivative of Eq. (B.3) and using Eq. (B.4)

implies:

dw (un;t‘:) n ny4 , .
oulln) 2 (143(2) (@)~ (w0 ) -

We now use these results to expand the dispersion matrix M(w, ) in powers of . To
zeroth order we use the lowest order forms in Eq. (1.45), w;, = +v/2u (from Eq. (B.3)),
and C,, , = 0,,,,/2 from Eq. (A.21). This implies

My (@) =0, |1+

ros W(E/m)l . (B.9)
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The first order correction is found using the first-order expansions of 1/(e™%1), w,

and C,, ,, in Eq. (1.45). This results in the expression

mp — __8(KmAD)_2 - = wb(o 0)
M= Z{ Psi@mp—wy0,08 7 O

oo oo

_ wp(u,0)e™ _ (@/ny+w,(u,0? _ | ., ;
i <“01>fd”(a/n)2—ab(u,0)z +fd”af‘”b(”’O)((a/n)z_ab(u,o)z)ze C,(0)C,,(0)
0 0

( - ,0)e
+| du /‘:l)’z(i w):(u,mz (a.crocno+a.croc!©) } (B.10)

0

The first term on the right hand side arises from expansion in ¢ of the lower bound
in the u-integral in Eq. (1.43). This is zero since from Eq. (B.3) we have w(0,0) = 0.
The second term arises from expansion of 1/{(e~*%1) using Eq. (B.6), and the last two

terms arise from expansion of w; and C; respectively. From Eq. (B.3) we have:
@,(1,0)=v2u, 8,w,(u,00=—(p,)/v2u. (B.11)

Using Eq. (B.11) and Eq. (A.20) the remaining terms on the right hand side of Eq. (B.10)

can be simplified to obtain

mp— __ (K AD [ V ue u
My (@) == { fdu (@/mp—2u ™"
o[ qu B2

7 Zu(@/mp—zup. M

oo (e0)

+2fdu ((\/ﬂe‘” a’”+2fdu ((\/ﬂe‘” a”}, (B.12)

u((w/m)p2—-2u) ? u((w/pr—2u) ™
0 0
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Now, using integration by parts we can show that

Oodu (@/m)?+2u _u_<_>oodue_ui( V2u )
JZu(@/mp—2up. M du\[@/mp—2u
_ V2u i
:<¢1>Jdu(5/m)2u_2ue : (B.13)

0

Thus the first two terms in Eq. (B.12) cancel and we are left with

M ()= (B.14)

2K 2p) " Zfdu ((me‘” a;”+2fdu T 2ue a?

u((w/m)32—2u) u(w/pr—2u) ™
0 0

Using the following relation we further simplify M,"" (®):

oo oo

y V2ue™ 4 2v2u L, 1 _u
Cu@/mp—2u) “(a/m)z(ﬂ (a/m)z—zu)e
0 0
V2 [ev > [ v
:(a/m)ZPJ ﬁd“(a/m)zPJ (amp—2u® "
mz 0 0
= —V2n[1-W(w/m)], (B.15)
w

where W(x) is defined in Eq. (1.56). As a result we obtain

K24AZ (mz [1— W(E/m)]a,’?+g—22[1—W(a/p)]a51), (B.16)

For M,, we note that we have need only of ImM, in our lowest-order expression

for the damping rate due to squeeze. Applying Egs. (B.4), (B.5), (B.7) and (B.8) to
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Eq. (1.45) we obtain the following pure series form for ImM(w, €)

ImM "™ (w, ¢) AZ Kz Vi Z—e“"z/z” ( (g (%)Z‘F%)[(@f)‘(alﬂb‘zf..)

x(1—3(5) [(aﬁ)—(%) 182+...)
><(5nm/2+Zfrfa”mﬁ(ﬂ;i—(%)a"m)(zfrf) +)
w (0]
2n? 2n2)?
( npl2+—5 — s e+(f) — <¢1>a2)(?) €2+...), (B.17)

where we also used the following series expansion, which is obtained in detail in

appendix A to the first order(second order coefficients § are not evaluated since

they do not contribute to our results):
Cr(e/uy,) = 0,m/2+(&/u,)a), +(£/un)2ﬁ,’]1 +... (B.18)

212 2n2)°
= Gpm/24e= a;+32(ﬂ;—<¢1>a7n)(—f2) +
w w

The zeroth, first and second order ImM are found by collecting terms in Eq. (B.17)

ImM,"" (@) = h ;f F:e—wz/Zm S/, (B.19)
ImM"” (@) = %%—ﬂm[ e Bgp —wz/z’”zga;"], (B.20)
@)= e = e (5(2Y 2 (2 45 ()~ 0w
1207 (7)) (2] 2@y (G, )ar (B )

+24(%) e‘”z/Z”ZaZaZ] (B.21)

Note that the expression for ImM, agrees with the imaginary part of Eq. (B.16)



Appendix C
Matrix calculation for the RZ system

In order to carry out a perturbation expansion of the dispersion relation of
the r z system given by Eq. (1.178), in terms of ¢ as the smallness parameter, we need

the series expansion of M tmm given by Eq. (1.180) in terms of €. We write this matrix

as:
g . forw rd r]o(_l r)IO( r)ﬁo(r)b(r,g)%ﬁm(r’ayg)
I1[Ymm [ +k%i| %]i(xi) )
where
—ep1(r,2)/T
b(r,e)= e ) (C.2)

(no(r)e=enaIT [ (7g(r));) e

is a Boltzmann prefactor due to variation of the squeeze potential with radius, and

—u
MBS an e )
(C.3)
is the same matrix as appeared in the 1D calculation (the second term in Eq. (1.45))
(aside from multiplicative constant K;Z that does not appear in Eq. (C.3)). We ex-

panded this matrix in € in Appendix B and can use those results to obtain the re-
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quired ¢ expansion here. The zeroth order matrix is (see Eq. (B.9))
M = S W@/ M)/ A7, (C.4)

and the first-order correction .#™™ is given by Eq. (B.16) (multiplied by K?2):

— 4 (m? m? —
M =—— 1 = [1-W(w/m)]a-+—[1-Ww/m)a . (C.5)
AD o m w m
Let us call the second-order correction ./,""; the imaginary part of this ma-
trixwas evaluated in Eq. (B.21). Now, expanding b(r, €) to second-orderyields b(r, &) =

1+¢eb,(r)+€%b,(r) where

by(r)= = () (ol 7)) = (i):) (.6

1 /1 _ _ 1 _ _ _ _ _
bu(r) = 75 ( 5202+ (Fopa/ T2} =) =5 T T )2 = 1) o/ v
(C.7)
and thus the combination b(r,&).#™"(r,®, ¢) has the following expansion, up to

second order:

b(r,e) /™" (r,@,e)=M]"(r, @)+ s(/ﬂ?m(r,a)+/ﬂfm(r,a)bl(r))
e (] (r, @)+ M ()b (1) + M () by(1)) (C.8)

Using Egs. (C.1), (C.4) and (C.8) we obtain the following explicit form for the zeroth
order matrix Mg Fmm

Ty

) f r drﬁo(r)lo(xﬂ’/"w)lo(xl r/rw)
MM = 5 | 67+ 2W(w/m)-

2 [ .2 2 2 (C.9)
23 [ %2+ ez |1a()
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and using Eq. (C.5) we obtain the first order matrix M 17 tmm

Ty

[ rarao(rio(xir/ro(xir [ r)[ A7 (@) + AT (1, @)y ()]

Mmltmm =2 . (C.10)
22 [ x2+ k22 | 13(xy)

For the second order matrix, we only require the imaginary part, given by

Im M7 = (C.11)
fwr drmy(r)o(xr/r,o(xr /1) [Imﬂf’”(r,5)+Im//llmm(r,E)bl(r)ﬂm//tomm(r,a)bz(r)]
0

23 [ x4 k22 [12(xy)

where Im ﬂzmm(r, w) is given by Eq. (B.21) (except for the factor of K;Z).



Appendix D
Collisionless heating for v, /v > 1

In the large frequency limit the heating due to passing particle resonance is

exponentially small, thus the plasma heating is due to the trapped resonances:

dE 1602
ar f )

D kel CoP v Fo(@)lomge s Tin =[257] (D.1)

)
/ "
=Nmin

For n,;, > 1, from Eq. (2.26) we can approximate:

I m

Defining the drive frequency f = w/27, the trapped heating in the large frequency

limit, substituting for F, from Eq. (1.8), in the limit w/k,, vy > 1 can be written as

dE |2 ny, —, <~ L2f* m? 212
— =\ == - — D.3
dt T my, 109l Z vy 4(n)s P 2(n)2v3 (D:3)

=]

We perform the change of dummy variable n’ to n + [%], and since % is large, in

the argument of the sum we substitute [%] with % to obtain:

dE 2 ny —,m? = L2f? f2L?
ar = \am 99r 2 i o0 o T
dt T mg 4vy 4= (n+35) 2(”4‘73)21/7%

2 ny —,m? v}
— Sl *—S(v, , D.4
T ql ¢| 41)% L2f2 (U /VT) ( )
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where we defined

o
1 (vs/vr)?
S(vs/vy) = e 0+m?(t, . —t,) (D.5)
s T ; (1+ tn)5 n+1 n
_ ny
by = 7 7 (D.6)

In the limit Lv—f — oo we have t,,,—t,=1/ Lv—f — 0, the above sum can be approxi-

mated by the Riemann integral as follows [7]

° 1 (vs/vr)? ! vs 12 12
S(f) = e dr=| ule ) Tdu
o (A+1) 0

4 2 2
2(2) 1_(1+l(&) )eé(ﬁ;)] (D.7)
U 2\ vy

Thus, in the limit of large frequencies in which v,, = w/k,, > vy, we have

dE 2 no —2 Ur I(US )2 _1(&)2
o\ == —1—(1+=(= 2\vr) |, k,, 1 D.8
P \ nmql&pl 3 l ( +3 o) )¢ w/knvr> (D.8)

ph

In the limit where v,/ v; > 1, the exponential term in (D.8) will tend to zero. There-

fore the heating will be of the form

dE _2ny|6¢ |2 vy

= (D.9)
dt m, T vjh

In the limit where v,/ v; < 1, we expand the exponential in D.8 to obtain
dE 20|86 Q12| 2 v U v2 vl
— = M\ ——le1—(1+ 32)(1— St
drt my TV, 2v5 2vy  8up

n0|55|2\ 2_u (D.10)
m, TAV?, U}

4



In summary, we have:

dE 2n0l6 P12 | 2 vy
E = T — Uph>> U > Ur
q

TUv
nlépl2.| 2 vt
= 009! \ S Upp > U > Us

ph
A1,2 1,3’
my T 4v,, vr
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Appendix E
Numerical grids method

We use the grids method to numerically solve for the linear distribution of
finite length plasma with weak collisions and an applied squeeze which is infinites-
imally narrow. We solve the following linearized Boltzmann equation to obtain the

time independent part of the linear distribution function 6 f(z, v) define in Eq. (2.10)

05 )
Ciwsf+v 2y %590(@1:0(1;) =D

o6f v
dv 81}( *

—0 E.1

v T f) (E-1)
where 6 ¢(z) is given by Eq. (2.6) and the diffusion coefficient D is taken to be a
constant in all phase-space. The above equation is a PDE in z and v. We can de-
scretize these independent variables in the above equation and solve for 0 f on a
coarse-grained (z, v) phase-space. Grid point position coordinates in phase-space

are given by

z,=nlAz—z,, n=—N+1,...,N (E.2)

v, =mAv—v,, m=—M-+1,....M

where Az = L/(2N) and Av = V,,,,/M are the step sizes between grid points in
position and velocity space, z, = Az/2 and v, = Av/2. At a constant velocity v,,,
there are equal number of grid points N /2 on the left and right side of z = 0. The
leftmost of which is z_p ., =—L+ Az/2, which is the closest part of plasma near the

left wall, and the right-most of which is zyy = L —Az/2, closest the plasma gets to
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Figure E.1: Enforcing the periodic boundary condition on the grid point solutions
outside the extended phase-space.

the right wall. V,,,, is an arbitrary velocity magnitude at which we approximate the
value of 6 f to be given by the collisionless solution in Eq. (2.33), which must be far
enough from the separatrix or resonances such that the boundary solution does not
affect the solutions in the aforementioned regions.

Axial boundary conditions on the left and right wall and on the squeeze are
all specular, given by Egs. (2.4) and (2.41) Since trapped particles specularly reflect
off of squeeze, back to their trap. Based on these boundary condition we construct
the extended coarse-grained phase-space. Figure (E.1) describes the grid boundary
positions and enforcing the boundary conditions which relate the value of 0 f at
different grid points.

The linear PDE in equation (E.1) must become descretized by replacing all

the partial derivatives with their descrete form, which we choose to be centered dif-
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ference:

an(anvm) Ef(zn'i_AZ’Vm)_6f(zn_Az’vm)

oz a 2Az (E-3)
_ Ef(zn+1! Vm)_éf(zn—li Vm)
a 2Az
aEf(Zn’Vm) _ Ef(zn’vm+Av)_5f(Zn’Um_Av)
v a 2Av
_ Ef(zn+1’ Um+1)_6f(zn’ Um—l)
a 2Av
az5f(zn’ Um) _ (Sf(zn’ vm+1)_25f(zn’ Vm)+ 5f(znr vm—l)
dv? B Av?

Replacing the discrete derivatives in Eq. (E.1), this equation is transformed into a se-
ries of coupled, linear equations for o f(x,, v,,). There is an equation for each point
inside the (extended) phase-space. We solve these equations over the constructed
phase-space and its related boundary conditions. In the next step, the discrete so-
lution is interpolated over the 2D phase-space to get a smooth and continuous so-
lution. Furthermore, using Eq. (2.41) we can use the obtained 0 f(z, v) to calculate

the heating per unit time.



Appendix F

Numerical simulations of the fluid

plasma

For our numerical simulation of cold fluid plasma we used the Mathematica

software. We expand the density and velocity in terms of Fourier serier:

N(t)=1+ Z n, ()™= y(t)= Z v,,(t)eikn? (E1)

Using the Fourier series expansions above we write the continuity and momentum

equations as follows:

d M

Dy (1) ==K V() = ik D Dy(EWi(t), M=1,2,.., M (E2)
dt g

d - w?

V)= =i D ROV (1) = 0, (04 Ea(1), m=1,2,..., M (E3)
dt = k.,

-1

with time scaled to w,

, mode w,, are the linear mode frequencies:

Ky,
W,y = —— (E4)

NGEYS
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F,,(t)’s are the external forces coming from the external potential:

M
Vo z,1)= > V(e
=M

which we use to drive the system and excite waves. With initial conditions n,,(t) =0
and v,,(t) = 0, we use the following functional form in time for the external poten-

tial:

V() = V,8%"(1)g™ (1)

V . is the drive potential amplitude for mth spatial Fourier term. Slow variation of

the drive potential over the forcing time T is given by

gi"(t) = sin’[2mt/Tp), t<Tp/4
= sin’[2nt/Ty], 3/4Tp<t<Tp

== 0, t>TF

Fast time variation of the drive potential is given by the following time functions,
depending on the type of the wave desired, traveling or standing with zero force at

the plasma ends d¢ /dz =0:

gf:st(t) = cos[w,,t] standingwaves
gff‘ft(t) = e ' traveling waves

We were specifically interested in the wave wave interaction of TG modes 1 and 2.
Therefore, in accordance with the experiments, we choose our drive potential am-

plitudes to be

V,=b, Vi=€b, V,=0,m#12 (E6)
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Above choice of amplitudes includes mode 2 with amplitude b, and mode 1 with its

amplitude being a small fraction of mode 2 (1077 < ¢ <1072) as a seed.



Appendix G

Details of mode frequency calculation

for section 3.3

We will evaluate the last two terms of Eq. (3.122):

1
[P, => vy,

_ * (Wm—g—wg)To __ 1% —i(Wm—qg—wq)To
E Zm,q[nqnm_qe n,Mp—qe "
q

Wim —lWI_ T __ Pl—m 5% W) mTo
x( % H-m€ o Mi-m€ " )

— Wi-m _i(wq"'wm—({‘kwlfm)f(] _ * _i(wq‘f'wqu_wlfm)f()
= E ot Yo g[ng i gny_me NgNy_gNy_,. €
m,q

k% i(Wg+®m—g—wi_m)To * % * i(wgtwm—g+wi_m)To
nm,  Mi_me +ngn, ne ]

_ Wi-m * _i(wq_wm—q+wl—m)T0 —n* i(wq_wm—q_wl—m)TO
E T2 Zmglnyg Ny g Mm@ Ny Mg Mm@
m,q

n* e—l'(wq_wm—q"'wl—m)fo + n* n

I-m gy € ] (G.1)

*
_nq nm—q
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Index change:

_ Di-m —i(wg—m—gtwi_m)To * * i(wg—®m—gtwi_m)To
E qu[nq g Mi-m€ RO (Y ]

_ Wi—m —i(—wy+wy_g+0_m)T
- Ki—m meq[n nmqnl m€ R A
m,q
* * (—wg+Wm g+ m)T
tngn,  np_ e Tttt (g — m—q)
Index change:
Wi—m —i(Wg+Om—(g—01—m)To i(wg+wm—g—wi1—m)To
E o Y gl=ngn,_qn;_, e nqnm g Mi—me ]
m,q
Z :w i _ i _
— k_qYl - m[ n;,_ mnm_qn:;e i(W)—mtwm_g C‘)q)TO_n;‘_mn;“n_qnqel(wl—m+wm—q c‘)q)TO]
m,q

Finally

@), — Wi —i(Wg+Wm—g+®_m)T * 0% * (WgtWm—g+@i_m)T
vy ]I—E el S L e et e A R O A O

m,q
Wi [ Wq
+ E [ mZm,q Ki—m mme q kq Yl—q,l—m]

* i(@j—m+w —q a)q)TO * i(wz_m+wm_q—wq)ro
x(n,_mnm_qnqe +ny  n  Mq€ (G.2)
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Next term:

. § Zm,q [nq n* B et(a)m_qqu)’ro . n; nm_qeﬂ(wm_qqu)fo] (nl_meﬂw,_mro + n;‘_mel”l—’”")

q
— E Ym,q[nq nm—q nl_mefl(wqﬁme_qua),_m)To + nq nm—q n?_me*l(qura)m_q*wl_m)To
m,q

ko (WO m—g—Wi—m)To __ 4% % * i(wg+wm—g+@i—m)To
N1, Ti_me n,m, . n_,e ]

— E Zmyq[nq n:‘n_q nl—m e_l(wq_wqu"’wlfm)fo _ n[’; nm_q nl—m e l(a)q_wqu_wlfm)fo

m,q
n, nfﬂ_q n;k_me—l(a)q—a)m_q-le_m)To _ I’l; g n;k_mel(wq—wm_q+wl_m)ro] (G.3)

We do an index change:

> Vglitg g e e — gty el o]

m,q

_ * —i(w)_y+wy_y—w,)T * * (W) pFwy_y—w,)T

- E Yl—u,l—v[nl—vnv—unue = o °—nlfynyfunue e 0]
u,v

) (m—)l_u,q—)l_v)

= E Yl—q,l—m[nl—m nm—q Tl;; e_l(wl_m+wm_q_wq)T0 - n;(—m n:n—q qu e l(wl_m+wm_q_wq)fo]
m,q

, (u—q,v—-m)
We do an index change:

E Zm,q[nq n:n_q Ny e—l(wq—wm,q+wl,m)fo _ n:; nm—q n}k_m el(wq—wm—q‘*'wl—m)fo]
m,q

Omg—@g+O1_m)To _ n;“n_q nq n?‘_m e i("-’qu_wq"'wlfm)TO]

— * —i(
- Zm,m—q[nm—q nq ni_me

m,

q
, (q—m—q)
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Finally:
[U(Z)n(l)]l — E meq[nq N g nl_me—l(wq+wm—q+wz—m)fo
¥ % * i(Wg+0m—g+w1_m)To
OO (G.4)
E % —Ii(Wp_g—wa+0_m)T
+ (Yl—q,l—m +Zm,q_Zm,m—q)[nm—qnl—mnqe Mg T Em I
m,q
gk H(Wm—g—wqtwi_n)To
n, qn € ]
Next term:

2),(1 2),,(1)
(@ )]l:Z”fn)Vz_m
m
_Z ZW [nq Nyp—ge —i(wgtwm—, q)T0+n; qei(wq+wm_q)ro]

* (Wpm_g—wg)T * —i(Wp_g—wg)T
+ZVm,q[nqnm7qe m=q=q °+nqnm_qe m=q 0]

q

X (CI‘C)II m nl me_ia)lfmfo _ ‘;C)ll—m n;‘ meiwlfmTO)
m —m

_ Wi—m (wq+wm—q+wl—m)70 _ * _i(wq"'wqu_wlfm)fo
= E 2 W, gl Mg Mm—gi—me™ NgNy_gN;_, e

m,q

i(a)q+wm_q*wl_m) * i(wq+wm—q+wl—m)T0

+nqnm gM-me nqnm dVm® ]

+ 2 Wim Vm,q[nq n:«n_q nl_me—l(wq—wm_q+w,_m)fo + n; nm—q nl_mel(a)q—wm_q—wl_m)ro

—n nm_ n* e—l(wq—wm,q-k—wl,m)ro _ l’l; Py mez(wq—wm,qﬁ-wl,m)ﬁ:o] (G5)

We do an index change:

w)_ * —i(Wy—W g+ 1—m)T * * i(Wy—Wmeg+®i—m)T
E = ’"qu[nqnm_qnl_me 9~ Om—qTOl-m 0—nqnm_qnl_me 4= Om=qTO1=m)T0]

Vinm— q[n Mg Mi—m@ ngn

m—q
m,q

, (g—m—q)

—i(~wstwm_gtoi_m)To _ * n* ei(qu+wm_q+wl_m)ro]
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E Wi—m Wm'q [ nq nm_q n?‘_m e_l(wq+wm—q_wl—m) n n n_,e l(wq+wm—q_wl—m)70]

g m—q
— * =Wt Wm_g—w,)T * *
E T Wi_g1—mln- mlm—g My " — o, nge

, (q—>l—m,m—>l—q)

Finally

2 1 _ w)_ —i(Wg+Wpm—gt+wi—m)T * ok
[n( )U( )]l _Z kll_nrf Wm,q[nqnm—qnl—me ( q m—q I—m) O_anqu

m,q

w
+Z[‘°’ 2V, g+ 22 Vo g — T Wi 1]

X (nl—m Rng nqe (@rmtOn—q=0g)To _ px  p* n, ez(wl_m+wm_q—wq)r0)

l—m " "m—q

Using (G.6), (G.4) we write:

- Z(C;C)ll ::(V + V m,m— ‘7) : I/"/l—q,l—m + (Yl—q,l—m +Zm,q _Zm,m—q))

X[y Mg I’l; o @g=OLm=Omg)To _ ¥ % nqe—l(wq—a)l_m—a)m_q)’fo]

[—m " "m—q

a)lm —il(Wgt@mgtwI_m)To __ 5% 0%
+E Y gt T2 W )[nqnm_qnl_me nan, .

e

i(wl_m+wm_q—wq)ro]

i wq+wm,q+a}l,m)70]

(G.6)

(G.7)

i(wq +(J‘)m—tﬁ’c’)l—m)TO ]

In (G.7) and (G.2) there are two types of terms. For the first type which have the

form:

Ny nm—q nq e—t(coq+wm_q+a)l_m)1'o

the secular terms for which w, + w;_,, + w,,_, =+w, happen if:

g=lm—-I=>

i(wy+w +w )To 2 —iwT
nl—mnm—qnqe a0 |nm l| ne o
”}im n:;l_q n:;e [(WgtWi_m+tOm—g)To — |nm l|2nl iw;Ty

(G.8)
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The second type of terms have the form n;_,, n,,_, nqe ilwg=0r-m=©m—)% gnd its com-
plex conjugate. The only secular terms for which w, —w,_,, —w,,_, = +w;, comes

from the g =[ term

g=1=

Ry P n e(wq—a)l m—wmq70_|nm l|2n iw;Ty
* (wy—w w Ty — 2 iwT
ny_.n,_ nge "CermT m-a)%o =|p, _[°ne i@

*
-m" 'm—q""q

The non-secular terms for which w,—w;_,,— ,,_, # £w, contribute to third order

oscillations. Keeping only the secular terms in Eq. (G.7) we get:

[n(z)v(l) + v(z)n(l)]l (G.9)

- Z(wl n [Vm,l + Vm,m—l] +Zm,l _Zm,m—l

—m = = 2 2 i
_C]LC)LM [Wm,l + 5m,21 Wm,m—l] - Ym,l _5m,21 Ym,m—l) [lnl ml * lwlTO |nl—m| nye lwlTO]
We defined the function &; j to avoid double counting:

6, =1—6

i,] i,jr (GlO)

where 6, ; is the Kronecker delta. Keeping only the secular terms in Eq. (G.2) we get:

[v@ 1), (G.11)

Zm,m—l + Ym,l +3m,21 Ym,m—l)[lnl—m|2n;<eiwﬂ0 + |nl—m|2nle_iwﬂ0]

We substitute (G.9) and (G.11) in (3.122) and setting the secular terms to zero results

in the following relation and its complex conjugate:

.k . —=
_a‘fz n+ l?l Z { C;C)ll—m (Vm.l + Vm,m—l - Wm,l - 5m,21 Wm,m—l)

m

+(Zm,l _Zm,m—l - Ym,l - 5m,21 Ym,m—l)

ki @i-m

_ < 2
_w_lm[zm,l _Zm,m—l + Ym,l + 5m,21 Ym,m—l]}lnl—m| n;= 0
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which can be rearanged as:

- k —m = k —m
_arz n; + l?l Z { olzll_m (Vm,l + Vm,m—l - Wm,l - 5m,21 Wm,m—l) + [1 - w_ll C](g)ll_m (Zm,l _Zm,m—l)]

m

_[1 + X @1 (Ym,l +3m,21 Ym,m—l)}lnl—m|2nl =0

w; ki_m



Appendix H

Wave-wave interaction in the RZ fluid

model

We start from 2D, r, z fluid equations coupled with Poisson equation:

;N + J,(N v) = 0(continuity), (H.1)
o,N
o, v+vo,v=—0,0— TZT, (momentum) (H.2)
1
(;ar ro,+3?)¢ =—N (Poisson). (H.3)

We only use the pressure force term (second term on the right-hand side of Eq. (H.2))
for obtaining the equilibrium density profile and for the rest of our calculation we

neglect this term due to coldness of plasma. In the above equations:
v=v(rzt), N=N(rzt), ¢=¢(rz1). (H.4)

Time is scaled to plasma frequency a)i =41q*ny/m, and plasma density has been
scaled to the maximum equilibrium density n,, which is the density on the axis of

cylinder, at r = 0. We expand the spatial dependence of the variables in terms of

250
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Fourier series:

(H.5)

o0
N(r,z,t)=Ny(r)|[1+ Z nm(r,t)eikmzl,
m=—o0
oo

P(r,2,0)=Go(r)+ D Pulr, e’

¢@o(r) is the equilibrium potential, we assume vy(r) =0 and Ny(r) is the equilibrium

density, scaled to its maximum at r = 0. The equilibrium density and potential pro-

file for the system is obtained through solving the following equations:

az]VO _
-0, —T(r) N =0, (H.6)

0

1
;arrar(po(r):_NO(r)- (H.7)
We multiply Eq. (H.1) through Eq. (H.3) by 7 e~*%% and integrate over the length of

the plasma L and use the Fourier expansions given in Eq.’s (H.5). From the Poisson
equation Eq. (H.3) we obtain:

[k?+ k1, =n,. (H.8)

We use the following relation in the continuity equation (H.1):

00 o) 1 L o]
i Y YL f LT I T S
= 0

m=—oQ

We use the following relation in the momentum equation (H.2):

L
1 .
- [V(r,z,1)d,v(r,z,t)]e " *dz

0
() 0o 1 L oo

E 7 J v, e*ncik v, elkntkm=kz g, — E KV Viem»
m=—00 m’=—0Q 0 m=—090
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As aresult we obtain the exact equations

d : . ZOO

Enl + llel + lkl g n,vi_,= 0, (Hg)
dori Sk i (H.10)
—V 1 mVmVi—m =—1 , .
dt 1 1 1Y

m=—oQ

where we used Eq. (H.8) on the right hand side of Eq. (H.10). Using multiple time-
scale expansion, we assume weak nonlinearity and propose the following solution

forms for all m:

v, =evW+ 2@ 4 2By (H.11)
n,=enV+en®@+en®+ ..,

Pm=epV+e2 9P+ + ...

T():t, T1:£t, T2:€2t,... (H.12)

— = +é +é +.... (H.13)

o,,nW+ik, vl =0, (H.14)
o, vV =—ik, oW, (H.15)
[—V2+ k2] o) = No(r)n. (H.16)

From Egs. (H.14) and (H.15) we get

Il
e

2 (M4 g2 M
o n +k, ¢

To

(H.17)
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For traveling modes, the linear solutions with axial Fourier number m is of the form:

nfjl)(r;fo,fl)z n,,(r;t,)e “nm, (H.18)

PW(r;To,T1) = Plr;Tr)e O, (H.19)

with w,,, the mode frequency to be determined. The amplitude of the linear travel-

ing mode in the laboratory is defined by:

n' (r,z;t)=A! (r;1)cos[k,, 2 — W, t +a,,(t)] (H.20)
_ Ain(zr; t) [ m=—enmoran(t) 4 gilknz—onToran(t)]
= nm(r, Tl)ei(kmz_meO) + n;(r;Tl)e_i(k"’Z_meO).
Thus we have:
Al (r;t) .
N5 7)) = —m(z ) giant) (H.21)
From (H.14) and (H.18) we obtain v{":
w .
vW ="y (r;7,)e " @n, (H.22)

m km

which gives:
. . w
Ko —ikpz _ .
vi(r,z,t)=vWen? V) g=iknz = AL (r;1)cos[kypz— @t +a,(£)]. (H.23)

Ko

For standing modes, the linear solutions with axial Fourier number m: is of the form:

nirll)(r; T, T1) = Nyy(1;7,)e 'm0 4 n (r; T,)e!“n, (H.24)

PW(r; 70, T1) = Qulr; T)e O™ + % (r57)e Om™, (H.25)
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with w,,, the mode frequency to be determined. The amplitude of the linear stand-

ing mode in the laboratory is defined by:

n, (r,z;t)=A; (r;t)cos[w,, t —a,(t)]cos[k,,z] (H.26)

_ A5 1)
4

:[nm(r;Tﬂe_m’"TO+n;(r;fl)emmfo][elk'nz+e_‘kmz]'

[e—i(a)mfo—am(t))+ei(meO—am(t))][eikmz+e—ikmz]

Thus we have:

S .
A1) eiamt), (H.27)

N (7371) =
From Egs. (H.14) and (H.24) we obtain v{!):

. w .
v =—"n,(r;T)e " ——2nk (r;1)e’ ™, (H.28)

"k Ko

which gives:

. . w
s — ., jiknuz 1) ,—ikuz _ m
v (rz,t)=v e +uve ——km

A (r;t)sin[w,, t —a,,(t)]sin[k,, z].(H.29)
From (H.16) and (H.17) we obtain the dispersion relation:
k 2
[—V3+ki—(;’") No(r)l¢m(rif1)=0- (H.30)

Solving the above eigenvalue equation determines mode frequency and radial pro-

file of the eigenmodes. Solution to the above equation is of the form:

P T)=0 g (T)Rmg(r), G=1,2,.... (H.31)

In the above equation, subscripts g and m respectively correspond to different ra-
dial and axial mode numbers of the mode u = (m, q) with eigenfrequency w,, ;.

Em, ;(71) is the complex linear mode amplitude which evolves in slow timescale 7;.
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We can show that R,, ,(r)’s are orthonormal. Starting from:

] B

—V3+kfn—(w—’”) No(r)|Ring(r) =0, (H.32)
m,l

- ) 9

—v§+kfn—(wm ) No(7) | Ry 5(r)=0. (H.33)

Multiplying Eq. (H.32) by r R, 7(r) and Eq. (H.33) by r R,,, ,(r), subtracting Eq. (H.33)
from Eq. (H.32) and integrating from 0 to r,, we get:

1 1 Tw
ki | ——— No(F)Rp,q(F) Ry z(r)rdr
o)mﬁ co%n'q 0

= J Adr0, (R, 4(r)0, Ry z(r)— Ry, 2(r)8, Ry 4(r)) =0. (H.34)
0

The right hand side is zero, since R; ,(r) and R, ;(r) are zero at the wall. Thus we

arrive at the following orthogonality condition:

f No(r)Ry, 4(F)Ry 5(r)rdr =6 ,5. (H.35)
0

For cold plasmas, modes with radial mode number g = 1 are undamped while modes
with g > 1 have lower frequencies and are heavily damped(see Ref. 5). Thus for
longer times, we ignore the linear modes with g > 1 and we only keep the linear

modes u=(m,1):

P13 71)=@ 1 (T1) Ry 1 (1), (H.36)

Ny (15 7T1) =11 (T1)Ry 1 (T), (H.37)

nﬁ}l) =n,(r;T)e” 'm0+ nk (r; T, )e Om, (H.38)

v,(rll) = %nm(r; T, )e [@miTo_ %nfn(r; T,)e!®mni®o, (H.39)
m m

For long, thin plasmas i.e. L> r,, which is our interest, the frequency mis-match

(detuning), between linear modes m, [ —m, and [ is small as well as the mode am-
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plitudes:

(wm,l + wl—m,l _wl,l)/wm,l ~ |nm| <L (H40)

Thus we define the detuning A, ; as:

wm,1+wl—m,1_wl,l :€Am,l! (H41)

To(@m1 + Q1o —©011) = EToA 1 = T1 A1, (H.42)

where we used Eq. (H.12) in Eq. (H.42).

To the second order in € we have:

oo
Oz, n? + o:, n\V + ik, Z n vV +ikv? =0, (H.43)
m=—0cQ
O:, +5Tlvl +1 Z kv Ty m zk,gbl , (H.44)
m=—0cQ
[— V2+k2]¢l = r)ng ) (H.45)

Using Egs. (H.24) and (H.28), we use the following in Eq. (H.43):

(e ]
ik, > nlul, (H.46)
m

wi_ . .
_ lkl Z [—m,1 (nm(r;Tl)e—lwm,lfo + n:ﬂ(r;Tl)ew)m,lTo)
(.- m(r'Tl)e""”’*m"T"—n}*_m(r;ﬁ)e"““”'”“)

=ik E p L ( (r; T )0, (r;7,)e Ami17i®n T
[—m

—0Q

+n (15710, (7; T,)e @ni=er- m1)70)+c.c..
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Furthermore using Eq. (H.28), we use the following in Eq. (H.45):

Z kpvWoP (H.47)

=1 Z Wm,1 kl P (n(rs w1)e T Om T — ik (157, )e )
I-m

O

00

. wl—m,l —i —i

=1 E W1 k nm(r;fl)nl—m(r;fl)e PAmiT1i0L1T0
I—m

—n* (1 Ty (15T )e 1 Omim@ma)®o 4 c.c.).

We used Eq. (H.42) to write e /(©@m1+@i-m1)% ag e =iAmim1=i1170 jn Eqs. (H.46) and (H.47).
Laplace transform is performend on equations Egs. (H.43) through (H.45)

w.r.t. fast time variable 7, using:

o

;s T))= f At P(r; 7o, 71)e ", (H.48)
0

¢562)(7';T0,T1)=L. dTO(ﬁ (r;s,t,)e’™.
2mi ).

Similarly Laplace transform of v® and n®® are respectively given by 7 and 2®

.With initial conditions:

¢(r;70=0,7,)=0,
v2(r;74=0,7,)=0,
nf)(r; T,=0,7,)=0.

From performing Laplace transform on Eq. (H.43) we obtain:

7@ a‘ﬁnl + 3T1n;‘

s, - ;

s+zw,,1 s—iw;,

—iA iA
WDi—m1| BmNi—me om T n;knn;(—mel mit n)rknnl_m

‘Hkl ; — ; + - -

—~  ki_m S+iwg s—iwp S—1lWy 1 +iW_p,

nmn_ . ~(2
—— 7 m ]+zklvl():0. (H.49)

StHiwp1—iw;_m
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From performing Laplace transform on Eq. (H.44) and using Eq. (H.29) we get:

*
oy, @1 G @ Onm

S0 , -
! ky s+iw;;, k s—iw;,
(] —iA AT
+i Z w Oi—m1 | M-, € Bmlt + n:(nn;(—me e n;knnl—m
1 . . - . .
" kil s+iwg, s—iwy, S— Wy, +Ii0
n,n: .
—— " m ]:—zqu)g ) (H.50)
SHiW, 1 —IW;_m,

From performing Laplace transform on Eq. (H.45) we get:
[-V2+ k2] = Ny(r)ia?. (H.51)

From Egs. (H.49) and (H.50) we eliminate 171(2), solve for ﬁgz) and substitute in Poisson

equation (H.51) to obtian:

r kl) ¢l
(S - iwl,l)aﬁnl (S + iwl 1)3T1nl . Wi—m,1
= NO(r) — " — + lkl Z
s2(s+iw;,) sA(s—iwy,) = ki_m
(iwm,l_s)nmnl—m —iAp Ty (iwm:1+s)n:;zn7—m Ay Ty
s2(s+iw;,) sAs—iw;,)
B (iwy,, +s)nk n_y, B (iw—s)n,ny H (H.52)
SAS—iWpm 1 +iw_m1) SASHiw,1—iw_pmi)) ] )
where D(r; k;, s) is the dispersion operator given by
2 2 ki ?
D(r;k;,s)==V_+k + N Ny(r). (H.53)

Solving the equation Eq. (H.52) for (ﬁgz) and performing inverse Laplace will lead to
secular solutions, which have a 7,e~*“.1% time behavior, as well as non-secular so-
lutions, for large 7. Left hand side of equation Eq. (H.52) is similar to linear disper-
sion relation Eq. (H.30), i.e. if qggz)(r; $,T1) = 5(12,1(5, 71)R;1(r) will be an eigenmode

of D(r; k;, s) for s =—iw; ;. We wish to remove the secular terms related to this fre-
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quency. We write Eq. (H.53) as follows

1 1
D(r; kl! S)Z D(T; klr_iwl,l)+ k?NO(r)(w—z + ;) (H.54)
1,1

Substituting from Eq. (H.54), and using the expansion form of ¢§2)(r, s) in terms of

the complete series of radial eigenfunctions R; , given by
2 ol
PPr, )= ¢, ()R (1) (H.55)
q/
the left hand side of Eq. (H.52) is written as

D(r;kl,s)égz)

1 1 =(2)
= {D(r;kl,—ia),,l)+ klzNO(r)(w_Z+;)}lz(pl,q’(s)}{qu/(r) . (H.56)
q/

11

Operating forw R;1(r)rdr on both sides of equation Eq. (H.52), we use Egs. (H.35)
(orthogonality), (H.30) (linear disperision) and the Hermitian property of D, which

implies that
rW
J R, (r)D(r; kj,—iw; )R, 4(r)rdr =0, (H.57)
0
to obtain:
2 1 1 5(2)( )
—+— S, T
l w%,l 52 11 1
(s—iw; )0, (S+iw;)0: 1, | ~= _ Wi—m1
= —— +ik, > =(l,m)
s2(s+iw;,) s2(s—iw;;) e ki_,
(01 =S Riem  _in, i, N (iwp,+s)m, 7, -
s2As+iw;,) s2A(s—iw;,)
(iwm,l'i_s)ﬁ*mﬁlfm (iwm,l_s)ﬁmﬁ?_m } (H58)
SAS— i +iw 1) SASHIWu1—iw_p1)) '
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where the radial coupling coefficient =(/, m) is defined as
E(l,m)= J Ry 1 (1)R 1 (1)Ry 1 (r)No (7)1 dd 7. (H.59)
0

Simplifying equation Eq. (H.58), we obtain:

2 — (e . P
Y tik Z =(1 m)wl—m,l _ (s—iwp)nni_m o AmiT1
(s+iowy, 2 A kil | (s—iwg)(s+iwg,)?

m=—0oQ
—x
n

Lm )})+c.c. (H.60)

(s2+ @7 )(S + 11— 10,

(S - iwm,l)ﬁm

We perform inverse Laplace transform on Eq. (H.60) and set the secular part (terms
proportional to 7)) equal to zero. On the right hand side of Eq. (H.60), the following

integral will appear, as a result of inverse Laplace transform:

1 s)esto 1 s 1 AR
[ as BT L8 ey L 800
2ri ). (s+iw,)? 2mi (s+iwp,) 27 (s+iw;;)
1 dg/dse’™ . .
- - = d ds . e_lwl.1T0+ _iw T e_lwl.lTO’
2i (S+l.6()l,1) 8/ |s- iwr g( l,l) 0

(H.61)

where g(s) is an arbitrary analytical function. The first term on the right hand side
of Eq. (H.61) is a trivial homogeneous solution to the linear dispersion relation and
the second term is a resonant term growing linearly in fast time 7,. These resonant
terms on theright hand side of Eq. (H.61) must cancel each other to avoid the secular

—(2) .
growth of ¢ ;. To this purpose, we set:

oo

& +iky Y B m)gEt (1492 )7, e~ 4™ =0, (H.62)

w1
m=—0oQ

Above equation expresses the time evolution of the linear modes, due to nonlinear

coupling to the other linear modes.
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